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Abstract

A new original code for solving the 3-D relativistic and bounce-averaged electron drift
kinetic equation is presented. It designed for the current drive problem in tokamak with
an arbitrary magnetic equilibrium. This tool allows self-consistent calculations of the
bootstrap current in presence of other external current sources. RF current drive for
arbitrary type of waves may be used. Several moments of the electron distribution function
are determined, like the exact and effective fractions of trapped electrons, the plasma
current, absorbed RF power, runaway and magnetic ripple loss rates and non-thermal
bremsstrahlung. Advanced numerical techniques have been used to make it the first fully
implicit (reverse time) 3-D solver, particularly well designed for implementation in a chain
of code for realistic current drive calculations in high βp plasmas. All the details of the
physics background and the numerical scheme are presented, as well a some examples
to illustrate main code capabilities. Several important numerical points are addressed
concerning code stability and potential numerical and physical limitations.
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Chapter 1

Introduction

The determination of the electron distribution function has a crucial importance in the
tokamak plasma physics, since the toroidal current density profile that is mainly driven by
electrons is intimately linked to the magnetic equilibrium and confinement performances
[?]. Therefore, accurate and realistic calculations must be carried out, with the additional
requirement of an optimized numerical approach, in order to reduce as much as possible
both memory storage and computer time consumptions. The latter point is especially
important, since kinetic calculations must be incorporated in a chain of codes for self-
consistent determination of all plasma properties [?].

In this document, an extensive presentation of the fast solver for the linearized elec-
tron drift kinetic is presented. This is a completely new tool based on previous numerical
developments [?], that is designed for realistic calculations of the electron distribution
function in the plasma region where the weak collision banana regime holds. It incorpo-
rates the major physical ingredients that must be taken into account for describing the
corresponding physics in a fusion reactor, namely relativistic corrections, trapped particle
effects, arbitrary magnetic equilibrium for high βp regimes. For this purpose, both zero
and first order kinetic equations with respect to the small drift approximation are solved,
which allows to determine self-consistently boostrap current with any type of external
current source (RF, Ohmic,...) at any point of the momentum space, and not only at the
trapped-passing boundary as done in a previous attempt [?]. Basically, the code gives
access to the neoclassical physics dominated by collisions between charged particles, for
non-Maxwellian electron distribution functions. Therefore, it is particularly well suited
for accurate current drive estimates in advanced tokamak regimes, including ITER, where
locally, bootstrap current may strongly interplay with external current sources (ITB, edge
pedestal in H-mode. . . )

Besides these physical properties, the code offer also the possibility to incorporate any
type of fast electron radial transport (collision, turbulence or wave induced), which may
be a key ingredient for the local control of plasma properties [?]. Written in a fully con-
servative form, the code naturally conserve the electron density, but also momentum for
the current drive problem, keeping first order term of the Legendre polynomial expansion
of the Beliaev-Budker collision operator [?]. As usual, several useful moments of the elec-
tron distribution function are calculated, namely the current density, the absorbed power,
the fraction of trapped electrons, the magnetic ripple losses [?] and the bremsstrahlung
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1. Introduction

emission [?].
Advanced numerical techniques have been used, so that memory storage requirement

can be strongly reduced, while keeping fast convergence rate. For this purpose the elec-
tron Drift Kinetic equation is solved by the standard finite difference technique, which has
proven so far to be the fastest numerical approach among all possible alternative tech-
niques. Furthermore, this method is particularly well suited when large discontinuities of
the diffusion or convection rates have to be considered, a case that occurs frequently when
kinetic and ray-tracing calculations are coupled.

Since in most cases, the steady-state solution is seeked with respect to the largest time
scale (collision or fast electron radial transport)1, the appropriate technique is the well
known upwind time differencing, corresponding to the fully implicit time scheme, whose
characteristic is to be almost unconditionally stable with respect to the time step value ∆t.
Nevertheless, the code offers also the possibility to investigate time dependent problems,
with the usual Crank-Nicholson time differencing, which enables accurate time evolution.

The bounce-averaged Drift Kinetic equation is basically a 3 − D problem, 2 − D in
momentum space (slowing down, pitch-angle) et 1 − D in configuration space (radial
dimension). Up to now, in order to reduce memory storage requirements, the numerical
time scheme was based on the operator splitting technique, where both momentum and
spatial dynamics evolved separately. If this approach turns out to be very fruitful, it has
the drawback to slow down considerably the convergence towards the steady state solution,
since only small time steps may be used for numericaly stable convergence. Therefore, the
advantage to use fully implicit time scheme for each sub-space in hindered by this strong
limitation, especially when radial transport of fast electrons must be taken into account.
In order to avoid this problem, a fully implicit time scheme is considered, where both
momentum and spatial dynamics are simultaneaously considered, so that no limitation
occurs on the time step, which may be several order of magnitude larger than the collision
reference time. However, this method requires a new technique for matrix inversion, in
order to keep memory storage at an acceptable level. Indeed, with usual mesh sizes,
the standard LU matrix factorization techniques does not hold anymore since matrices
requirement may reach several giga-Bytes. An alternative approach is therefore absolutely
necessary.

This critical point has been addressed by using advanced inversion techniques, based on
incomplete LU factorization with drop tolerance. Since most of the off-diagonal coefficients
of the matrices L and U are very small, one may take advantage to remove them so that
the sparsity of the matrices can be greatly enhanced. Memory storage requirements can
be therefore reduced drastically by one or two orders of magnitude with this pruning
method, depending upon the initial matrix preconditioning, while only coefficients that
are relevant of the physics problem here addressed are kept. Furthermore, computer time
consumption can be also reduced, since the number of non-zero coefficients is considerably
reduced. This method is similar to the strongly implicit method used for factorizing nine
diagonal matrices [?], except that in this case, no restriction takes place regarding the
number of diagonals. However, to take full benefit of this approach, the non-zero elements

1The energy transport time scale is usually on order on magnitude larger than the largest characteristic
time for current drive calculations, except in tokamaks of small size, where time ordering here considered
in the model must be likely revisited
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1. Introduction

of the matrix which is inverted must lie predominantly along diagonals. Therefore, it may
be applied for solving the zero and first order bounce-averaged Fokker-Planck equations,
whose structures are well suited for this purpose, though coefficients arrangement can
be complex, owing to the radial dependence of the internal trapped-passing boundary in
momentum space, especialy when transport in configuration space has to be considered.

This approach has been very successfuly implemented for the electron Drift Kinetic
problem in tokamaks, using the MatLab language, which provides a built-in function
for incomplete LU factorization with drop tolerance, and several very efficient iterative
inversion tools, like the Conjugate Gradient Squared method for solving the system of
linear equations. It is important to recall that this method is also available in FORTRAN
programming language2, under the package name SPARSEKIT that has also parallel pro-
cessing capabilities [?]. Moreover, the very compact MatLab programming syntax allows
to design the code structure in an original way, using multidimensional objects that de-
scribe simultaneously momentum and configuration space dynamics, but also wave-particle
interaction. This makes the code particularly robust and easy to maintain.

In the document, the physics and numerics issues of the code are detailed, and an
extensive discussion of the underlying assumptions is presented. A specific attention is
paid to derive matrix coefficients in a fully consistent manner, a crucial issue especially
for an accurate and robust estimate of the current drive efficiency for the various methods
used in tokamaks. Some examples are shown to illustrate code performances, though
still numerous possibilities remain to be investigated but are beyond the purpose of this
document.

Aside from present day code capabilities, it is important to notice that the new nu-
merical approach, here used, gives access to new physics domains that have never been
studied accurately like wave-induce radial transport [?]. Furthermore, since the algorithm
used is fast and stable, possible extensions to 4−D problems may be foreseen like in the
plateau collision regime (current drive at the very plasma edge), as well as studies of the
difficult problem of electrons that are locally trapped at different spatial positions, like
in stellarator. In addition the code may be extended quite in a straightforward manner
to the multi-species problem, taking into account for example of the non-linear damping
of the α-particles produced by fusion reactions on the electron population. However, the
ion physics requires to perform orbit-averaging instead of bounce-averaging, because of
the large banana width of some particles, a challenging issue for kinetic solver based on
a finite difference technique. Such a requirement is crucial for describing torque induced
by waves. Nevertheless, beside this difficulty, the code is already fully designed to take
benefit from parallel processing, if the dynamics of various species must be studied. In
particular, non-uniform momentum and pitch-angle grids are already implemented, so that
refined calculations can be performed for the ions at low velocity, while accurate ones up
to relativistic energies may be considered for the electrons.

2Useful informations are available on the website of Pr. Yousef Saad at the following internet address
http://www-users.cs.umn.edu/˜saad/
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Chapter 2

Tokamak geometry and particle
dynamic

2.1 Coordinate system

General and specific properties of curvilinear coordinate systems are detailed in Appendix
A. In this work, vectors are written in bold characters, like v, except unit vectors, which
are covered with a hat, like v̂.

2.1.1 Momentum Space

Because we consider gyro-averaged kinetic equations, it is important to use coordinates
with rotational symmetry in order to reduce the dimensionality of the problem. Two
different momentum space coordinates system are considered here:

• First, the cylindrical coordinate system
(
p‖, p⊥, ϕ

)
, where p‖ is the component of the

momentum along the magnetic field, and p⊥ is the component perpendicular and ϕ
is the gyro-angle. This system is defined in (A.212) and shown in Fig. 2.1. The
cylindrical coordinate system is the natural system for wave-particle interaction, or
also the effect of the electric field.

• Second, the spherical coordinate system (p, ξ, ϕ), where pis the magnitude of the
momentum, and ξ is the cosine of the pitch-angle. This system is defined in (A.247)
and shown in Fig. 2.1 as well. The spherical coordinate system is the natural system
for collisions. It is the primary system, used in the Drift Kinetic code, for an accurate
description of collisions.

2.1.2 Configuration Space

The particular toroidal geometry of tokamaks requires to use specific coordinates, in order
to make use of symmetry properties such as axisymmetry, and takes into account the flux-
surface magnetic configuration. Three different configuration space coordinates systems
are considered here:
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Figure 2.1: Coordinates systems
(
p‖, p⊥, ϕ

)
and (p, ξ, ϕ)for momentum dynamics

• First, the toroidal coordinate system (R,Z, φ), where R is the distance from the
axis of the torus, and Z the distance along this axis . This coordinates system and

the corresponding local orthogonal basis vectors
(
R̂, Ẑ, φ̂

)
are defined in (A.61) and

shown in Fig. 2.2. This coordinate system conserves the largest generality in the
magnetic geometry.

• Second, the poloidal (polar) coordinate system (r, θ, φ) assumes the existence of a
toroidal axis at constant position (Rp, Zp) which is typically the plasma magnetic
axis, corresponding to the position of an extremum of the poloidal magnetic flux
ψ (which can be arbitrarily chosen as ψ = 0). This coordinates system and the

corresponding local orthogonal basis vectors
(
r̂, θ̂, φ̂

)
are defined in (A.94) and shown

in Fig. ??.

• Third, the flux coordinate system (ψ, s, φ) is the natural system when we describe
particles which are confined to a given flux surface ψ. This coordinates system and

the corresponding local orthogonal basis vectors
(
ψ̂, ŝ, φ̂

)
are defined in (A.136) and

shown in Fig. 2.4

. The vector ψ̂ is perpendicular to the flux surface, while ŝ is parallel to the surface,
and included in the poloidal plane. The distance s is the length along the poloidal
magnetic field lines. We can choose its origin as being at the position of minimum
B-field amplitude within a flux-surface.

B (ψ, s ≡ 0) = min
s
{B (ψ, s)} = B0 (ψ) (2.1)
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cmcm

Figure 2.2: Coordinates system (R,Z, φ).

Note that from now on, and all along this paper, the subscript 0 refers to quantities
evaluated at the position of minimum B-field on a given flux-surface. The direction
of evolution of s is counter-clockwise and the limits smin (ψ) and smax (ψ) are set at
the position of maximum magnetic field

B (ψ, s ≡ smin) = B (ψ, s ≡ smax) = max {B (ψ, s)} = Bmax (ψ) (2.2)

• The system (ψ, θ, φ) is an alternative to the previous system, which is used to im-
plement numerically the calculation of the bounce coefficients. One advantage is
that the θ grid is now independent of ψ, which simplifies the numerical calcula-
tions. On the other hand, the contravariant vectors ∇ψ and ∇θ are not orthogonal,
and therefore are not respectively colinear with the covariant vectors ∂X/∂ψ and
∂X/∂θ. The properties of this curvilinear system are detailed in Appendix A. We
also define, for geometrical purposes, a flux-function ρ (ψ) which coincides with the
normalized radius on the horizontal Low Field Side (LFS) mid-plane. Indeed, in an
axisymmetric system, using the functions R (ψ, θ) and Z (ψ, θ), we define ρ (ψ) as

ρ (ψ) =
R (ψ, 0)−Rp
Rmax −Rp

(2.3)

with 0 ≤ ρ ≤ 1 by construction, and where Rmax = R (ψmax, 0) is the value of
R on the separatrix as it crosses the mid-plane. Here ap = Rmax − Rp is defined
arbitrarily as the plasma minor radius since this definition merges with the exact
one for circular concentric flux-surfaces. The 2−D outputs from the axisymmetric
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Figure 2.3: Coordinates system (r, θ, φ).

equilibrium code HELENA are given on the (ψ, θ) grid [?]. The system (ψ, θ, φ) will
be used from now on.

2.2 Particle motion

2.2.1 Arbitrary configuration

Transit or Bounce Time

Normalized Expression The transit, or bounce time, is defined as the time for a
passing particle to complete a full orbit in the poloidal plane, and for a trapped particle
to complete half a bounce period. Note that this is possible only in the approximation of
zero banana width. Otherwise, the bounce motion would be no longer symmetric in the
forth and back motions, and both would need to be accounted for. We define then

τb (ψ) =

∫ smax

smin

ds

|vs|
=

∫ smax

smin

ds∣∣v‖∣∣ BBP (2.4)
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cmcm

Figure 2.4: Coordinates system (ψ, s, φ).

where vs is the guiding center velocity along the poloidal field lines, and v‖ is its velocity
parallel to the magnetic field. B is the magnitude of the magnetic field, while BP is the
magnitude of its poloidal component as shown in Fig. 2.5. The limits smin and smax are
defined in (2.2) for passing electrons, and are the positions, along the field lines, of turning
points for trapped electrons.

The differential arc length ds along the poloidal field line is generally expressed in
curvilinear coordinates

(
u1, u2, u3

)
as (A.13)

ds =
√
gijduiduj (2.5)

where the gij are the metric coefficients, defined in (A.12). In the (ψ, θ, φ) coordinates, the
variations dψ and dφ are essentially zero along the poloidal field line. As a consequence,
(2.5) becomes

ds =
√
g22dθ (2.6)

The velocity and momentum are related through the relativistic factor γ (p) introduced
in Sec. 6.3.4, and therefore, we have

v‖

v
'
p‖

p
= ξ (2.7)

in the weak relativistic regime of tokamak plasmas, where the pitch-angle cosine ξ is
defined in (A.247)

We get

τb (ψ) =
2π

v |ξ0|

∫ θmax

θmin

dθ

2π

√
g22

ξ0

ξ

B

BP
(2.8)
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Figure 2.5: Guiding center velocity definition

where ξ0 is the pitch angle cosine at the position θ0 of minimum B-field

θ0 ≡ θ (B = B0 (ψ)) (2.9)

and the limits θmin and θmax will be calculated in the next subsection.
The bounce time can be normalized as such:

τb (ψ, ξ0) =
2πRpq̃ (ψ)

v |ξ0|
λ (ψ, ξ0) (2.10)

with

λ (ψ, ξ0) =
1

q̃ (ψ)

∫ θmax

θmin

dθ

2π

√
g22

Rp

ξ0

ξ

B

BP
(2.11)

and

q̃ (ψ) ≡
∫ 2π

0

dθ

2π

√
g22

Rp

B

BP
(2.12)

The bounce time is normalized to the transit time of particles with parallel momentum
only, such that λ (ψ,±1) = 1.

The covariant metric element g22 is given by (A.10)-(A.12), which is in the (ψ, θ, φ)
system becomes (A.192)

√
g22 = |J∇ψ ×∇φ| = r∣∣∣ψ̂ · r̂∣∣∣ (2.13)

Consequently, the normalized bounce time takes the form

λ (ψ, ξ0) =
1

q̃ (ψ)

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

ξ0

ξ
(2.14)

with

q̃ (ψ) =

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP
(2.15)
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2.2. Particle motion 2. Tokamak geometry and particle dynamic

Particle Motion in the Magnetic Field The particle motion along the magnetic field
lines exhibits one constant of the motion, the energy (or the total momentum p), and an
adiabatic invariant, the magnetic moment µ. They are given by the equations

p2 = p2
⊥ + p2

‖ (2.16)

µ =
p2
⊥

2meB
(2.17)

such that, as a function of the moment component
(
p‖0, p⊥0

)
at the location θ0 of minimum

B-field, we have

p2
⊥ + p2

‖ = p2
⊥0 + p2

‖0 (2.18)

p2
⊥

B (ψ, θ)
=

p2
⊥0

B0 (ψ)
(2.19)

Using the transformation (A.250-A.251) from
(
p‖, p⊥

)
to (p, ξ), the system (2.18-2.19)

becomes

p2 = p2
0 (2.20)

1− ξ2

B (ψ, θ)
=

1− ξ2
0

B0 (ψ)
(2.21)

We get an expression for ξ as a function of ξ0:

ξ (ψ, θ, ξ0) = σ
√

1−Ψ (ψ, θ)
(
1− ξ2

0

)
(2.22)

where σ = sign (ξ0) = sign
(
v‖
)
, and Ψ (ψ, θ) is the ratio of the total magnetic field B to

its minimum value B0

Ψ (ψ, θ) ≡ B (ψ, θ)

B0 (ψ)
(2.23)

The trapping condition is given by |ξ0| < ξ0T (ψ) , where ξ0T (ψ) is the pitch angle,
defined at the minimum B0 (ψ) on a given flux-surface, such that the parallel velocity of
the particle vanishes at the maximum Bmax (ψ). An expression for ξ0T (ψ) can then be
obtained from (2.22): setting ξ (ξ0T , B = Bmax (ψ)) = 0, we get

ξ2
0T (ψ) = 1− B0 (ψ)

Bmax (ψ)
(2.24)

The turning points are

θmin (ψ, ξ0) =

∣∣∣∣ −π for passing particles
θT min for trapped particles

(2.25)

θmax (ψ, ξ0) =

∣∣∣∣ π for passing particles
θT max for trapped particles

(2.26)
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2.2. Particle motion 2. Tokamak geometry and particle dynamic

We can determine the turning angles θT min (ψ, ξ0) and θT max (ψ, ξ0) as the position
where ξ (ψ, θ, ξ0) = 0. At this position, we have B = Bb (ψ, ξ0), where Bb (ψ, ξ0) is then
given by (2.22)

Bb (ψ, ξ0) =
B0 (ψ)

1− ξ2
0

(2.27)

so that

θT min (ψ, ξ0) = θ (B = Bb |θ < θ0 ) [2π] (2.28)

θT max (ψ, ξ0) = θ (B = Bb |θ > θ0 ) [2π] (2.29)

where θ0 is given by (2.9).

Calculation of λ (ψ, ξ0) From the Output Data of Equilibrium Codes The nu-
merical calculation of λ (ψ, ξ0) can be carried from the output of any magnetic equilibrium
code. In the kinetic code here considered, we use HELENA for magnetic flux surface cal-
culations [?], since it is used in the the CRONOS tokamak simulation package [?].

Data are assumed to be the parametrization of the flux-surfaces R (ψ, θ) and Z (ψ, θ),
and the three components of the magnetic field BR (ψ, θ), BZ (ψ, θ) and Bφ (ψ, θ). From
these components we derive directly the toroidal and poloidal components of the field, as
well as the total field:

BT (ψ, θ) = |Bφ (ψ, θ)|

BP (ψ, θ) =
√
B2
R (ψ, θ) +B2

Z (ψ, θ)

B (ψ, θ) =
√
B2
T (ψ, θ) +B2

P (ψ, θ) (2.30)

and also

Rp = R (0, θ) (2.31)

Zp = Z (0, θ) (2.32)

We also have an expression for r

r (ψ, θ) =

√
(R (ψ, θ)−Rp)2 + (Z (ψ, θ)− Zp)2 (2.33)

and, using relation

r̂ =
(
r̂ · R̂

)
R̂+

(
r̂ · Ẑ

)
Ẑ

=

(
R (ψ, θ)−Rp

r

)
R̂+

(
Z (ψ, θ)− Zp

r

)
Ẑ (2.34)

that can be easily deduced from vector relation in Fig. 2.2, we get an expression for the
scalar product

ψ̂ · r̂ =

(
∇ψ · R̂

)
(R (ψ, θ)−Rp) +

(
∇ψ · Ẑ

)
(Z (ψ, θ)− Zp)

r |∇ψ|
(2.35)
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In a toroidal axisymmetric geometry, the magnetic field can be expressed generally as

B = I (ψ)∇φ+∇ψ ×∇φ (2.36)

so that

BT = |I (ψ)| |∇φ| = |I (ψ)|
R

(2.37)

BP = |∇ψ| |∇φ| = |∇ψ|
R

(2.38)

We also have

BT = I (ψ)∇φ = Bφφ̂ (2.39)

BP = ∇ψ ×∇φ = −BP ŝ (2.40)

and therefore
∇φ×BP = ∇φ× (∇ψ ×∇φ) = |∇φ|2∇ψ (2.41)

so that

∇ψ =
∇φ×BP

|∇φ|2
= Rφ̂×BP (2.42)

and we have the projections(
∇ψ · R̂

)
= RR̂ · φ̂×BP = −RBZ (2.43)(

∇ψ · Ẑ
)

= RẐ · φ̂×BP = RBR (2.44)

Finally, the expressions for the normalized bounce time λ and q̃ that are used in
numerical calculations are

λ (ψ, ξ0) =
1

q̃ (ψ)

∫ θmax

θmin

dθ

2π

B
[
(R−Rp)2 + (Z − Zp)2

]
Rp |BR (Z − Zp)−BZ (R−Rp)|

ξ0

ξ
(2.45)

with

q̃ (ψ) =

∫ 2π

0

dθ

2π

B
[
(R−Rp)2 + (Z − Zp)2

]
Rp |BR (Z − Zp)−BZ (R−Rp)|

(2.46)

where R,Z,BR, BZ and B are functions of (ψ, θ), and ξ is a function of (ψ, θ, ξ0) given by
(2.22).

Safety Factor q (ψ) The (averaged) safety factor q is defined in Ref. [?] in a general
way as

q (ψ) =
I (ψ)

4π2

δV

δψ

〈
R−2

〉
(2.47)

where V is the volume enclosed by a flux-surface and 〈 〉 denotes the flux-surface average.
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2.2. Particle motion 2. Tokamak geometry and particle dynamic

It can be expressed as

q (ψ) = I (ψ)

∫ 2π

0

dθ

2π

∫ 2π

0

dφ

2π

J

R2
(2.48)

where the Jacobian J is given by (A.195)

J = |∇ψ ×∇θ · ∇φ|−1

=
Rr

|∇ψ|
∣∣∣ψ̂ · r̂∣∣∣

=
r

BP

1∣∣∣ψ̂ · r̂∣∣∣ (2.49)

where (2.40) is used
We obtain

q (ψ) = I (ψ)

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ r

BPR2
(2.50)

and, using (2.36), we finally have

q (ψ) =

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rR BT
BP

(2.51)

The expression of q (ψ) and its relation to q̃ (ψ) in the simplified case of circular con-
centric flux-surfaces will be addressed in sub-section 2.2.2.

Using (2.33) and (2.35), we find the expression

q (ψ) =

∫ 2π

0

dθ

2π

[
(R−Rp)2 + (Z − Zp)2

]
BT

R |BR (Z − Zp)−BZ (R−Rp)|
(2.52)

that is convenient for the numerical evaluation.

Toroidal Extent of Banana Orbits

We are interested in calculating the toroidal extent of banana orbits, that is, the toroidal
angle corresponding to the path done by a trapped particle between two turning points.
It is given by

∆φ = φmax − φmin =

∫ φmax

φmin

dφ (2.53)

and can be expressed as a function of the length element dl along the path, using
(A.198)

∆φ =

∫ l(φmax)

l(φmin)
dl (φ)

dφ

dl (φ)
=

∫ l(φmax)

l(φmin)

dl (φ)

R
(2.54)
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The poloidal and toroidal elements are related through the local angle of the magnetic
field,

dl (φ)

dl (θ)
=
BT
BP

(2.55)

so that

∆φ =

∫ l(φmax)

l(φmin)
dl (φ)

dφ

dl (φ)
=

∫ l(θmax)

l(θmin)

1

R

BT
BP

dl (θ) (2.56)

Using (A.197), we get

∆φ =

∫ θmax

θmin

dθ
1∣∣∣ψ̂ · r̂∣∣∣ rR BT

BP
(2.57)

Defining the integral

qT (ψ, ξ0) =

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rR BT
BP

(2.58)

we find that the toroidal extent of banana orbits is

∆φ

2π
= qT (ψ, ξ0) (2.59)

Note that at the trapped/passing limit, we have

lim
ξ0→ξ0T

∆φ

2π
= qT (ψ, ξ0T ) = q (ψ) (2.60)

Therefore, we retrieve the interpretation of the safety factors, which is the number of
toroidal rotations ∆φ/2π for one poloidal rotation.

Bounce Average

In order to reduce the dimension of kinetic equations, it is important to define an average
over the poloidal motion, which anihilates the term that accounts for the time evolution
of the variations of the distribution function along the field lines. The natural average is

{A} =
1

τb

[
1

2

∑
σ

]
T

∫ smax

smin

ds

|vs|
A (2.61)

where the sum over σ applies to trapped particles only.
It can be rewritten in terms of the normalized bounce time λ using expression (2.11)

{A} =
1

λq̃

[
1

2

∑
σ

]
T

∫ θmax

θmin

dθ

2π

√
g22

Rp

B

BP

ξ0

ξ
A (2.62)

or

{A} =
1

λq̃

[
1

2

∑
σ

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

ξ0

ξ
A (2.63)
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using relation (2.13).
Another expression uses the output data from equilibrium codes. Following the work

in the previous section, we find

{A} =
1

λq̃

[
1

2

∑
σ

]
T

∫ θmax

θmin

dθ

2π

B
[
(R−Rp)2 + (Z − Zp)2

]
Rp |BR (Z − Zp)−BZ (R−Rp)|

ξ0

ξ
A (2.64)

or explicitely

{A} =

∫ θmax

θmin

dθ

2π

B
[
(R−Rp)2 + (Z − Zp)2

]
Rp |BR (Z − Zp)−BZ (R−Rp)|

ξ0

ξ

−1

×

[
1

2

∑
σ

]
T

∫ θmax

θmin

dθ

2π

B
[
(R−Rp)2 + (Z − Zp)2

]
Rp |BR (Z − Zp)−BZ (R−Rp)|

ξ0

ξ
A (2.65)

The bounce averaging of momentum-space operators in the kinetic equations leads to
a set of coefficients that all have a similar structure, denoted λk,l,m and λk,l,m, which are
define as {(

ξ (ψ, θ, ξ0)

ξ0

)k
Ψl (ψ, θ)

(
R0 (ψ)

R (ψ, θ)

)m}
=
λk,l,m (ψ, ξ0)

λ (ψ, ξ0)
(2.66)

and

σ

{
σ

(
ξ (ψ, θ, ξ0)

ξ0

)k
Ψl (ψ, θ)

(
R0 (ψ)

R (ψ, θ)

)m}
=
λk,l,m (ψ, ξ0)

λ (ψ, ξ0)
(2.67)

where
R0 (ψ) ≡ R (ψ, θ0) (2.68)

Note that by definition, λ0,0,0 = λ. In addition,

λk,l,m =

∣∣∣∣ λk,l,m for passing particles
0 for trapped particles

(2.69)

2.2.2 Circular configuration

Parametrization of the Flux-Surfaces

In this case, we have ψ = ψ (r) and therefore it is easier to work in the (r, θ, φ) coordinate
to account for the symmetry in the problem. The normalized radius is

ρ (ψ) =
r

ap
(2.70)

We have now
ψ̂ = r̂ (2.71)

so that (A.113) √
g22 = r (2.72)
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Magnetic Field

The toroidal field is

BT (r, θ) =
|I (r)|
R (r, θ)

(2.73)

and the poloidal field is

BP (r, θ) =
|∇ψ (r)|
R (r, θ)

(2.74)

where

|∇ψ (r)| =
∣∣∣∣dψ (r)

dr

∣∣∣∣ =
1

ap

∣∣∣∣dψ (ρ)

dρ

∣∣∣∣ (2.75)

is now only a function of r or ρ.
The total field is then

B (r, θ) =

√
I2 (r) + |∇ψ (r)|2

R (r, θ)
(2.76)

and can be written as

B (r, θ) = B0 (r)
R0

R (r, θ)
(2.77)

with

B0 (r) =

√
I2 (r) + |∇ψ (r)|2

R0
(2.78)

Consequently, we ratio of magnetic fields Ψ as defined in (2.23) becomes

Ψ (r, θ) =
R0

R (r, θ)
(2.79)

and

B

BP
=

√
I2 (r) + |∇ψ (r)|2

|∇ψ (r)|
=

√
1 +

I2 (r)

|∇ψ (r)|2
(2.80)

is a function of r only.

Safety factor

The safety factor given by expression (2.51) becomes

q (r) =

∫ 2π

0

dθ

2π

r

R

BT
BP

=
r

Rp

BT
BP

∫ 2π

0

dθ

2π

Rp
R

(2.81)

The averaged value of Rp/R is evaluated in (??). It gives∫ 2π

0

dθ

2π

Rp
R

=
1√

1− (r/Rp)
2

(2.82)
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so that

q (ψ) =
1√

1− (r/Rp)
2

r

Rp

BT
BP

(2.83)

Note that in the factor
√

1− (r/Rp)
2 is usually neglected, which is valid only in the

large aspect ratio approximation, i.e. when the inverse aspect ratio ε defined as

ε =
r

Rp
(2.84)

is much less than unity.

Particle Motion

Using relation (A.95),
R (r, θ) = Rp + r cos θ (2.85)

and recalling that the minimum B-field B0 corresponds to the poloidal angle value in that
case

θ0 = 0 (2.86)

we find

Rmin (r) = Rp − r = Rp (1− ε) (2.87)

Rmax (r) = Rp + r = Rp (1 + ε) = R0 (r) (2.88)

Therefore, the expression (2.79) becomes

Ψ (ρ, θ) =
1 + ε

1 + ε cos θ
(2.89)

and using relation (2.77)

Bmax (r) = B0 (r)
1 + ε

1− ε
(2.90)

expression (2.24) is

ξ2
0T (r) =

2ε

1 + ε
(2.91)

The pitch-angle cosine ξ is then given by combining relations (2.22 ) and (2.89)

ξ (r, θ, ξ0) = σ

√
1− 1 + ε

1 + ε cos θ

(
1− ξ2

0

)
(2.92)

and the the turning angles are obtained from expression (2.27), or in the present notation

B (r, θT ) = Bb (r, ξ0) =
B0 (r)

1− ξ2
0

(2.93)

Using relation (2.89), one obtains

B0 (r)
1 + ε

1 + ε cos θT
=
B0 (r)

1− ξ2
0

(2.94)
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and then

ξ2
0 = 1− 1 + ε cos θT

1 + ε
=
ε (1− cos θT )

1 + ε
(2.95)

so that

θT = arccos

[
1− 2ξ2

0

ξ2
0T

]
(2.96)

and finally by symmetry

θT min = −θT (2.97)

θT max = θT

Bounce Time

Using (2.72), the normalized bounce time reduces to

λ (r, ξ0) =
ε

q̃

∫ θmax

θmin

dθ

2π

ξ0

ξ

B

BP
(2.98)

with, using definition (2.15)

q̃ (r) = ε

∫ 2π

0

dθ

2π

B

BP
(2.99)

Because B/BP only a function of r, as seen in (2.80), and can be taken out of the
integrals, we get finally

λ (r, ξ0) =

∫ θmax

θmin

dθ

2π

ξ0

ξ
(2.100)

This integral can be performed analytically in a series expansion whose coefficients
are calculated in (??). Note that in the case where BT � BP and in the large aspect
ratio approximation ε � 1, we have q̃ (r) → q (r), which explains the notations, and the
introduction of pseudo safety factor like q̃. Other new definitions of pseudo safety factors
will be introduced throughout the next sections, based on similar arguments.
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Chapter 3

Kinetic description of electrons

3.1 Boltzman equation; Gyro- and Wave-averaging

In the kinetic description, electrons are described by a distribution function f (r,p, t),
which gives the density in phase space of particles with a momentum p at a position r and
at time t. The particle conservation equation in phase space is the Boltzmann equation

∂f

∂t
+ v · ∇rf + qe [E (r, t) + v ×B (r, t)] · ∇pf =

∂f

∂t

∣∣∣∣
C

(3.1)

where
∂f

∂t

∣∣∣∣
C

≡ C (f) (3.2)

is the collision operator. The fields E (r, t) and B (r, t) are assumed to consist of time-
independent macroscopic fields E (r) and B (r) and fields associated with plane waves.

E (r, t) = E ( r) +

∫
Ẽke

i(k·r−ωt)dk (3.3)

B (r, t) = B (r) +

∫
B̃ke

i(k·r−ωt)dk (3.4)

Because we are interested in solving the kinetic equation on the bounce and collisional
time scales, we need to average over the faster time scales, which are the gyromotion and
the wave oscillation.

Performing a time-averaging
∫ 2π/ω

0 dt of the equation (3.1) removes the fast wave time
scale from the equation, to give

∂f

∂t
+ v · ∇rf + qe

[
E (r) + v ×B (r)

]
· ∇pf

=
∂f

∂t

∣∣∣∣
C

−
∫ 2π/ω

0
dt
∑
k

(
qe

[
Ẽk + v × B̃k

]
· ∇pf

)
(3.5)
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where

f =

∫ 2π/ω

0
dt f (3.6)

is the wave-period averaged distribution function. The time derivative in the first term of
(3.5) implicitely refers to times longer than the wave period ω.

Under the assumption of a strong magnetic field, such that the gyrofrequency Ωe

Ωe =
qeB

γme
(3.7)

is much larger than both the collisional frequency and the bounce frequency, we can expand
the distribution function

f = f0 + f1 + f2 + · · · (3.8)

with a small parameter

δ ∼ ωb
Ωe
∼ νc

Ωe
(3.9)

The zero order equation becomes

qev ×B (r) · ∇pf0 = 0 (3.10)

We have, in the
(
p‖, p⊥, ϕ

)
space defined in Appendix A,

v =
p

γ
(
p‖, p⊥

)
me

(3.11)

with the momentum being given by relation (A.214)

p = p‖‖̂+ p⊥⊥̂ (3.12)

and the gradient by expression (A.239)

∇pf =
∂f

∂p‖
‖̂+

∂f

∂p⊥
⊥̂+

1

p⊥

∂f

∂ϕ
ϕ̂ (3.13)

In this system, by definition,
B (r) = B (r) ‖̂ (3.14)

so that the gyromotion operator becomes

qev ×B (r) · ∇p = Ωe

(
p× ‖̂

)
· ∇pf

= −Ωe
∂

∂ϕ
(3.15)

The equation (3.10) becomes consequently

∂f0

∂ϕ
= 0 (3.16)
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and therefore f0 is independent of ϕ. The first order equation is

∂f0

∂t
+ v · ∇rf0 + qeE (r) · ∇pf0 + qev ×B (r) · ∇pf1

=
∂f0

∂t

∣∣∣∣
C

−
∫ 2π/ω

0
dt
∑
k

(
qe

[
Ẽk + v × B̃k

]
· ∇pf

)
(3.17)

The last term in the equation (3.17) has been calculated by Lerche for a uniform
plasma, in the form of a quasilinear operator Q

(
f
)
. We can rewrite

C
(
f0

)
=

∂f0

∂t

∣∣∣∣
C

(3.18)

Q
(
f0

)
= −

∫ 2π/ω

0
dt
∑
k

(
qe

[
Ẽk + v × B̃k

]
· ∇pf

)
(3.19)

Performing the gyro-averaging
∫ 2π

0 dϕ on the kinetic equation (3.17), we find, using
(3.16), that ∫ 2π

0
dϕ

∂f̃0

∂t
=
∂f̃0

∂t
(3.20)

and ∫ 2π

0
dϕ v · ∇rf0 =

∫ 2π

0
(dϕ v) · ∇rf0= vgc · ∇rf0 (3.21)

where vgc is the electron velocity along the guiding center.
Concerning the electric field, we decompose the gradient in momentum space using

(3.13) ∫ 2π

0
dϕ qeE (r) · ∇pf0 = qeE (r) ·

∫ 2π

0
dϕ

[
∂f0

∂p‖
‖̂+

∂f0

∂p⊥
⊥̂+

1

p⊥

∂f0

∂ϕ
ϕ̂

]
(3.22)

= qe
∂f0

∂p‖
E (r) · ‖̂

+qe
∂f0

∂p⊥
E (r) ·

∫ 2π

0
dϕ⊥̂

+
qe
p⊥

E (r) ·
∫ 2π

0
dϕ
∂f0

∂ϕ
ϕ̂ (3.23)

and, using ∫ 2π

0
dϕ⊥̂ = 0 (3.24)∫ 2π

0
dϕ
∂f0

∂ϕ
ϕ̂ = −f0

∫ 2π

0
dϕ
∂ϕ̂

∂ϕ
= f0

∫ 2π

0
dϕ⊥̂ = 0 (3.25)

we obtain ∫ 2π

0
dϕ qeE (r) · ∇pf0 = qeE‖ (r)

∂f0

∂p‖
(3.26)
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The gyromotion term is averaged to zero∫ 2π

0
dϕ qev ×B (r) · ∇pf1 = −Ωe

∫ 2π

0
dϕ

∂f1

∂ϕ
= 0 (3.27)

so that we get finally

∂f̃0

∂t
+ vgc · ∇rf̃0 + qeE‖

∂

∂p‖
(r) f̃0 = C

(
f̃0

)
+Q

(
f̃0

)
(3.28)

This equation is called electron drift-kinetic equation. Renaming the guiding-center
distribution function f0 = f

(
r, p‖, p⊥, t

)
, E (r) = E (r) and B (r) = B (r) , we get

∂f

∂t
+ vgc · ∇f = C (f) +Q (f) + E (f) (3.29)

where we define an electric field operator

E (f) = −qeE‖ (r)
∂

∂p‖
f (3.30)

Implicitely, the time scale here considered is so that t� (2π/ω, 2π/Ωe) .

3.2 Guiding-Center Drifts and Drift-Kinetic Equation

As shown in previous section, for axisymmetric plasmas, the electron drift kinetic equation
may be expressed in the general form

∂f

∂t
+ vgc · ∇f = C (f) +Q (f) + E (f) (3.31)

where f = f (p, ξ, ψ, θ, t) is the guiding-center distribution function.
In tokamaks, it can be shown that the guiding center velocity vgc may be decomposed

into a fast parallel motion along the field lines, and a vertical drift velocity vD across the
magnetic flux surfaces

vgc = v‖b̂+ vD (3.32)

From the general expression (2.36) of the magnetic field B,

B = I (ψ)∇φ+∇ψ ×∇φ (3.33)

one obtains in the (ψ, s, φ) coordinates system,

B =
I (ψ)

R
φ̂− |∇ψ|

R
ŝ (3.34)

As shown in Appendix A, the gradient in (ψ, s, φ) coordinates is

∇ = ∇ψ ∂

∂ψ
+∇s ∂

∂s
+∇φ ∂

∂φ
= ∇ψ ∂

∂ψ
+ ŝ

∂

∂s
+
φ̂

R

∂

∂φ
(3.35)

33



3.2. Guiding-Center Drifts and Drift-Kinetic Equation3. Kinetic description of electrons

and recalling that the constants of the motion are the total energy (or momentum p)
as defined in (2.16) and the magnetic moment µ as given by relation (2.17), following
conservations laws

∂µ

∂s
= 0 (3.36)

∂

∂s

[
p2
‖ + 2µBme

]
= 0 (3.37)

are satisfied.

3.2.1 Drift Velocity from the Conservation of Canonical Momentum

The toroidal canonical momentum is also a constant of the motion because of axisymmetry.
It is expressed as

Pφ = R [γmevφ + qeAφ] (3.38)

where Aφ is the toroidal component of the vector potential. From the relation

B = ∇×A (3.39)

and the expression (A.171) of a rotational in (ψ, s, φ) coordinates, we get

B =

[
1

R

∂

∂s
(RAφ)− 1

R

∂

∂φ
(As)

]
ψ̂

+

[
1

R

∂

∂φ
(Aψ)− |∇ψ|

R

∂

∂ψ
(RAφ)

]
ŝ

+

[
|∇ψ| ∂

∂ψ
(As)− |∇ψ|

∂

∂s

(
Aψ
|∇ψ|

)]
φ̂ (3.40)

with

Aψ = A · ψ̂ (3.41)

As = A · ŝ (3.42)

Aφ = A · φ̂ (3.43)

In axisymmetric plasma, this reduces to

B =
1

R

∂

∂s
(RAφ) ψ̂

−|∇ψ|
R

∂

∂ψ
(RAφ) ŝ

+

[
|∇ψ| ∂

∂ψ
(As)− |∇ψ|

∂

∂s

(
Aψ
|∇ψ|

)]
φ̂ (3.44)

so that

Bs = −|∇ψ|
R

∂

∂ψ
(RAφ) (3.45)
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In addition, we know from expression (3.34) that

Bs = −|∇ψ|
R

(3.46)

so that be obtain
∂RAφ
∂ψ

= 1 (3.47)

Because the toroidal canonical momentum is a constant of the motion, we have

vgc · ∇Pφ = 0 (3.48)

which can be decomposed into

vgc · ∇ (Rγmevφ) + vgc · ∇ (qeRAφ) = 0 (3.49)

Using relation (A.169), we get

vgc · ∇ (qeRAφ) = vgc ·

[
∇ψ ∂

∂ψ
+ ŝ

∂

∂s
+
φ̂

R

∂

∂φ

]
(qeRAφ) (3.50)

which in axisymmetric systems gives

vgc · ∇ (qeAφ) = qevgc ·
[
∇ψ

∂RAφ
∂ψ

+ ŝ
∂RAφ
∂s

]
(3.51)

Since Bψ = 0, we have from relation (3.44) ∂ (RAφ) /∂s = 0 and therefore, using
expression (3.47),

vgc · ∇ (qeAφ) = qevgc · ∇ψ (3.52)

The only velocity accross the flux-surfaces is the drift velocity we are looking for, so
that we get, using relation (3.32)

vgc · ∇ (qeAφ) = qevD · ∇ψ (3.53)

and the equation (3.49) becomes

qevD · ∇ψ = −vgc · ∇ (Rγmevφ) (3.54)

Assuming a priori that
∣∣v‖∣∣� |vD|, a condition that holds in tokamaks, this equation

reduces to

vD · ∇ψ = − 1

qe

v‖

B
B · ∇ (Rγmevφ)

= −
v‖

Ωe
B · ∇ (Rvφ) (3.55)

where we used that ∂γ/∂s = 0 because of the conservation of energy.
The toroidal velocity is related to the parallel velocity by

vφ =
Bφ
B
v‖ =

I (ψ)

RB
v‖ (3.56)

so that

Rvφ =
I (ψ)

B
v‖ (3.57)

Since I (ψ) is a flux function, it can be taken out of the gradient, so that

vD · ∇ψ = −
v‖

Ωe
I (ψ) B · ∇

(v‖
B

)
(3.58)
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3.2.2 Drift Velocity from the Expression of Single Particle Drift

The guiding-center drift velocity due to the magnetic field gradient and curvature is

vD =
1

Ωe

(
v2
‖ +

v2
⊥
2

)
B×∇B
B2

(3.59)

and its component perpendicular to the flux-surface can be written as

vD · ∇ψ =
1

Ωe

(
v2
‖ +

v2
⊥
2

)
1

B2
∇ψ ×B · ∇B (3.60)

Inserting the expression (3.34) of the magnetic field, we find

vD · ∇ψ = − 1

Ωe

(
v2
‖ +

v2
⊥
2

)
|∇ψ|
B2R

[
I (ψ) ŝ+ |∇ψ| φ̂

]
· ∇B (3.61)

Using (3.35), the equation (3.61) becomes

vD · ∇ψ = − 1

Ωe

(
v2
‖ +

v2
⊥
2

)
|∇ψ|
B2R

[
I (ψ)

∂B

∂s
+
|∇ψ|
R

∂B

∂φ

]
(3.62)

Under the assumption of axisymmetry, we are left with

vD · ∇ψ = − 1

Ωe

(
v2
‖ +

v2
⊥
2

)
|∇ψ| I (ψ)

B2R

∂B

∂s
(3.63)

With the definition (2.17) of the magnetic moment µ, we rewrite

vD · ∇ψ = − 1

Ωe

|∇ψ| I (ψ)

B2R

(
v2
‖ +

µB

me

)
∂B

∂s
(3.64)

We have, using the conservation of magnetic momentum (3.36),(
v2
‖ +

µB

me

)
∂B

∂s
= v2
‖
∂B

∂s
+B

∂

∂s

(
µB

me

)
(3.65)

Using the conservation of energy (3.37), we get(
v2
‖ +

µB

me

)
∂B

∂s
= v2

‖
∂B

∂s
−B ∂

∂s

(
v2
‖

2

)
(3.66)

= −v‖
[
B
∂v‖

∂s
− v‖

∂B

∂s

]
(3.67)

= −v‖B2 ∂

∂s

(v‖
B

)
(3.68)

and finally, the equation (3.64) becomes

vD · ∇ψ =
v‖

Ωe
I (ψ)

|∇ψ|
R

∂

∂s

(v‖
B

)
(3.69)
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In addition,

B · ∇ = I (ψ)∇φ · ∇+∇ψ ×∇φ · ∇

=
I (ψ)

R

∂

∂φ
− |∇ψ|

R

∂

∂s
(3.70)

and, using axisymmetry,

B · ∇ = −|∇ψ|
R

∂

∂s
(3.71)

so that we can rewrite (3.69) as

vD · ∇ψ = −
v‖

Ωe
I (ψ) B · ∇

(v‖
B

)
(3.72)

expression which is the same as (3.58).

3.2.3 Case of Circular concentric flux-surfaces

In this case, ψ = ψ (r) and therefore

∇ψ = ψ′ (r) r̂ (3.73)

and

vDr = vD · r̂ =
vD · ∇ψ

ψ′
(3.74)

which gives

vDr = −
v‖

Ωe

I (ψ)

ψ′
B · ∇

(v‖
B

)
(3.75)

In addition,

B · ∇ = −|∇ψ|
R

∂

∂s
= −|ψ

′|
R

∂

∂s
(3.76)

and, because
ŝ · θ̂ = ψ̂ · r̂ = σψ (3.77)

we find
∂

∂s
=
σψ
r

∂

∂θ
(3.78)

and

B · ∇ = − ψ
′

Rr

∂

∂θ
(3.79)

so that finally

vDr =
v‖

Ωe

I (ψ)

Rr

∂

∂θ

(v‖
B

)
=
v‖

r

I (ψ)

RB

∂

∂θ

(v‖
Ω

)
(3.80)

When the toroidal field dominates, B ' I (ψ) /R and

vDr '
v‖

r

∂

∂θ

(v‖
Ω

)
(3.81)
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3.2.4 Steady-State Drift-Kinetic Equation

Using expressions (3.31), (3.32) and (3.58) or (3.72), we obtain in steady-state

v‖b̂ · ∇f −
v‖

Ωe
I (ψ) B · ∇

(v‖
B

) ∂f
∂ψ

= C (f) +Q (f) + E (f) (3.82)

which can be rewritten as

vs
∂f

∂s
+
v‖

Ωe
I (ψ)

|∇ψ|
R

∂

∂s

(v‖
B

) ∂f
∂ψ

= C (f) +Q (f) + E (f) (3.83)

with
vs = v‖

(
b̂ · ŝ

)
(3.84)

3.3 Small drift approximation

We recall the electron drift kinetic equation may be expressed as

vs
∂f

∂s
+
v‖

Ω
I (ψ)

|∇ψ|
R

∂

∂s

(v‖
B

) ∂f
∂ψ

= C (f) +Q (f) + E (f) (3.85)

Each of these terms corresponds to a time evolution, and is therefore associated with
a time-scale:

• Motion along magnetic field lines. The time scale here is the bounce time τb for
trapped electrons, or the transit time τt for circulating ones, which can be deduced
directly from expression (2.10). For circulating electrons

τt =
2πRpq̃

v |ξ0|
∼ 2πqRp

vTe
(3.86)

taking λ ∼ 1 in that case, and q ' q̃ that is valid circular plasma cross-sections,
and v |ξ0| = v‖ ' vTe for thermal electrons. Since v‖ ≤

√
εv⊥ '

√
εvTe for trapped

electrons, as the consequence of the magnetic moment conservation, it turns out that
τb may be deduced directly from τt

τb =
2πRpq̃

v |ξ0|
∼ 2πqRp√

εvTe
(3.87)

Consequently, τb ≥ τt, since ε ≤ 1, a result which is the consequence of the progressive
slowing down of the parallel velocity as far as the electron approaches the turning
point.

• Vertical drift across magnetic field lines. The time scale here is the drift time τd,
which corresponds to the time for an electron to drift across the plasma. It is then
given by

τd =

∫ ψa

0
dψ

Ωe

v‖I (ψ)

R

|∇ψ|

[
∂

∂s

(v‖
B

)]−1

(3.88)
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using expression 3.69 for the radial component vD · ∇ψ of the drift velocity vD
as defined in 3.59. Using relation I (ψ) as defined in (2.37), and the fact that
dψ/ |∇ψ| = dr for circular concentric plasma cross-sections,

τd '
Ωe

v2
Te

∫ ap

0

dr

BT

[
∂

∂s

(
1

B

)]−1

(3.89)

and since in that magnetic configuration ∂/∂s ∼ 2π/Rp, ones obtains finally

τd ' 2π
Ωe

v2
Te

Rp

∫ ap

0

B

BT
dr (3.90)

or

τd ' 2π
Ωe

v2
Te

Rpap (3.91)

Consequently, the small drift parameter δd is defined as the ratio

δd ≡
τt
τd
∼ q ρL

ap
∼ ρL
ap

(3.92)

where the thermal Larmor radius ρL = vTe/Ωe has been introduced.

• Collisions. The Fokker-Planck theory considers the cumulative effect of many small-
angle collisions in calculating the rate of change of a particle distribution. From this
theory, the characteristic time scale τc corresponds for Coulomb collisons to deflect
an electron’s path by a significant angle, on the order of π/2. This is the electron
thermal collision time τc whose expression is

τc = ν−1
c =

4πε0m
2
ev

3
Te

q4
ene ln Λ

(3.93)

where ln Λ is the well known Coulomb logarithm, a slowly varying function of the
plasma temperature and density. The collision time scale τc holds for circulating
electrons.

For trapped ones, it is more physical to consider an alternate collision time scale
determined not by the time for deflection of the path by π/2, but by the time
needed for the electron to be deflected so that it is no longer on a trapped orbit.
In the limit ε � 1, we can approximate the change of the pitch angle necessary to
make trapped particles become untrapped

∆ξ0 ∼ ξ0T '
√

2ε

1 + ε
∼
√
ε (3.94)

Because the small-angle collisions produce a random-walk change in the pitch-angle
ξ0, the effective collision time for detrapping τ eff.c or τdt is approximately deduced
from relation

νeff.c ∼ νc
∆ξ2

0

∼ νc
ε

(3.95)

and
τdt = τ eff.c ∼ ετc (3.96)
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• Constant electric field acceleration. From the relation (3.30), it is straightforward to
estimate that the time scale associated to constant electric field acceleration is

τe ∼
mevTe
|qe|E‖

∼ τc
|ED|
E‖

(3.97)

where the well known Dreicer field ED

ED = νc
mevTe
qe

(3.98)

is introduced. Here only circulating particle are concerned.

• Quasilinear diffusion. In a similar approach,

τql ∼
(mevTe)

2

Dql
∼ τc

D†ql
Dql

(3.99)

where D†ql = νc (mevTe)
2 .

3.3.1 Small Drift Ordering

In the small drift expansion δd � 1, where the small parameter is defined by relation
(3.92)

f = f0 + f1 + · · · (3.100)

the first order equation is

vs
∂f0

∂s
= C (f0) +Q (f0) + E (f0) (3.101)

which is usually referred to as the Fokker-Planck equation.
The second order equation is

vs
∂f1

∂s
+
v‖

Ωe
I (ψ)

|∇ψ|
R

∂

∂s

(v‖
B

) ∂f0

∂ψ
= C (f1) +Q (f1) + E (f1) (3.102)

which is referred to as the electron Drift Kinetic equation.

3.4 Low collision limit and bounce averaging

3.4.1 Fokker-Planck Equation

The Fokker-Planck Equation is

vs
∂f0

∂s
= C (f0) +Q (f0) + E (f0) (3.103)

In the low collision regime, which is characterized by the condition

ν∗ ≡ τb
τdt
� 1 (3.104)
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where τdt = ετc is the collision detrapping time, as defined in the previous section, it is
assumed that electrons circulating or trapped are able to complete their orbit in a time
too short for collisions to deflect them from their orbit. As a consequence, the dominant
term in the Fokker-Planck equation is simply

vs
∂f0

∂s
= 0 (3.105)

so that f0 is constant along the field lines.
Then, performing a bounce-averaging, we have{

vs
∂f0

∂s

}
=

1

τb

[
1

2

∑
σ

]
T

∫ smax

smin

ds

|vs|
vs
∂f0

∂s

=
1

τb

[
1

2

∑
σ

]
T

σ [f0]smax
smin

(3.106)

For passing particles, the positions smin and smax coincide, so that [f0]smax
smin

= 0 and
the term vanishes. For trapped particles, the term also vanishes because of the sum over
σ = ±1, since, by definition, v‖ = 0 at the turning points smin and smax, and consequently
f0 is independent of the sign of σ.

Therefore, the bounce-averaged Fokker-Planck equation becomes

{C (f0)}+ {Q (f0)}+ {E (f0)} = 0 (3.107)

with f0 constant along the field lines.

3.4.2 Drift-Kinetic Equation

The drift kinetic equation is

vs
∂f1

∂s
+
v‖

Ωe
I (ψ)

|∇ψ|
R

∂

∂s

(v‖
B

) ∂f0

∂ψ
= C (f1) +Q (f1) + E (f1) (3.108)

In the low collisiona regime ν∗ � 1, the dominant term is

vs
∂f1

∂s
+
v‖

Ωe
I (ψ)

|∇ψ|
R

∂

∂s

(v‖
B

) ∂f0

∂ψ
= 0 (3.109)

which gives
f1 = f̃ + g (3.110)

where

f̃ = −
∫
ds

v‖

vsΩe
I (ψ)BP

∂

∂s

(v‖
B

) ∂f0

∂ψ
(3.111)

and g is a constant function along the field lines. Noting that

b̂ · ŝ = −BP
B

(3.112)
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we get

f̃ =

∫
ds

1

Ωe
I (ψ)B

∂

∂s

(v‖
B

) ∂f0

∂ψ

=
γmeI (ψ)

qe

∂f0

∂ψ

∫
ds

∂

∂s

(v‖
B

)
=
v‖

Ωe
I (ψ)

∂f0

∂ψ
(3.113)

where we used the fact that ∂f0/∂s = 0.
Then, performing a bounce-averaging, we find again, using the same argument as in

(3.106), that {
vs
∂f1

∂s

}
= 0 (3.114)

In addition, we have{
v‖

Ωe
I (ψ)

|∇ψ|
R

∂

∂s

(v‖
B

) ∂f0

∂ψ

}
=

1

τb

[
1

2

∑
σ

]
T

∫ smax

smin

ds

|vs|
v‖

Ωe
I (ψ)

|∇ψ|
R

∂

∂s

(v‖
B

) ∂f0

∂ψ

=
1

τb

γmeI (ψ)

qe

∂f0

∂ψ

[
1

2

∑
σ

]
T

σ

∫ smax

smin

ds
∂

∂s

(v‖
B

)
=

1

τb

γmeI (ψ)

qe

∂f0

∂ψ

[
1

2

∑
σ

]
T

σ
[v‖
B

]smax

smin

(3.115)

Again, for passing particles, the positions smin and smax coincide, so that
[
v‖/B

]smax

smin
=

0 and the term vanishes. For trapped particles, the term also vanishes because v‖ → 0 at
the turning points smin and smax.

Consequently, we find that the bounce-averaged drift kinetic equation becomes

{C (f1)}+ {Q (f1)}+ {E (f1)} = 0 (3.116)

where .
f1 = f̃ + g (3.117)

f̃ =
v‖

Ωe
I (ψ)

∂f0

∂ψ
(3.118)

and g is then given by

{C (g)}+ {Q (g)}+ {E (g)} = −
{
C
(
f̃
)}
−
{
Q
(
f̃
)}
−
{
E
(
f̃
)}

(3.119)

using the fact that all operators are linear.
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3.5 Flux conservative representation

3.5.1 General formulation

The starting point of the flux conservative representation is the conservation of the total
number of particles in the plasma,

N =

∫
· · ·
∫
f (X, P ) d3Xd3P (3.120)

where X and P are respectively coordinates in configuration and momentum spaces. Ac-
cording to the systems which are used in the calculations, X = (ψ, θ, φ) and P = (p, ξ, ϕ) ,{

d3X = Rr

|∇ψ||ψ̂·r̂|dψdθdφ

d3P =p2dpdξdϕ
(3.121)

as shown in Appendix A, one obtains

N =

∫
· · ·
∫
f (ψ, θ, φ, p, ξ, ϕ)

Rr

|∇ψ|
∣∣∣ψ̂ · r̂∣∣∣p2dψdθdφdpdξdϕ (3.122)

Using the transformation
1− ξ2

B (ψ, θ)
=

1− ξ2
0

B0 (ψ)
(3.123)

that results from conservation of the magnetic moment and energy,

N =

∫
· · ·
∫
f (ψ, θ, φ, p, ξ, ϕ)

Rr

|∇ψ|
∣∣∣ψ̂ · r̂∣∣∣p2 ξ0

ξ

B (ψ, θ)

B0 (ψ)
dψdθdφdpdξ0dϕ (3.124)

because ξdξ/B (ψ, θ) = ξ0dξ0/B0 (ψ) . Since at the zero order, f0 is constant along a

magnetic field line, f0 = f
(0)
0 is independent of the poloidal angle θ, where f

(0)
0 is the

bounce averaged distribution function. Hence

N =

∫∫∫
f

(0)
0 (ψ, p, ξ0) p2dψdpdξ0 ×∫ θmax

θmin

Rr

|∇ψ|
∣∣∣ψ̂ · r̂∣∣∣ ξ0

ξ

B (ψ, θ)

B0 (ψ)
dθ

∫ 2π

0
dφ

∫ 2π

0
dϕ

= 4π2

∫∫∫
f

(0)
0 (ψ, p, ξ0)

1

B0 (ψ)
p2dψdpdξ0 ×∫ θmax

θmin

Rr

|∇ψ|
∣∣∣ψ̂ · r̂∣∣∣ ξ0

ξ
B (ψ, θ) dθ (3.125)

taking into account, in addition, of the toroidal aximmetry, and cylindrical symmetry of
the distribution along the magnetic field line direction. Here, θmin and θmax depends of
the particle trajectory in the configuration space, wether they are passing or trapped.
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From plasma equilibrium, since

|∇ψ|
R

= BP (3.126)

where BP is the poloidal magnetic field,∫ θmax

θmin

Rr

|∇ψ|
∣∣∣ψ̂ · r̂∣∣∣ ξ0

ξ
B (ψ, θ) dθ =

∫ θmax

θmin

r∣∣∣ψ̂ · r̂∣∣∣ ξ0

ξ

B

BP
dθ = 2πλ (ψ, ξ0) q̃ (ψ) (3.127)

Here, appears, as expected the normalized bounce time λ (ψ, ξ0) and the factor q̃ (ψ)
introduced in Sec. 2.2.1, which in conjunction with B0 (ψ) characterizes the local shape
of magnetic flux surface. Hence,

N = 8π3

∫∫∫
f

(0)
0 (ψ, p, ξ0)

q̃ (ψ)

B0 (ψ)
λ (ψ, ξ0) p2dψdpdξ0 (3.128)

From this expression, the Jacobian J of the coordinate system (ψ, p, ξ0) may be simply
defined as,

J = JψJpJξ0 =
q̃ (ψ)

B0 (ψ)
λ (ψ, ξ0) p2 (3.129)

where 
Jψ = q̃ (ψ) /B0 (ψ)
Jp = p2

J
ξ0

= λ (ψ, ξ0)
(3.130)

and the generic conservative form of the kinetic equation may be immediatly deduced

∂f
(0)
0

∂t
+∇(ψ,p,ξ0) · S(0) = 0 (3.131)

where the phase space flux S(0) at B = Bmin is decomposed into a diffusive and a convective
part

S(0) = −D(0)∇f (0)
0 + F(0)f

(0)
0 (3.132)

in the mean field theory. Here, D(0) and F(0) are respectively the diffusion tensor and
convection vector in phase space. They can be expressed generally as

D(0) =

 D
(0)
ψψ D

(0)
ψp D

(0)
ψξ

D
(0)
pψ D

(0)
pp D

(0)
pξ

D
(0)
ξψ D

(0)
ξp D

(0)
ξξ

 (3.133)

and

F(0) =

 F
(0)
p

F
(0)
ξ

F
(0)
ψ

 (3.134)
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where each element is function of (ψ, p, ξ0). Here the gradient vector in the reduced
(ψ, p, ξ0) space is

∇ =

 ∇ψ = |∇ψ| ∂/∂ψ
∇p = ∂/∂p

∇ξ0 = −
√

1−ξ2
0

p ∂/∂ξ0

 (3.135)

so, following calculations given in Appendix A,

∇(ψ,p,ξ0) · S(0)
(
f

(0)
0

)
=

1

J

∂

∂p

(
JS(0) · ep

)
+

1

J

∂

∂ξ0

(
JS(0) · eξ

)
+

1

J

∂

∂ψ

(
JS(0) · eψ

)
=

1

J

∂

∂p

(
JS(0) · p̂

)
− 1

J

1

p

∂

∂ξ0

(√
1− ξ2

0JS(0) · ξ̂
)

+
1

J

∂

∂ψ

(
J |∇ψ|0 S(0) · ψ̂

)
=

1

p2

∂

∂p

(
p2S(0)

p

)
− 1

λ (ψ, ξ0)

1

p

∂

∂ξ0

(√
1− ξ2

0λ (ψ, ξ0) S
(0)
ξ

)
+

B0 (ψ)

λ (ψ, ξ0) q̃ (ψ)

∂

∂ψ

(
q̃ (ψ)

B0 (ψ)
λ (ψ, ξ0) |∇ψ|0 S

(0)
ψ

)
(3.136)

where |∇ψ|0 is taken on the magnetic flux surface where B is minimum, i.e., B = B0. The
first two terms correspond to the usual dynamics in momentum space at a given spatial
position ψ, while the third one is associated to spatial transport at fixed p and ξ0. It is
interesting to note that spatial transport is not independent of the momentum dynamics
through the parameter λ (ψ, ξ0) . It corrects the spatial transport from the particle dy-
namics along the magnetic field line, since most particles tend to spend more time far
from B = B0. In the limit of strongly passing particles, λ (ψ, ξ0) ' 1, and the spatial term
becomes independent of ξ0.

It is interesting to cross-check the conservative nature of the transport equation is well
ensured by performing the integral∫∫∫ [

∂f
(0)
0

∂t
+∇(ψ,p,ξ0) · S(0)

]
Jdpdξ0dψ = 0 (3.137)

or
∂N

∂t
+

∫∫∫
∇(ψ,p,ξ0) · S(0)Jdpdξ0dψ = 0 (3.138)

Indeed, in that case, the variation of the total number of particles ∂N/∂t as a function
of time depends only from boundary conditions.∫∫∫

∇(ψ,p,ξ0) · S(0)Jdpdξ0dψ = Ip − Iξ0 + Iψ (3.139)

where

Ip =

∫∫∫
1

p2

∂

∂p

(
p2S(0)

p

)
Jdpdξ0dψ (3.140)

Iξ0 =

∫∫∫
1

λ (ψ, ξ0)

1

p

∂

∂ξ0

(√
1− ξ2

0λ (ψ, ξ0) S
(0)
ξ

)
Jdpdξ0dψ (3.141)
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Iψ =

∫∫∫
B0 (ψ)

λ (ψ, ξ0) q̃ (ψ)

∂

∂ψ

(
q̃ (ψ)

B0 (ψ)
λ (ψ, ξ0) |∇ψ|S(0)

ψ

)
Jdpdξ0dψ (3.142)

For Ip, ∫∫∫
1

p2

∂

∂p

(
p2S(0)

p

)
Jdpdξ0dψ

=

∫∫ [
p2S(0)

p

]pmax

0

q̃ (ψ)

B0 (ψ)
λ (ψ, ξ0) dξ0dψ

= p2
max

∫∫
S(0)
p (pmax)

q̃ (ψ)

B0 (ψ)
λ (ψ, ξ0) dξ0dψ (3.143)

and assuming that limp→∞ p
2S

(0)
p = 0, one finds Ip = 0. This condition is generally well

fullfiled, except in strong runaway regimes, where above the Dreicer limit characterized
by critical momentum pD, electrons gain energy up to very high energies, that are usually
well beyond the domain of integration addressed in numerical calculations for the current

drive problem. However, in this case, Ip is given by S
(0)
p at pmax, where pmax corresponds

to the boundary of the momentum domain of integration. Its conservative nature is well
ensured, since ∂N/∂t only depends of this parameter for p.

The integration of ξ0 leads to

Iξ0 =

∫∫∫
1

λ (ψ, ξ0)

1

p

∂

∂ξ0

(√
1− ξ2

0λ (ψ, ξ0) S
(0)
ξ

)
Jdpdξ0dψ

=

∫∫ [√
1− ξ2

0λ (ψ, ξ0) S
(0)
ξ

]+1

−1

q̃ (ψ)

B0 (ψ)
pdpdψ

= 0 (3.144)

which indicates that pitch-angle scattering never contributes to variations of N , and there-
fore the conservative nature of this term in the transport equation is also well demon-
strated.

Finally,

Iψ =

∫∫∫
B0 (ψ)

λ (ψ, ξ0) q̃ (ψ)

∂

∂ψ

(
q̃ (ψ)

B0 (ψ)
λ (ψ, ξ0) |∇ψ|S(0)

ψ

)
Jdpdξ0dψ

=

∫∫ [
q̃ (ψ)

Bmin (ψ)
λ (ψ, ξ0) |∇ψ|S(0)

ψ

]ψa
0

p2dpdξ0

=
q̃ (ψa)

B0 (ψa)
|∇ψ|ψa

∫∫
λ (ψa, ξ0) S

(0)
ψ (ψa) p

2dpdξ0 (3.145)

which only depends of edge values at ψa since |∇ψ|0 = R0BP0 = 0 at ψ = 0 when no
particle is injected at the plasma center. Here, BP0 is the poloidal magnetic field where

B is minimum. If S
(0)
ψ (ψa) = 0, Iψ = 0, and the total number of particles is conserved in

the discharge.
It is important to notice that the magnetic moment is intrinsically conserved in the

equations, in particular for the radial transport part, through the pitch-angle dependence
of the normalized bounce time λ. Therefore, spatial transport is valid not only for cir-
culating particles satisfying p‖/p⊥ � 1, but also for highly trapped electrons, i.e. when
p‖/p⊥ � 1.
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3.5.2 Dynamics in Momentum Space

Momentum space operator It is possible to recover the general bounce averaged
transport equation in momentum space by another independent approach. Here, the
momentum space dynamics of the kinetic equation is be expressed in conservative form as
a flux divergence that may expressed according to the (A.57) introduced in Appendix A

∇p · Sp =
1

Jp

∂

∂pi
(
JpS

i
p

)
(3.146)

where Jp is the momentum space Jacobian associated with the momentum space coor-
dinate system (p, ξ, ϕ), described in (A.247). Since the spherical system has the natural
symmetry of collisions, the momentum space Jacobian is (A.269)

Jp = p2 (3.147)

so that, taking into account that the kinetic equation is gyroaveraged and therefore the
coordinate ϕ disappears, the following expression for the divergence (A.278) is obtained

∇p · Sp =
1

p2

∂

∂p

(
p2Sp

)
− 1

p

∂

∂ξ

(√
1− ξ2Sξ

)
(3.148)

where by definition

Sp = Sp · p̂ (3.149)

Sξ = Sp · ξ̂ (3.150)

In the mean-field theory, the momentum space fluxes may be expressed as the sum of
diffusive and convective parts,

Sp = −Dp∇pf + Fpf (3.151)

with

Dp =

(
Dpp Dpξ

Dξp Dξξ

)
(3.152)

Fp =

(
Fp
Fξ

)
(3.153)

The gradient vector ∇p in the reduced coordinates system (p, ξ) in given by (A.277)

∇p =

(
∇p
∇ξ

)
(3.154)

with

∇p =
∂

∂p
(3.155)

∇ξ = −
√

1− ξ2

p

∂

∂ξ
(3.156)
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so that

Sp = −Dpp
∂f

∂p
+

√
1− ξ2

p
Dpξ

∂f

∂ξ
+ Fpf (3.157)

and

Sξ = −Dξp
∂f

∂p
+

√
1− ξ2

p
Dξξ

∂f

∂ξ
+ Fξf (3.158)

Bounce-averaged operator The bounce averaged operator is

{∇p · Sp} =

{
1

p2

∂

∂p

(
p2Sp

)}
−
{

1

p

∂

∂ξ

(√
1− ξ2Sξ

)}
(3.159)

where the bounce averaging operation is defined in (2.62)

{A} =
1

λq̃

[
1

2

∑
σ

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

ξ0

ξ
A (3.160)

and ξ is given along the trajectory by

ξ (ψ, θ, ξ0) = σ
√

1−Ψ (ψ, θ)
(
1− ξ2

0

)
(3.161)

with

Ψ (ψ, θ) =
B (ψ, θ)

B0 (ψ)
(3.162)

as shown in Sec.2.2.1.
We find from (3.161) that in momentum space

ξdξ = Ψξ0dξ0 (3.163)

and we also get (
1− ξ2

)
= Ψ

(
1− ξ2

0

)
(3.164)

Then, keeping in mind that |ξ0| = σξ0 is independent of σ, we can transform as follows,{
1

p

∂

∂ξ

(√
1− ξ2Sξ

)}
=

1

λq̃

[
1

2

∑
σ

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

ξ0

ξ

1

p

∂

∂ξ

(√
1− ξ2Sξ

)

=
1

λp

∂

∂σξ0

1

q̃

[
1

2

∑
σ

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

σ

Ψ

(√
1− ξ2Sξ

)

=
1

λp

∂

∂ξ0

√
1− ξ2

0σ
1

q̃

[
1

2

∑
σ

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

σ√
Ψ

(Sξ)

=
1

λp

∂

∂ξ0

√
1− ξ2

0λσ

{
σξ√
Ψξ0

Sξ

}
(3.165)
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using relation ξdξ = Ψξ0dξ0 that is deduced from expression (3.161).
Finally, we can rewrite the equation (3.159) in a conservative form as

{∇p · Sp} =
1

p2

∂

∂p

(
p2S(0)

p

)
− 1

λp

∂

∂ξ0

(√
1− ξ2

0λS
(0)
ξ0

)
(3.166)

where the following components are defined

S(0)
p = {Sp} (3.167)

and

S
(0)
ξ0

= σ

{
σξ√
Ψξ0

Sξ

}
(3.168)

Here, expression (3.166) is completely equivalent to the momentum transport equation
deduced from particle conservation. However, this equivalence may be used only because
the bounce-averaged operator is local, and does not depends of ψ.

3.5.3 Dynamics in Configuration Space

Configuration space operator The operator that describes the spatial transport is
given by relation

∂f
(0)
0

∂t

∣∣∣∣∣
r

=
B0 (ψ)

λ (ψ, ξ0) q̃ (ψ)

∂

∂ψ

(
q̃ (ψ)

B0 (ψ)
λ (ψ, ξ0) |∇ψ|0 S

(0)
ψ

)
(3.169)

and since BP = |∇ψ| /R, it may be rewritten in the form

∂f
(0)
0

∂t

∣∣∣∣∣
r

=
B0 (ψ)

λ (ψ, ξ0) q̃ (ψ)

∂

∂ψ

(
R0 (ψ) q̃ (ψ)

BP0 (ψ)

B0 (ψ)
λ (ψ, ξ0) S

(0)
ψ

)
(3.170)

where R0 and BP0 are taken at the poloidal location where the magnetic field is minimum
B = B0. Much in the same way,

S
(0)
ψ = −D(0)

ψψ∇ψf
(0)
0 + F

(0)
ψ f

(0)
0

= −D(0)
ψψ |∇ψ|0

∂f
(0)
0

∂ψ
+ F

(0)
ψ f

(0)
0

= −D(0)
ψψR0 (ψ)BP0 (ψ)

∂f
(0)
0

∂ψ
+ F

(0)
ψ f

(0)
0 (3.171)

where the diffusion cross-terms D
(0)
pψ , D

(0)
ψp , D

(0)
ξψ and D

(0)
ψξ between momentum and config-

uration spaces have been neglected.
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Case of circular concentric flux-surfaces In that case, ψ̂ = r̂, and by definition

D
(0)
ψψ = D

(0)
rr , F

(0)
ψ = F

(0)
r , since ψ is here just a label. Therefore, using relation |∇ψ|0 ∂/∂ψ =

∂/∂r,

S
(0)
ψ = −D(0)

ψψ∇ψf
(0)
0 + F

(0)
ψ f

(0)
0

= −D(0)
ψψ |∇ψ|0

∂f
(0)
0

∂ψ
+ F

(0)
ψ f

(0)
0

= −D(0)
rr

∂f
(0)
0

∂r
+ F (0)

r f
(0)
0

= S(0)
r (3.172)

Furthermore, since

q̃ (r) =
r

Rp

B0

BP0
(3.173)

one obtains,

∂f
(0)
0

∂t

∣∣∣∣∣
circ.

r

=
RpBP0

λ (r, ξ0) r

∂

∂ψ

(
R0

Rp
rλ (r, ξ0) S(0)

r

)
=

|∇ψ|0
λ (r, ξ0)R0r

∂

∂ψ

(
R0rλ (r, ξ0) S(0)

r

)
=

1

λ (r, ξ0)R0r

∂

∂r

(
R0rλ (r, ξ0) S(0)

r

)
(3.174)

Note that R0 may not be here simplified, since it is a function of r, which corresponds
to the toroidal configuration. Dynamics in momentum and configuration spaces are also
not decoupled, the normalized bounce time λ (r, ξ0) being on both sides of the radial
derivative. Only for strongly circulating electrons,

lim
|ξ0|→1

∂f
(0)
0

∂t

∣∣∣∣∣
circ.

r

=
1

rR0

∂

∂r

(
rR0S

(0)
r

)
(3.175)

since lim|ξ0|→1 λ (r, ξ0) = 1, and the usual cylindrical conservative expression of the radial
transport

lim
|ξ0|→1

∂f
(0)
0

∂t

∣∣∣∣∣
circ.

r

=
1

r

∂

∂r

(
rS(0)

r

)
(3.176)

is only found in the case ε� 1, i.e. when R0 ≈ Rp.
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3.5.4 Bounce-averaged flux calculation

Zero order term: the Fokker-Planck equation

The bounce averaged Fokker-Planck equation is is given in the conservative form by rela-
tion (3.166), with the bounce-averaged fluxes (3.167) and (3.168)

S(0)
p = {Sp} (3.177)

S
(0)
ξ0

= σ

{
σξ√
Ψξ0

Sξ

}
(3.178)

Because f0 is constant along a magnetic field line, we have f0 (p, ξ) = f
(0)
0 (p, ξ0) which

is independent of θ and σ. Using the following identities

−
{
Dpp

∂f0

∂p

}
= −{Dpp}

∂f
(0)
0

∂p
(3.179){

Dpξ

√
1− ξ2

p

∂f0

∂ξ

}
=

√
1− ξ2

0

p

{
σξ√
Ψξ0

Dpξ

}
∂f

(0)
0

σ∂ξ0
(3.180)

{Fpf0} = {Fp} f (0)
0 (3.181)

−σ
{

σξ√
Ψξ0

Dξp
∂f0

∂p

}
= −σ

{
σξ√
Ψξ0

Dξp

}
∂f

(0)
0

∂p
(3.182)

σ

{
σξ√
Ψξ0

Dξξ

√
1− ξ2

p

∂f0

∂ξ

}
=

√
1− ξ2

0

p
σ

{
ξ2

Ψξ2
0

Dξξ

}
∂f

(0)
0

σ∂ξ0
(3.183)

σ

{
σξ√
Ψξ0

Fξf0

}
= σ

{
σξ√
Ψξ0

Fξ

}
f

(0)
0 (3.184)

we can rewrite
S

(0)
p = −D(0)

p · ∇p,ξ0f
(0)
0 + F

(0)
p f(0)

0 (3.185)

where the bounce averaged flux is decomposed into

S
(0)
p =

(
S

(0)
p

S
(0)
ξ0

)
(3.186)

with

S(0)
p = −D(0)

pp

∂f
(0)
0

∂p
+

√
1− ξ2

0

p
D

(0)
pξ

∂f
(0)
0

∂ξ0
+ F (0)

p f
(0)
0 (3.187)

S
(0)
ξ0

= −D(0)
ξp

∂f
(0)
0

∂p
+

√
1− ξ2

0

p
D

(0)
ξξ

∂f
(0)
0

∂ξ0
+ F

(0)
ξ f

(0)
0 (3.188)
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by defining the diffusion components

D(0)
pp = {Dpp} (3.189)

D
(0)
pξ = σ

{
σξ√
Ψξ0

Dpξ

}
(3.190)

D
(0)
ξp = σ

{
σξ√
Ψξ0

Dξp

}
(3.191)

D
(0)
ξξ =

{
ξ2

Ψξ2
0

Dξξ

}
(3.192)

and the convection components

F (0)
p = {Fp} (3.193)

F
(0)
ξ = σ

{
σξ√
Ψξ0

Fξ

}
(3.194)

where the gradient vector in the reduced (p, ξ0) momentum space is

∇p,ξ0 =

(
∇p
∇ξ0

)
(3.195)

with

∇p =
∂

∂p
(3.196)

∇ξ0 =
−
√

1− ξ2
0

p

∂

∂ξ0
(3.197)

3.5.5 Up to first order term: the Drift Kinetic equation

In the first-order drift kinetic equation, the momentum space operator

∇p · Sp (f1) (3.198)

where the fluxes are expressed as (3.151) may be decomposed as

∇p · Sp (f1) = ∇p · Sp

(
f̃
)

+∇p · Sp (g) (3.199)

According to (3.166), we can express the bounce-averaged operator as{
Jp∇p · Sp

(
f̃
)}

=
∂

∂p

(
p2S̃(0)

p

)
− p

λ

∂

∂ξ0

(√
1− ξ2

0λS̃
(0)
ξ0

)
(3.200)

{Jp∇p · Sp (g)} =
∂

∂p

(
p2S(0)

p

)
− p

λ

∂

∂ξ0

(√
1− ξ2

0λS
(0)
ξ0

)
(3.201)
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where we need to evaluate the bounce-averaged fluxes (3.167) and (3.168) for f̃ and g
respectively

S̃(0)
p =

{
Sp

(
f̃
)}

(3.202)

S̃
(0)
ξ0

= σ

{
σξ√
Ψξ0

Sξ

(
f̃
)}

(3.203)

and

S(0)
p = {Sp (g)} (3.204)

S
(0)
ξ0

= σ

{
σξ√
Ψξ0

Sξ (g)

}
(3.205)

Because g is constant along a field line, we have g (p, ξ) = g(0) (p, ξ0)which is indepen-
dent of θ and σ. Therefore, the fluxes for g have exactly the same expression as for f0 in
the zero-order equation described in section. This is why the same notation in (3.201) is
used, while the fluxes associated with f̃ are noted S̃.

Indeed, f̃ has an explicit dependence upon θ, which can be isolated as follows:

f̃(ψ, θ, p, ξ) =
ξ(ψ, θ, ξ0)

Ψ(ψ, θ)ξ0
f̃ (0)(ψ, p, ξ0) (3.206)

with

f̃ (0)(ψ, p, ξ0) =
pξ0I (ψ)

qeB0 (ψ)

∂f
(0)
0 (ψ, p, ξ0)

∂ψ
(3.207)

We can note that f̃ (0) is antisymmetric in the trapped region, since f
(0)
0 is symmetric

and ξ0 is, of course, antisymmetric. As a result, only σf̃ (0) can be taken out of the bounce
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averaging operator. Taking the bounce-average of each term, we find{
−Dpp

∂f̃

∂p

}
= −σ

{
σ
ξ

Ψξ0
Dpp

}
∂f̃ (0)

∂p
(3.208){

Dpξ

√
1− ξ2

p

∂f̃

∂ξ

}
=

√
1− ξ2

0

p

{
ξ2

Ψ3/2ξ2
0

Dpξ

}
∂f̃ (0)

∂ξ0

+

√
1− ξ2

0

p
σ

{
σ

Ψ− 1

Ψ3/2ξ3
0

Dpξ

}
f̃ (0) (3.209){

Fpf̃
}

= σ

{
σ
ξ

Ψξ0
Fp

}
f̃ (0) (3.210)

−σ

{
σξ√
Ψξ0

Dξp
∂f̃

∂p

}
= −

{
ξ2

Ψ3/2ξ2
0

Dξp

}
∂f̃ (0)

∂p
(3.211)

σ

{
σξ√
Ψξ0

Dξξ

√
1− ξ2

p

∂f̃

∂ξ

}
=

√
1− ξ2

0

p
σ

{
σξ3

Ψ2ξ3
0

Dξξ

}
∂f̃ (0)

∂ξ0

+

√
1− ξ2

0

p

{
ξ (Ψ− 1)

Ψ2ξ4
0

Dξξ

}
f̃ (0) (3.212)

σ

{
σξ√
Ψξ0

Fξ f̃

}
=

{
ξ2

Ψ3/2ξ2
0

Fξ

}
f̃ (0) (3.213)

where the following relation is used

∂

∂ξ0

ξ

ξ0
= σ

∂

∂ |ξ0|

√
1−Ψ

(
1− |ξ0|2

)
|ξ0|

= σ
Ψξ2

0 − ξ2

|ξ| ξ2
0

= σ
Ψ− 1

|ξ| ξ2
0

(3.214)

We can therefore rewrite

S̃
(0)
p

(
f̃ (0)

)
= −D̃(0)

p · ∇p,ξ0 f̃ (0) + F̃
(0)
p f̃ (0)

where the bounce averaged flux is decomposed into

S
(0)
p =

(
S

(0)
p

S
(0)
ξ0

)
(3.215)

with

S̃(0)
p = −D̃(0)

pp

∂f̃ (0)

∂p
+

√
1− ξ2

0

p
D̃

(0)
pξ

∂f̃ (0)

∂ξ0
+ F̃ (0)

p f̃ (0) (3.216)

S̃
(0)
ξ0

= −D̃(0)
ξp

∂f̃ (0)

∂p
+

√
1− ξ2

0

p
D̃

(0)
ξξ

∂f̃ (0)

∂ξ0
+ F̃

(0)
ξ f̃ (0) (3.217)
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by defining the diffusion components

D̃(0)
pp = σ

{
σ
ξ

Ψξ0
Dpp

}
(3.218)

D̃
(0)
pξ =

{
ξ2

Ψ3/2ξ2
0

Dpξ

}
(3.219)

D̃
(0)
ξp =

{
ξ2

Ψ3/2ξ2
0

Dξp

}
(3.220)

D̃
(0)
ξξ = σ

{
σξ3

Ψ2ξ3
0

Dξξ

}
(3.221)

and the convection components

F̃ (0)
p = σ

{
σ
ξ

Ψξ0
Fp

}
+

√
1− ξ2

0

pξ3
0

{
(Ψ− 1)

Ψ3/2
Dpξ

}
(3.222)

F̃
(0)
ξ =

{
ξ2

Ψ3/2ξ2
0

Fξ

}
+

√
1− ξ2

0

pξ3
0

σ

{
σξ (Ψ− 1)

ξ0Ψ2
Dξξ

}
(3.223)

where we use the fact that σξ3
0 may be taken out of the bounce averaged operator, since

ξ3
0 is an odd function of ξ0. The gradient vector in the reduced (p, ξ0) momentum space is

∇p,ξ0 =

(
∇p
∇ξ0

)
(3.224)

with

∇p =
∂

∂p
(3.225)

∇ξ0 =
−
√

1− ξ2
0

p

∂

∂ξ0
(3.226)

3.6 Moments of the distribution function

3.6.1 Flux-surface Averaging

Surface densities

We consider the flux-surface averaging of a surface quantity, such as a flux of a current,
generally noted Γ (ψ, θ) . It is defined as the averaged flux of Γ through the infinitesimal
poloidal surface dS (ψ)

〈Γ〉S (ψ) =

∫
dS(ψ) dS · Γ (ψ, θ)∫

dS(ψ) dS
(3.227)

In the (ψ, θ, φ) system, the differential poloidal surface element is given by (A.201) as
introduced in Appendix A

dS =
r

|∇ψ|
∣∣∣ψ̂ · r̂∣∣∣dψdθφ̂ (3.228)
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so that the infinitesimal poloidal surface element dSp (ψ) is∫
dSp(ψ)

dS =

∫
dSp(ψ)

r

|∇ψ|
∣∣∣ψ̂ · r̂∣∣∣dψdθ = dψ

∫ 2π

0
dθ

r

|∇ψ|
∣∣∣ψ̂ · r̂∣∣∣ (3.229)

and the flux-surface averaged flux in the toroidal direction is

〈Γ〉φ (ψ) =

(
dSp
dψ

)−1 ∫ 2π

0
dθ

r

|∇ψ|
∣∣∣ψ̂ · r̂∣∣∣

[
φ̂·Γ (ψ, θ)

]
(3.230)

with

dSp (ψ)

dψ
=

∫ 2π

0
dθ

r

|∇ψ|
∣∣∣ψ̂ · r̂∣∣∣ (3.231)

=

∫ 2π

0
dθ

1∣∣∣ψ̂ · r̂∣∣∣ rR 1

BP
(3.232)

Defining the new pseudo saftey factor q as

q (ψ) ≡
∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rR B0 (ψ)

BP
(3.233)

we get
dSp (ψ)

dψ
=

2πq (ψ)

B0 (ψ)
(3.234)

and

〈Γ〉φ (ψ) =
1

q (ψ)

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rR B0 (ψ)

BP

[
φ̂·Γ (ψ, θ)

]
(3.235)

Volume densities

We consider the flux-surface averaging of a volume quantity, such as a power density,
generally noted Φ (ψ, θ). It is defined as the average value of Φ within the infinitesimal
volume dV (ψ)

〈Φ〉V (ψ) =

∫∫
dV (ψ) Φ (ψ, θ) dV∫∫

dV (ψ) dV
(3.236)

In the (ψ, θ, φ) system, the differential volume element is given by (A.202) as introduced
in Appendix A

dV =
Rr

|∇ψ|
∣∣∣ψ̂ · r̂∣∣∣dψdθdφ (3.237)

so that the infinitesimal volume element dV (ψ) of a flux-surface is∫∫
dV (ψ)

dV =

∫∫
dV (ψ)

Rr

|∇ψ|
∣∣∣ψ̂ · r̂∣∣∣dψdθdφ = dψ

∫ 2π

0
dθ

∫ 2π

0
dφ

Rr

|∇ψ|
∣∣∣ψ̂ · r̂∣∣∣ (3.238)
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and the flux-surface averaged quantity in the toroidal direction is

〈Φ〉V (ψ) =

(
dV

dψ

)−1 ∫ 2π

0
dθ

∫ 2π

0
dφ

Rr

|∇ψ|
∣∣∣ψ̂ · r̂∣∣∣Φ (ψ, θ) (3.239)

with

dV (ψ)

dψ
=

∫ 2π

0
dθ

∫ 2π

0
dφ

Rr

|∇ψ|
∣∣∣ψ̂ · r̂∣∣∣ (3.240)

=

∫ 2π

0
dθ

∫ 2π

0
dφ

r∣∣∣ψ̂ · r̂∣∣∣ 1

BP
(3.241)

Under the assumption of axisymmetry, we get

dV (ψ)

dψ
= 4π2

∫ 2π

0

dθ

2π

r∣∣∣ψ̂ · r̂∣∣∣ 1

BP
(3.242)

=
4π2R0

B0 (ψ)

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0 (ψ)

BP
(3.243)

Defining the new pseudo saftey factor q̂ as

q̂ (ψ) ≡
∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0 (ψ)

BP
(3.244)

we get
dV (ψ)

dψ
=

4π2Rpq̂ (ψ)

B0 (ψ)
(3.245)

and finally

〈Φ〉V (ψ) =
1

q̂ (ψ)

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0 (ψ)

BP
Φ (ψ, θ) (3.246)

3.6.2 Density

Definition

The electron density ne (ψ, θ) is given by the relation

ne (ψ, θ) = 2π

∫ +1

−1
dξ

∫ ∞
0

p2dp f (p, ξ, ψ, θ) (3.247)
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Using the general expression (3.246) of the flux-surface averaging of a volumic quantity

〈ne〉V (ψ) =
1

q̂

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0

BP
ne (ψ, θ)

=
2π

q̂

∫ ∞
0

p2dp

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0

BP

∫ +1

−1
dξ f (ψ, θ, p, ξ)

=
2π

q̂

∫ ∞
0

p2dp

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0

BP

∫ +1

−1

[
1

2

∑
σ=±1

]
T

dξ f (ψ, θ, p, ξ)

(3.248)

where the trapping condition evaluated at the location θ is given by

|ξ| < ξT =

√
1− B (ψ, θ)

B0 (ψ)
(3.249)

Using ξdξ = Ψξ0dξ0 with the condition (3.270) on ξ0

|ξ0| ≥

√
1− 1

Ψ (ψ, θ)
(3.250)

one get∫ +1

−1

[
1

2

∑
σ=±1

]
T

dξ =

∫ +1

−1

[
1

2

∑
σ=±1

]
T

Ψ (ψ, θ)
ξ0

ξ
H

(
|ξ0| −

√
1− 1

Ψ (ψ, θ)

)
dξ0 (3.251)

where H is the usual Heaviside function which is defined as H (x) = 1 for x > 0, and
H (x) = 0 elsewhere.

Note that the condition (3.250) is equivalent to

θmin (ψ, ξ0) ≤ θ ≤ θmax (ψ, ξ0) (3.252)

so that, the integrals over θ and ξ0 may be permuted,

〈ne〉V (ψ) =
2π

q̂

∫ ∞
0

p2dp

∫ +1

−1
dξ0×[

1

2

∑
σ=±1

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

ξ0

ξ
f (ψ, θ, p, ξ0) (3.253)

where the bounce-averaging of the distribution appears naturally. Therefore, expression
(3.371) can be rewriten in the simple form

〈ne〉V (ψ) = 2π
q̃

q̂

∫ ∞
0

p2dp

∫ +1

−1
dξ0λ {f (ψ, θ, p, ξ0)} (3.254)
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Fokker-Planck Equation

For the zero order distribution function, since f0 is constant along a field line,

f0 (ψ, θ, p, ξ) = f
(0)
0 (ψ, p, ξ0) (3.255)

one obtains

〈ne〉0V (ψ) = 2π
q̃

q̂

∫ ∞
0

p2dp

∫ +1

−1
dξ0λf

(0)
0 (ψ, p, ξ0) (3.256)

Drift Kinetic Equation

When we consider the first order distribution function, we have f1 = f̃ + g, where g is
constant along a field line, and therefore its contribution 〈ne〉1V (ψ) has the same expression

as for f0. However, f̃ has an explicit dependence upon θ, which is given by (3.206)

f̃(ψ, θ, p, ξ) =
ξ(ψ, θ, ξ0)

Ψ(ψ, θ)ξ0
f̃ (0)(ψ, p, ξ0) (3.257)

Therefore, the flux-surface averaged density contribution of f̃ is

〈ñe〉1V (ψ) = 2π
q̃

q̂

∫ ∞
0

p2dp

∫ +1

−1
dξ0λ

{
ξ

Ψ(ψ, θ)ξ0

}
f̃ (0)(ψ, p, ξ0) (3.258)

= 2π
q̃

q̂

∫ ∞
0

p2dp

∫ +1

−1
dξ0λ1,−1,0f̃

(0)(ψ, p, ξ0) (3.259)

where

λ1,−1,0 = σ

{
σ

ξ

Ψ(ψ, θ)ξ0

}
λ (3.260)

according to the notation in Sec. 2.2.1, since f̃ (0) is antisymmetric in the trapped region.
Since f̃ (0) and g have no definite symmetry properties, both can contribute to the

density and
〈ne〉V (ψ) = 〈ne〉0V (ψ) + 〈ne〉1V (ψ) + 〈ñe〉1V (ψ) (3.261)

3.6.3 Current Density

Definition

The density of current carried by electrons is given by

J (x) = qe

∫∫∫
d3p vf (x,p) (3.262)

so that the parallel current density is

J‖ (x) = qe

∫∫∫
d3p v‖f (x,p) (3.263)

which becomes in (ψ, θ, p, ξ) phase space

J‖ (ψ, θ) = 2πqe

∫ ∞
0

p2dp

∫ 1

−1
dξ

pξ

γm
f (ψ, θ, p, ξ) (3.264)
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Flux-Surface Averaging

We are usually interested in the flux-surface averaged current density in the toroidal
direction. It is generally given by (3.230)〈

J‖
〉
φ

(ψ) =
1

q

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rR B0

BP
J‖ (ψ, θ)

[
φ̂·̂b
]

=
1

q

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rR B0

BP
J‖ (ψ, θ)

BT
B

(3.265)

and finally, using (2.23)〈
J‖
〉
φ

(ψ) =
1

q

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rR BT
BP

J‖ (ψ, θ)

Ψ (ψ, θ)
(3.266)

Fokker-Planck Equation

When we consider only the zero order distribution function, we have that f0 is constant
along a field line, so that

f0 (ψ, θ, p, ξ) = f
(0)
0 (ψ, p, ξ0) (3.267)

where

ξ0 = σ

√
1− 1

Ψ (ψ, θ)
(1− ξ2) (3.268)

Consequently, we find

J0
‖ (ψ, θ) = 2πqe

∫ ∞
0

p2dp

∫ 1

−1
dξ

pξ

γme
f0 (ψ, θ, p, ξ)

= 2πqe

∫ ∞
0

p2dp

∫ 1

−1
dξ

pξ

γme
f

(0)
0 (ψ, p, ξ0)

= 2πqe

∫ ∞
0

p2dp

∫ 1

−1
dξ0Ψ (ψ, θ)×

H

(
|ξ0| −

√
1− 1

Ψ (ψ, θ)

)
pξ0

γme
f

(0)
0 (ψ, p, ξ0) (3.269)

where the condition

|ξ0| ≥

√
1− 1

Ψ (ψ, θ)
(3.270)

results from the equation (3.268) and means that only the particle who reach the position
θ must be considered. Note that the integrand in the equation (3.269) is odd in ξ0 for

trapped electrons, since f
(0)
0 is symmetric in the trapped region. As a consequence, the

contribution from trapped electrons vanishes, and (3.269) can be rewritten as

J0
‖ (ψ, θ) = 2πqe

∫ ∞
0

p2dp

∫ 1

−1
dξ0Ψ (ψ, θ)H (|ξ0| − ξ0T )

pξ0

γme
f

(0)
0 (ψ, p, ξ0) (3.271)
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Therefore, the flux-surface averaged current density〈
J‖
〉0

φ
(ψ) =

1

q

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rR BT
BP

J0
‖ (ψ, θ)

Ψ (ψ, θ)
(3.272)

becomes 〈
J‖
〉0

φ
(ψ) =

2πqe
me

∫ ∞
0

dp
p3

γ

1

q

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rR BT
BP

1

Ψ (ψ, θ)
×

∫ 1

−1
dξ0Ψ (ψ, θ)H (|ξ0| − ξ0T ) ξ0f

(0)
0 (ψ, p, ξ0) (3.273)

The integrals over θ and ξ0 can be permuted〈
J‖
〉0

φ
(ψ) =

2πqe
me

∫ ∞
0

dp
p3

γ

∫ 1

−1
dξ0 H (|ξ0| − ξ0T ) ξ0f

(0)
0 (ψ, p, ξ0)×

1

q

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rR BT
BP

(3.274)

We recognize the expression of the safety factor (2.51) so that〈
J‖
〉0

φ
(ψ) =

2πqe
me

q

q

∫ ∞
0

dp
p3

γ

∫ 1

−1
dξ0 H (|ξ0| − ξ0T ) ξ0f

(0)
0 (ψ, p, ξ0) (3.275)

Case of circular concentric flux-surfaces In that case, we showed in (2.83) that the
safety factor is

q (r) =
ε√

1− ε2
BT
BP

(3.276)

with ε = r/Rp the inverse aspect ratio.
In addition, q (r) becomes

q (r) =

∫ 2π

0

dθ

2π

r

Rp

B0

BP

=

∫ 2π

0

dθ

2π

r

Rp

B0

B

B

BP

= ε
B

BP

Rp
R0

=
ε

1 + ε

B

BP
(3.277)

since R = Rp + r cos θ, and B0/B = R/R0. We have then

q (r)

q (r)
=

√
1 + ε

1− ε
BT
B

(3.278)

In the case when BT � BP , we retrieve the bounce-averaged coefficient s∗ and in the
large aspect ratio limit ε� 1,

lim
ε→0

q (r)

q (r)
= (1 + ε)

BT
B

(3.279)
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Drift Kinetic Equation

When we consider the first order distribution function, we have f1 = f̃ + g, where g is
constant along a field line, and therefore its contribution has the same expression as for
f0. However, f̃ has an explicit dependence upon θ, which is given by (3.206)

f̃(ψ, θ, p, ξ) =
ξ(ψ, θ, ξ0)

Ψ(ψ, θ)ξ0
f̃ (0)(ψ, p, ξ0) (3.280)

where

ξ0 = σ

√
1− 1

Ψ (ψ, θ)
(1− ξ2) (3.281)

Consequently, we find

J̃1
‖ (ψ, θ) = 2πqe

∫ ∞
0

p2dp

∫ 1

−1
dξ

pξ

γme
f̃ (ψ, θ, p, ξ)

= 2πqe

∫ ∞
0

p2dp

∫ 1

−1
dξ

pξ

γme

ξ

Ψ(ψ, θ)ξ0
f̃ (0)(ψ, p, ξ0)

= 2πqe

∫ ∞
0

p2dp

∫ 1

−1
dξ0

ξ

ξ0
×

H

(
|ξ0| −

√
1− 1

Ψ (ψ, θ)

)
pξ0

γme
f̃ (0) (ψ, p, ξ0) (3.282)

where again the condition

|ξ0| ≥

√
1− 1

Ψ (ψ, θ)
(3.283)

results from the equation (3.268) and means that only the particle who reach the poloidal
position θ must be considered.

Therefore, the flux-surface averaged current density contribution from f̃

〈
J̃‖

〉1

φ
(ψ) =

1

q

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rR BT
BP

J̃1
‖ (ψ, θ)

Ψ (ψ, θ)
(3.284)

becomes 〈
J̃‖

〉1

φ
(ψ) =

2πqe
m

∫ ∞
0

dp
p3

γ

1

q

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rR BT
BP

1

Ψ (ψ, θ)
×

∫ 1

−1
dξ0

ξ

ξ0
H

(
|ξ0| −

√
1− 1

Ψ (ψ, θ)

)
ξ0f̃

(0) (ψ, p, ξ0) (3.285)

Note that the condition (3.283) is equivalent to

θmin (ψ, ξ0) ≤ θ ≤ θmax (ψ, ξ0) (3.286)
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so that, permuting the integrals over θ and ξ0, we find〈
J̃‖

〉1

φ
(ψ) =

2πqe
me

∫ ∞
0

dp
p3

γ

∫ 1

−1
dξ0 ξ0f̃

(0) (ψ, p, ξ0)

1

q

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rR BT
BP

1

Ψ (ψ, θ)

ξ

ξ0
(3.287)

We have then
r

R

BT
BP

1

Ψ (ψ, θ)
=
RpI (ψ)

R2
0B0

r

Rp

B

BP

R2
0

R2
Ψ−2 (ψ, θ) (3.288)

Then, noting the the integrand in (3.287) is independent of σ , so that the sum over σ
for trapped particles can be added, we obtain〈

J̃‖

〉1

φ
(ψ) =

2πqe
me

∫ ∞
0

dp
p3

γ

∫ 1

−1
dξ0 ξ0f̃

(0) (ψ, p, ξ0)
1

q

RpI (ψ)

R2
0B0

×[
1

2

∑
σ

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

ξ0

ξ

[
R0

R

]2

Ψ−2 (ψ, θ)

[
ξ

ξ0

]2

(3.289)

We recognize the expression of a bounce coefficients defined by the general relation
(2.66) in Sec. 2.2.1, so that we get finally〈

J̃‖

〉1

φ
(ψ) =

2πqe
me

q̃

q

Rp
R0

BT0

B0

∫ ∞
0

dp
p3

γ

∫ 1

−1
dξ0 λ2,−2,2ξ0f̃

(0) (ψ, p, ξ0) (3.290)

with

λ2,−2,2 = λ

{(
ξ

ξ0

)2

Ψ−2

(
R0

R

)2
}

(3.291)

Case of circular concentric flux-surfaces In that case, we showed in (2.99) that q̃ is

q̃ (r) = ε
B

BP
(3.292)

with ε = r/Rp the inverse aspect ratio.
In addition, q (r) is

q (r) =
ε

1 + ε

B

BP
(3.293)

and since
R0 = Rp (1 + ε) (3.294)

we have then
q̃

q

Rp
R0

BT0

B0
=
BT0

B0
' 1 (3.295)

in the limit BP � B.
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Also, in this case,

Ψ (ψ, θ) =
R0

R
(3.296)

so that

λ2,−2,2 = λ2,0,0 = λ

{
ξ2

ξ2
0

}
= s̃∗ (3.297)

using notations used in previous publications. The exact expression of s̃∗ in terms of a
series expansion is given in relation (4.148).

3.6.4 Power Density Associated with a Flux

Definition

The kinetic energy associated with a relativistic electron of momentum p is

Ec = mec
2(γ − 1) (3.298)

Then, the local energy density of electrons is

ε (x) =

∫
d3p mec

2(γ − 1)f(x,p) (3.299)

The density of power absorbed through the process O, POabs, is

POabs (x) =
∂ε

∂t

∣∣∣∣
O

=

∫
d3p mec

2 (γ − 1)
∂f(x, p)

∂t

∣∣∣∣
O

(3.300)

When the operator is described in conservative form, as the divergence of a flux

∂f

∂t

∣∣∣∣
O

= −∇ p · SOp = − 1

p2

∂

∂p

(
p2SOp

)
+

1

p

∂

∂ξ

(√
1− ξ2SOξ

)
(3.301)

then the power density becomes

POabs = −2πmec
2

∫ ∞
0

p2dp (γ − 1)

∫ +1

−1
dξ

[
1

p2

∂

∂p

(
p2SOp

)
− 1

p

∂

∂ξ

(√
1− ξ2SOξ

)]
(3.302)

The integration of the SOξ term gives no contribution, since the particle energy is
function of p only ∫ +1

−1
dξ

∂

∂ξ

(√
1− ξ2SOξ

)
=
[√

1− ξ2SOξ

]+1

−1
= 0 (3.303)

and the equation (3.302) reduces to

POabs = −2πmec
2

∫ +1

−1
dξ

∫ ∞
0

(γ − 1)
∂

∂p

(
p2SOp

)
dp (3.304)
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Integrating by parts, we get

POabs = −2πmec
2

∫ +1

−1
dξ

([
(γ − 1) p2SOp

]∞
0
−
∫ ∞

0

dγ

dp
p2SOp dp

)
(3.305)

Assuming that limp→∞ p
2SOp = 0, and using

dγ

dp
=

p

γm2
ec

2
(3.306)

the equation (3.305) reduces to

POabs (ψ, θ) = 2π

∫ +1

−1
dξ

∫ ∞
0

dp
p3

γme
SOp (3.307)

Flux-Surface Averaging

Starting from the general expression of the flux-surface averaging of a volume quantity
(3.246), the flux-surface averaged power density

〈
POabs

〉
V

(ψ) is

〈
POabs

〉
V

(ψ) =
1

q̂

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0

BP
POabs (ψ, θ) (3.308)

which becomes〈
POabs

〉
V

(ψ) = 2π

∫ ∞
0

dp
p3

γme

1

q̂

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0

BP

∫ +1

−1
dξ SOp (3.309)

The sum over σ for trapped electrons can be added, using∫ 1

−1
dξ

[
1

2

∑
σ=±1

]
T

SOp =

∫ −ξT
−1

dξSOp +

∫ 1

ξT

dξSOp +
1

2

∫ ξT

−ξT
dξ
∑
σ=±1

SOp

=

∫ −ξT
−1

dξSOp +

∫ 1

ξT

dξSOp +
1

2

∫ ξT

−ξT
dξ
[
SOp (ξ) + SOp (−ξ)

]
=

∫ −ξT
−1

dξSOp +

∫ 1

ξT

dξSOp +

∫ ξT

−ξT
dξSOp (ξ)

=

∫ 1

−1
dξSOp (3.310)

where the trapping condition evaluated at the poloidal location θ is

|ξ| < ξT =

√
1− B (ψ, θ)

Bmax (ψ)
(3.311)

Using ξdξ = Ψξ0dξ0 with the condition (3.270) on ξ0

|ξ0| ≥

√
1− 1

Ψ (ψ, θ)
(3.312)
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we get that ∫ +1

−1
dξ =

∫ +1

−1
dξ0

Ψ (ψ, θ) ξ0

ξ
H

(
|ξ0| −

√
1− 1

Ψ (ψ, θ)

)
(3.313)

Note that the condition (3.312) is equivalent to

θmin (ψ, ξ0) ≤ θ ≤ θmax (ψ, ξ0) (3.314)

so that, permuting the integrals over θ and ξ0, we find

〈
POabs

〉
V

(ψ) = 2π

∫ ∞
0

dp
p3

γme

∫ +1

−1
dξ0 (3.315)

1

q̂

[
1

2

∑
σ=±1

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

ξ0

ξ
SOp (3.316)

We see that the bounce-averaging of the fluxes appears naturally, so that we can rewrite

〈
POabs

〉
V

(ψ) = 2π
q̃

q̂

∫ ∞
0

dp
p3

γme

∫ +1

−1
dξ0λ

{
SOp
}

(3.317)

Using the definition (3.167), we observe that the flux-surface averaged power density is
calculated using the momentum flux component of the bounce-averaged kinetic equation:

〈
POabs

〉
V

(ψ) = 2π
q̃

q̂

∫ ∞
0

dp
p3

γme

∫ +1

−1
dξ0λS

(0)O
p (3.318)

Case of circular concentric flux-surfaces In that case, we showed in (3.292) that
the coefficient q̃ is

q̃ (r) = ε
B

BP
(3.319)

with ε = r/Rp.
In addition, q̂ (r) becomes

q̂ (r) =

∫ 2π

0

dθ

2π

r

Rp

B0

BP

= ε
B

BP

∫ 2π

0

dθ

2π

B0

B

= ε
B

BP

∫ 2π

0

dθ

2π

R

R0

=
ε

1 + ε

B

BP
(3.320)

using the simple relation B/B0 = R0/R and R0 = Rp (1 + ε) .
We have then

q̃ (ψ)

q̂ (ψ)
= 1 + ε (3.321)
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Fokker-Planck Equation

The Fokker-Planck equation (3.107) solves for the zero-order distribution function f0. The
density of power transfered to f0 through the momentum-space mechanism O is then

〈
POabs

〉0

V
(ψ) = 2π

q̃

q̂

∫ ∞
0

dp
p3

γme

∫ +1

−1
dξ0λS

(0)O
p (f0) (3.322)

where S
(0)O
p (f0) is given by (3.187)

S(0)O
p (f0) = −D(0)O

pp

∂f
(0)
0

∂p
+

√
1− ξ2

0

p
D

(0)O
pξ

∂f
(0)
0

∂ξ0
+ F (0)O

p f
(0)
0 (3.323)

The momentum-space diffusion and convection elements D
(0)O
pp , D

(0)O
pξ and F

(0)O
p as-

sociated with a particular mechanism O are calculated in chapter 4.

Drift Kinetic Equation

The Fokker-Planck equation (6.1) solves for the first-order distribution function f1 = f̃+g
(3.117). The densities of power transfered to f̃ and g through the momentum-space
mechanism O are then respectively〈

P̃Oabs

〉1

V
(ψ) = 2π

q̃

q̂

∫ ∞
0

dp
p3

γme

∫ +1

−1
dξ0λS̃

(0)O
p

(
f̃
)

(3.324)

〈
POabs

〉1

V
(ψ) = 2π

q̃

q̂

∫ ∞
0

dp
p3

γme

∫ +1

−1
dξ0λS

(0)O
p (g) (3.325)

where S̃
(0)O
p

(
f̃
)

and S
(0)O
p (g) are given by (3.187) and (3.216)

S̃(0)
p

(
f̃
)

= −D̃(0)
pp

∂f̃ (0)

∂p
+

√
1− ξ2

0

p
D̃

(0)
pξ

∂f̃ (0)

∂ξ0
+ F̃ (0)

p f̃ (0) (3.326)

S(0)O
p (g) = −D(0)O

pp

∂g(0)

∂p
+

√
1− ξ2

0

p
D

(0)O
pξ

∂g(0)

∂ξ0
+ F (0)O

p g(0) (3.327)

The momentum-space diffusion and convection elements D
(0)O
pp , D

(0)O
pξ , F

(0)O
p , D̃

(0)
pp ,

D̃
(0)
pξ and F̃

(0)
p associated with a particular mechanism O are calculated in chapter 4.

3.6.5 Stream Function for Momentum Space fluxes

When transport in configuration space is ignored, and a steady-state regime is assumed
to be reached, the Fokker-Planck equation reduces to the conservative equation (3.146)

∇p · Sp = 0 (3.328)

Because Sp is a divergence-free field vector, it can be expressed as the curl of a stream
function

Sp = ∇×Tp (3.329)
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The expression of a curl in momentum space (p, ξ, ϕ) is given by relation (A.279) in
Appendix A

Sp =
1

p

∂

∂ξ

(√
1− ξ2Tϕ

)
+

1

p
√

1− ξ2

∂Tξ
∂ϕ

(3.330)

Sξ =
1

p

∂

∂p
(pTϕ)− 1

p
√

1− ξ2

∂Tp
∂ϕ

(3.331)

Sϕ = −1

p

∂

∂p
(pTξ)−

√
1− ξ2

p

∂Tp
∂ξ

(3.332)

Because Sϕ = 0, we can choose Tξ = Tp = 0, which leads to

Sp =
1

p

∂

∂ξ

(√
1− ξ2Tϕ

)
(3.333)

Sξ =
1

p

∂

∂p
(pTϕ) (3.334)

and we can rewrite
Sp = ∇× Tϕϕ̂ (3.335)

In order to give a physical meaning to Tϕ (p, ξ, ψ), we define formally

Tϕ (ψ, p, ξ) = K (ψ, p, ξ)A (ψ, p, ξ) (3.336)

where the function A (p, ξ) is such that the flux of electrons between two contours A1 and
A2 is equal to ne (ψ) (A2 −A1). Lets consider a path γ12 between the contours A1 and
A2. The total flux of electrons through this path, which is in fact a surface, given the
rotational symmetry in ϕ, is given by

Γ12 =

∫∫
S12

dS Sp · n̂

=

∫∫
S12

dS · ∇ × Tϕϕ̂

=

∮
C12

Tϕ dl · ϕ̂ (3.337)

By rotational symmetry in ϕ, and using (A.272), we get

Γ12 = 2πp2

√
1− ξ2

2Tϕ2 − 2πp1

√
1− ξ2

1Tϕ1 (3.338)

If we define

K (ψ, p, ξ) ≡ ne (ψ)

2πp
√

1− ξ2
(3.339)

we obtain
Γ12 = ne (ψ) (A2 −A1) (3.340)
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and therefore the total flux between the contours A1 and A2 is equal to ne (ψ) (A2 −A1).
We call A (ψ, p, ξ) the stream function, and we get finally

Sp =
ne (ψ)

2πp2

∂A

∂ξ
(3.341)

Sξ =
ne (ψ)

2πp
√

1− ξ2

∂A

∂p
(3.342)

Since there are no fluxes across the internal boundaries in the momentum space, this
boundary coincide with a contour A, and therefore we can arbitrarily set this value to 0:

A (0, ξ) = A (p,±1) = 0 (3.343)

Then A can be calculated by any of the integrals

A (ψ, p, ξ) =
2πp2

ne (ψ)

∫ ξ

−1
dξ Sp =

2πp2

ne (ψ)

∫ ξ

1
dξ′ Sp (3.344)

or

A (ψ, p, ξ) =
2π
√

1− ξ2

ne (ψ)

∫ p

0
p′dp′ Sξ (3.345)

However, A (ψ, p, ξ) remains a function of ξ, which depends upon θ. Starting from the
bounce-averaged fluxes, it is interesting to compute a function A(0) (ψ, p, ξ0), such that

A(0) (0, ξ0) = A (p,±1) = 0

S(0)
p =

ne (ψ)

2πp2

∂A(0)

∂ξ0
(3.346)

S
(0)
ξ =

ne (ψ)

2πp
√

1− ξ2
0

∂A(0)

∂p
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We first need to demonstrate the existence of such a function. Starting from S
(0)
p ,

A(0) (ψ, p, ξ0) =
2πp2

ne (ψ)

∫ ξ0

−1
dξ′0 {Sp}

=
2πp2

ne (ψ)

∫ ξ0

−1
dξ′0

1

λq̃

[
1

2

∑
σ

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

ξ′0
ξ′
Sp

=

∫ ξ0

−1
dξ′0

1

λq̃

[
1

2

∑
σ

]
T

∫ 2π

0

dθ

2π
H (Bb −B)

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

ξ′0
ξ′
∂A

∂ξ′

=
σ

λq̃

[
1

2

∑
σ

]
T

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP∫ ξ0

−1
dξ′0H

(
|ξ0| −

√
1− 1

Ψ

)
σ
ξ′0
ξ′
∂A

∂ξ′

=
σ

λq̃

[
1

2

∑
σ

]
T

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

σ

Ψ

∫ ξ

−1
dξ′

∂A

∂ξ′

=
σ

λq̃

[
1

2

∑
σ

]
T

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0

BP
σA

= σ
q̂

λq̃

[
1

2

∑
σ

]
T

〈σA〉V (3.347)

where we used

θmin ≤ θ ≤ θmax ⇔ B ≤ Bb ⇔
√

1− 1

Ψ
≤ |ξ0| (3.348)
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Now, starting from S
(0)
ξ , we have

A(0) (ψ, p, ξ0) =
2π
√

1− ξ2
0

ne (ψ)

∫ p

0
p′dp′ σ

{
σξ√
Ψξ0

Sξ

}
=

2π
√

1− ξ2
0

ne (ψ)

∫ p

0
p′dp′ σ

1

λq̃

[
1

2

∑
σ

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

σ√
Ψ
Sξ

=

∫ p

0
dp′ σ

1

λq̃

[
1

2

∑
σ

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

σ√
Ψ

√
1− ξ2

0√
1− ξ2

∂A

∂p′

=
σ

λq̃

[
1

2

∑
σ

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

σ

Ψ

∫ p

0
dp′

∂A

∂p′

=
σ

λq̃

[
1

2

∑
σ

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0

BP
σA

= σ
q̂

λq̃

[
1

2

∑
σ

]
T

〈σA〉V (3.349)

and we find the same function A(0). The existence of a function A(0) verifying (3.346) is
therefore demonstrated. We need now to demonstrate that A(0) verifying (3.346) leads to
the bounce-averaged Fokker-Planck equation (3.166):

{∇p · Sp} =
1

p2

∂

∂p

(
p2S(0)

p

)
− 1

λp

∂

∂ξ0

(√
1− ξ2

0λS
(0)
ξ0

)
=

1

p2

∂

∂p

(
p2ne (ψ)

2πp2

∂A(0)

∂ξ0

)
− 1

λp

∂

∂ξ0

(√
1− ξ2

0λ
ne (ψ)

2πp
√

1− ξ2
0

∂A(0)

∂p

)

=
1

λp2

∂2

∂pξ0

[
λne (ψ)A(0)

2π

]
− 1

λp2

∂2

∂ξ0∂p

[
λne (ψ)A(0)

2π

]
= 0 (3.350)

In conclusion, a stream function verifying

A(0) (0, ξ0) = A (p,±1) = 0 (3.351)

has been found which leads to the bounce-averaged Fokker-Planck equation and which
can be calculated from the bounce-averaged fluxes by either

A(0) (ψ, p, ξ0) =
2πp2

ne (ψ)

∫ ξ0

−1
dξ′0 S

(0)
p =

2πp2

ne (ψ)

∫ ξ0

1
dξ′0 S

(0)
p (3.352)

or

A(0) (ψ, p, ξ0) =
2π
√

1− ξ2
0

ne (ψ)

∫ p

0
p′dp′ S

(0)
ξ (3.353)

relations.
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3.6.6 Ohmic electric field

The electrical conductivity of the plasma σe is defined as the ratio of the flux averaged
current density

〈
J‖
〉0

φ
to the flux surface averaged parallel Ohmic electric field

〈
E‖
〉
φ
,

σe =

〈
J‖
〉0

φ〈
E‖
〉
φ

(3.354)

By definition,〈
E‖
〉
φ

(ψ) =
1

q (ψ)

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rR B0

BP
E‖ (ψ, θ)

[
φ̂·̂b
]

=
1

q (ψ)

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rR B0 (ψ)

BP
E‖ (ψ, θ)

BT
B

=
1

q (ψ)

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rR BT
BP

E‖ (ψ, θ)

Ψ (ψ, θ)
(3.355)

Using

E‖ (ψ, θ) =
1

Ψ (ψ, θ)

R2
0

R2
E‖0 (ψ) (3.356)

where E‖0 (ψ) is the value at the minimum magnetic field B0, one obtains

〈
E‖
〉
φ

(ψ) =
1

q

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rR BT
BP

E‖0 (ψ)

Ψ2 (ψ, θ)

R2
0

R2

= E‖0 (ψ)
1

q

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rR BT
BP

1

Ψ2 (ψ, θ)

R2
0

R2
(3.357)

or 〈
E‖
〉
φ

(ψ) = E‖0 (ψ)
1

q

Rp
R0

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

ξ0

ξ

[
ξ

ξ0

BT
B

1

Ψ2 (ψ, θ)

R3
0

R3

]

= E‖0 (ψ)
1

q (ψ)

Rp
R0

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

ξ0

ξ
×

[
ξ

ξ0

BT
BT0

BT0

B0

B0

B

1

Ψ2 (ψ, θ)

R3
0

R3

]
= E‖0 (ψ)

1

q

BT0

B0

Rp
R0

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

ξ0

ξ

[
ξ

ξ0

1

Ψ3 (ψ, θ)

R4
0

R4

]

= E‖0 (ψ)
q̃

q

Rp
R0

BT0

B0
λσ

{
σ
ξ

ξ0

1

Ψ3 (ψ, θ)

R4
0

R4

}
= E‖0 (ψ)

q̃

q

Rp
R0

BT0

B0
λ1,−3,4 (3.358)
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Case of circular concentric flux-surfaces In that case,

q̃ (r)

q (r)
= 1 + ε (3.359)

and since Rp/R0 = 1/ (1 + ε) ,〈
E‖
〉
φ

(r) =
BT
B
λ1,−1,2E‖0 (r)

=
BT
B
λ1,1,0E‖0 (r) (3.360)

using relation Ψ (r, θ) = R/R0. Therefore,

〈
E‖
〉
φ

(r) =
BT
B

√
1 + ε

1− ε
E‖0 (r) (3.361)

as λ1,−1,2 =
√

1+ε
1−ε for circular concentric flux-surfaces. Moreover, in this limit,

σe =

〈
J‖
〉(0)

φ〈
E‖
〉
φ

=
J

(0)
‖

E‖0
(3.362)

since 〈
J‖
〉(0)

φ
(ψ, θ) =

BT
B

√
1 + ε

1− ε
J

(0)
‖ (3.363)

with

J
(0)
‖ =

2πqe
me

∫ ∞
0

p2dp

∫ 1

−1
dξ0H (|ξ0| − ξ0T )

pξ0

γm
f

(0)
0 (ψ, p, ξ0) (3.364)

In that case, the neo-classical conductivity can be either calculated from flux surface
averaged quantity, or local values at B = B0.

3.6.7 Fraction of trapped electrons

The ratio between the number of trapped and passing electrons is an important quantity
in the neoclassical transport theory, since the parallel viscosity responsible for reduction
of the Ohmic conductivity and the bootstrap current level are both roughly proportional
to this parameter. Therefore, under the influence of RF waves, its large variation will
indicate unambiguously that significant macroscopic changes are to be expected on the
current generation and the power absorption due to neoclassical effects. We could expect
to encounter such circomstances especially when wave-particle interaction takes place in
the near vicinity of the trapped-passing boundary.

The starting point of the calculations is the determination of the flux averaged density
〈ne〉 . According to the definition of the electron momentum distribution function f , the
local electron density ne (ψ, θ) is given by the relation

ne (ψ, θ) = 2π

∫ +1

−1
dξ

∫ ∞
0

p2dp f (ψ, θ, p, ξ) (3.365)
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Using the general expression (3.246) of the flux-surface averaging of a volumic quantity

〈ne〉V (ψ) =
1

q̂

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0

BP
ne (ψ, θ)

=
2π

q̂

∫ ∞
0

p2dp

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0 (ψ)

BP

∫ +1

−1
dξ f (ψ, θ, p, ξ)

=
2π

q̂

∫ ∞
0

p2dp

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0 (ψ)

BP
×

∫ +1

−1

[
1

2

∑
σ=±1

]
T

dξ f (ψ, θ, p, ξ) (3.366)

where the trapping condition evaluated at the location θ is given by

|ξ| < ξT =

√
1− B (ψ, θ)

Bmax (ψ)
(3.367)

Using ξdξ = Ψξ0dξ0 with the condition (3.270) on ξ0

|ξ0| ≥

√
1− 1

Ψ (ψ, θ)
(3.368)

one get∫ +1

−1

[
1

2

∑
σ=±1

]
T

dξ =

∫ +1

−1

[
1

2

∑
σ=±1

]
T

Ψ (ψ, θ)
ξ0

ξ
H

(
|ξ0| −

√
1− 1

Ψ (ψ, θ)

)
dξ0 (3.369)

Note that the condition (3.368) is equivalent to

θmin (ψ, ξ0) ≤ θ ≤ θmax (ψ, ξ0) (3.370)

so that, the integrals over θ and ξ0 may be permuted,

〈ne〉V (ψ) =
2π

q̂

∫ ∞
0

p2dp

∫ +1

−1
dξ0×[

1

2

∑
σ=±1

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

ξ0

ξ
f (ψ, θ, p, ξ0) (3.371)

where the bounce-averaging of the distribution appears naturally. Therefore, expression
(3.371) can be rewriten in the simple form

〈ne〉V (ψ) = 2π
q̃

q̂

∫ ∞
0

p2dp

∫ +1

−1
dξ0λ {f (ψ, θ, p, ξ0)} (3.372)
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and the exact trapped fraction Ft is given by the ratio

Ft (ψ) =

∫∞
0 p2dp

∫ +ξ0T
−ξ0T λ {f} dξ0∫∞

0 p2dp
∫ +1
−1 λ {f} dξ0

(3.373)

where λ is the normalized bounce time 2.11.
Since, {f} ' f

(0)
0 +f̃ (0) +g(0) ,

Ft (ψ) =

∫∞
0 p2dp

∫ +ξ0T
−ξ0T λ

[
f

(0)
0 + g(0)

]
dξ0∫∞

0 p2dp
∫ +1
−1 λ

[
f

(0)
0 + f̃ (0) + g(0)

]
dξ0

(3.374)

taking into account that f̃ (0) is an odd function of ξ0 in the trapped region.

When f
(0)
0 = f

(0)
0M = fM is a Maxwellian distribution on the magnetic flux surface ψ,

FMt (ψ) =

∫∞
0 p2dp

∫ +ξ0T
−ξ0T λf

(0)
0Mdξ0∫∞

0 p2dp
∫ +1
−1 λ

[
f

(0)
0M + g

(0)
M

]
dξ0

(3.375)

taking into account that g
(0)
M = 0 for trapped electrons. Neglecting the contribution of

g
(0)
M , the zero order trapped fraction FMt0 is given by

FMt0 (ψ) =

∫∞
0 p2dp

∫ +ξ0T (ψ)
−ξ0T (ψ) λf

(0)
0M (p, ψ) dξ0∫∞

0 p2dp
∫ +1
−1 λf

(0)
0M (p, ψ) dξ0

(3.376)

which reduces to

FMt0 (ψ) =

∫ +ξ0T (ψ)
−ξ0T (ψ) λdξ0∫ +1
−1 λdξ0

=

∫ +ξ0T (ψ)
0 λdξ0∫ +1

0 λdξ0

(3.377)

In this limit, FMt0 is only a function of the geometrical magnetic configuration, while
is the general case, Ft is a fully kinetic quantity.

Case of circular concentric flux-surfaces In that case, the normalized bounce time
is simply

λ (ξ0) =

∫ θmax

θmin

dθ

2π

ξ0

ξ
' 2

π

[
J0 (ξ0, ξ0T )− 1

2
ξ2

0TJ2 (ξ0, ξ0T )

]
(3.378)

which may be expanded up to the second order with an excellent accuracy as shown in
Appendix ??. Here,

ξ0T =

√
2ε

1 + ε
(3.379)

with ε = r/Rp the usual inverse aspect ratio.
It is interesting to estimate the parametric dependence of FMt0 for ε� 1. For trapped

particles,

λ (ξ0) ' 2

π

|ξ0|
ξ0T

[
K

(
ξ2

0

ξ2
0T

)
− 1

2
ξ2

0T

[
K

(
ξ2

0

ξ2
0T

)
− E

(
ξ2

0

ξ2
0T

)]]
(3.380)
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where K (x) and E (x) are complete elliptic integrals of the first and second kind. Hence,∫ +ξ0T (ψ)

0
λ (ξ0) dξ0 =

2
√

2

π

√
ε

∫ 1

0
x [K (x)− ε (K (x)− E (x))] dx (3.381)

Using the recurrence relation

n2

∫ 1

0
xnK (x) dx = (n− 1)2

∫ 1

0
xn−2K (x) dx+ 1 (3.382)

and since ∫ 1

0
xE (x) dx = 2/3 (3.383)

according to formulaes (6.147) and (6.132) in Ref. [?],

lim
ε→0

∫ +ξ0T (ψ)

0
λ (ξ0) dξ0 '

2
√

2

π

√
ε (1− ε/3) (3.384)

For circulating electrons,

λ (ξ0) ' 2

π

[
K

(
ξ2

0T

ξ2
0

)
− 1

2
ξ2

0

[
K

(
ξ2

0T

ξ2
0

)
− E

(
ξ2

0T

ξ2
0

)]]
(3.385)

and ∫ 1

+ξ0T (ψ)
λ (ξ0) dξ0 =

2
√

2

π

√
ε

∫ 1

√
2ε

(
K (x)

x2
+ ε

K (x)− E (x)

x4

)
dx (3.386)

From the relation ∫
K (x)

x2
dx = −E (x)

x
(3.387)

which is given by formula (5.112.9) of Ref. [?],∫ 1

+ξ0T (ψ)
λ (ξ0) dξ0 =

2
√

2

π

√
ε

(
E
(√

2ε
)

√
2ε

− 1

)
+

2
√

2

π
ε
√
ε

∫ 1

√
2ε

K (x)− E (x)

x4
dx

' 1− 2
√

2

π

√
ε+

2
√

2

π
ε
√
ε

∫ 1

√
2ε

K (x)− E (x)

x4
dx (3.388)

and using the indefinite integrals∫
K (x)− E (x)

x
dx = −E (x) (3.389)

and ∫
E (x)

x4
dx =

1

9x3

[
2(x2 − 2)E (x) +

(
1− x2

)
K (x)

]
(3.390)

according to formulaes (5.113.1) and (5.112.12) in Ref. [?],

lim
δ→0

δ3

∫ 1

δ

K (x)− E (x)

x4
dx = −δ

3

3
+
K (δ)− E (δ)

3

(
1− δ2

)
+
δ2

3
E (δ) ' π

4
δ2 (3.391)
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so that up to the first order term,∫ 1

0
λ (ξ0) dξ0 ' 1 +

ε

2
(3.392)

Consequently,

lim
ε→0
FMt0 (ψ) ' 2

√
2

π

√
ε ' 0.9

√
ε (3.393)

and the
√
ε dependence in the limit ε� 1 is well recovered, as expected from an intuitive

explanation.
It is worth noting that this result is well recovered by a simple Monte-Carlo technique,

where the poloidal angle θ is taken to be a uniform random variable between 0 and 2π,
as well as ξ between −1 and 1. Using the relation (2.22) which translates ξ to ξ0 at
the minimum B value, and considering that the particle is trapped when |ξ0| ≤ ξ0T , the
fraction of trapped particle found numerically is exactly FMt0 (ψ) , while the distribution
scales like λ (ξ0) .

It is important to precise that FMt0 is not the “ effective” trapped fraction Feff.t given
by the well known relation

Feff.t (ψ) = 1− 3

4

〈
h2
〉 ∫ 1

0

xdx〈√
1− xh

〉 (3.394)

found repeatedly in the litterature for the bootstrap current or the neoclassical conduc-
tivity, where h = B/Bmax and Bmax is the maximum value of the magnetic field B along
the particle trajectory. This quantity results from the reduction of the conductivity due
to trapped particles, or the onset of the bootstrap current. Its expression with notations
used in the text is determined from the bootstrap current calculations with the Lorentz
collision operator, as shown Sec.5.6.2. It is important to notice that Feff.t is in princi-
ple not a fraction of trapped electrons, and in addition there is no demonstration that
Feff.t ≤ 1 is always satisfied for all magnetic configurations, as mentioned clearly in Ref.

[?]. In fact the denomination “ effective” trapped fraction Feff.t is quite confusing, since
it applies only for Maxwellian regime, and is not established as a kinetic quantity like FMt0 .
This point is especially important when non-Maxwellian distributions are considered for
evaluating the bootstrap current. Consequently, Feff.t must not be used in such regimes,
but only Ft as an true physical sense for comparisons between different regimes.

3.6.8 Runaway loss rate

Primary generation When the Ohmic electric field E‖ exceeds the Dreicer level ED,
a fraction of the electron population run away. The total number of electrons is therefore
no more conserved, since the flux Sp 6= 0 at p = pmax, on the boundary of the integration
domain Υ. The runaway loss rate ΓR is given by the relation

ΓR (ψ, θ) =

∫∫
Υ

S p (ψ, pξ) · dS (3.395)
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where the element of surface dS (p) = p2dξdϕp̂ according to the Appendix A. Therefore,
since

∫
dϕ = 2π by symmetry, one obtains

ΓR (ψ, θ) = 2πp2
c

∫ +1

−1
Sp (ψ, pc, ξ) dξ (3.396)

where pc is the critical momentum above which electrons runaway. The value of pc cor-
responds to the threshold where collision drag may not counter-balance electric field ac-
celeration, and its value is therefore dependent of the model used for collisions. Since
electrons with p ≥ pc will never cross back this threshold, they leave rapidly the do-
main of integration, and ΓR (ψ, θ) is weakly dependent of p when p ≥ pc. In particular,
ΓR (ψ, θ) ≈ Γmax

R (ψ, θ) , where

Γmax
R (ψ, θ) = 2πp2

max

∫ +1

−1
Sp (ψ, pc, ξ) dξ (3.397)

Consequently, pc is considered as a free parameter in the code. The flux-surface averaged
runaway rate 〈ΓR〉V is given by the relation

〈ΓR〉V (ψ) =
2π

q̂
p2
c

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0 (ψ)

BP
ΓR (ψ, θ) (3.398)

or

〈ΓR〉V (ψ) =
2π

q̂
p2
c

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0 (ψ)

BP

∫ +1

−1
Sp (ψ, pc, ξ) dξ (3.399)

Using the usual condition on the trapped electrons,∫ +1

−1
dξ =

∫ +1

−1
Ψ (ψ, θ)

ξ0

ξ
H

(
|ξ0| −

√
1− 1

Ψ (ψ, θ)

)
dξ0 (3.400)

one obtains

〈ΓR〉V (ψ) =
2π

q̂
p2
c

∫ +1

−1
dξ0

[
1

2

∑
σ

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

ξ0

ξ
Sp (ψ, pmax, ξ)

=
2π

q̂
p2
c

∫ +1

−1
{Sp (ψ, pc, ξ)}λ (ψ, ξ0) q̃ (ψ) dξ0

=
q̃

q̂
2πp2

c

∫ +1

−1
λ (ψ, ξ0)S(0)

p (ψ, pc, ξ0) dξ0 (3.401)

since the sum
[

1
2

∑
σ

]
T

may be added, because Sp (ξ) does not depend of the sign of ξ.
in the trapped region. The density ∆ 〈nR〉V of runaway electrons lossed per time step ∆t
is then simply 〈ΓR〉V (ψ) ∆t, and in order to preserve the code conservative, a source of
thermal electrons corresponding to a similar amount of electrons lost must be added in
the set of equations to solve.
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Secondary generation The Fokker-Planck approximation for collisions is valid so far
electrons suffer only weak deflections. Knock-on processes are consequently neglected.
However, for electrons with a high kinetic energy p & ln Λ†, such an approximation is no
more justified, and collisions with large deflections must be considered. The effect may
change significantly the picture of the fast tail build-up by leading to an avalanche process
that could modify the runaway electron growth rate

γR =
1

〈nR〉V
d 〈nR〉V
dt

' 1

〈nR〉V
∆ 〈nR〉V

∆t
'
〈ΓR〉V
〈nR〉V

(3.402)

Here 〈nR〉V is the flux surface averaged runaway density.
The source SR of secondary runaway electrons is given by a Krook term of the form

[?]

SR (ψ, p, ξ) =
nRνe

4π ln Λee

1

p2

∂

∂p

 1

1−
√

1 + β†2thp
2

 δ (ξ − ξ∗ (p))

= S∗Rδ (ξ − ξ∗R (p)) (3.403)

where

ξ∗ (p) =
σRpβ

†
th√

1 + β†2thp
2 + 1

= σR

√
γ − 1

γ + 1
(3.404)

is the pitch-angle of the secondary electron produced by collisions, which is here deduced
from momentum and energy conservation of strong elastic collisions between relativistic
particles (See Appendix ?? )1, and

S∗R (p) =
nRνe

4π ln Λee

1

p2

∂

∂p

 1

1−
√

1 + β†2thp
2

 =
nRνe

4π ln Λee (p)

1

p3

γ + 1

γ (γ − 1)
(3.405)

Here, γ =
√

1 + β†2thp
2 and the normalized density of runaway electrons nR is assumed to

be uniform over a magnetic flux surface ψ, so that nR = nR (ψ) = 〈nR〉V , ln Λee is the
usual Coulomb logarithm for electron-electron collisions, which is a function of p for high
energy electrons, and σR = v‖/v indicates the direction of acceleration for the runaway
electrons.

The bounce-averaged expression of SR is given by the usual relation

{SR} =
1

λq̃

[
1

2

∑
σ

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

ξ0

ξ
SR (ψ, p, ξ) (3.406)

or

{SR} = S∗R (p)
1

λq̃

[
1

2

∑
σ

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

ξ0

ξ
δ (ξ − ξ∗)

= S∗R (p) {δ (ξ − ξ∗)} (3.407)

1Here p is normalized to p†th = mev
†
th as discussed in Sec.6.3.4, and is not normalized to mec as found

in the litterature [?].
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In order to calculate {δ (ξ − ξ∗)} , it is important to recall that ξ is a function of θ,
according to the relation

ξ = σ
√

1−Ψ (ψ, θ)
(
1− ξ2

0

)
(3.408)

where Ψ (ψ, θ) = B (ψ, θ) /B0 (ψ) .Using the general relation δ (g (x)) =
∑

k δ (x− xk) / |g′ (xk)|
for the Delta function δ (x), where xk are the zeros of function g (x) and g′ (x) = dg/dx,
one obtains

δ (ξ − ξ∗R) =
∑
k=1,2

2δ (θ − θ∗k) |ξ∗|∣∣Ψ′ (ψ, θ∗k)∣∣ (1− ξ2
0

) (3.409)

where θ∗k are the poloidal angle values where the secondary electron emerges, which verify
the relation

σ
√

1−Ψ
(
ψ, θ∗k

) (
1− ξ2

0

)
− ξ∗ = 0 (3.410)

or

Ψ (ψ, θ∗k) =
Bθ∗k
B0

=
1− ξ∗2

1− ξ2
0

=
2(

1− ξ2
0

)
(γ + 1)

(3.411)

Indeed, the equation Ψ (ψ, θ∗k) = C has in general two distinct solutions in a tokamak
magnetic configuration, except at θ∗ = {0, π} . Therefore,

{δ (ξ − ξ∗)} =
1

λq̃

[
1

2

∑
σ

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

ξ0

ξ

∑
k=1,2

2 |ξ∗|∣∣Ψ′ (ψ, θ∗k)∣∣ (1− ξ2
0

)δ (θ − θ∗k)

(3.412)
or

{δ (ξ − ξ∗)} =
1

λq̃

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

ξ0

ξ

∑
k=1,2

2 |ξ∗|∣∣Ψ′ (ψ, θ∗k)∣∣ (1− ξ2
0

)δ (θ − θ∗k) (3.413)

since the integrand is an even function of ξ (or ξ0). Consequently

{δ (ξ − ξ∗)} =
1

λq̃

∑
k=1,2

1∣∣∣ψ̂ · r̂∣∣∣
θ∗k

rθ∗k
Rp

Bθ∗k
BP,θ∗k

ξ0

ξθ∗k

2 |ξ∗|∣∣Ψ′ (ψ, θ∗k)∣∣ (1− ξ2
0

) (3.414)

or

{δ (ξ − ξ∗)} =
1

λq̃

∑
k=1,2

1∣∣∣ψ̂ · r̂∣∣∣
θ∗k

rθ∗k
Rp

B0

BP,θ∗k

2∣∣Ψ′ (ψ, θ∗k)∣∣ |ξ0|
(
1− ξ∗2

)(
1− ξ2

0

)2 (3.415)

since
ξθ∗k = ξ∗ (3.416)

Finally,

{SR} = S(0)
R (ψ, p, ξ0) = S∗R (p)

1

λq̃

∑
k=1,2

1∣∣∣ψ̂ · r̂∣∣∣
θ∗k

rθ∗k
Rp

B0

BP,θ∗k

2∣∣Ψ′ (ψ, θ∗k)∣∣ |ξ0|
(
1− ξ∗2

)(
1− ξ2

0

)2
(3.417)
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and using relations 3.405 and 3.404,

S(0)
R (ψ, p, ξ0) =

〈nR〉V νe
π ln ΛeeRp

1

p3

1

γ (γ − 1)

B0

λq̃

|ξ0|(
1− ξ2

0

)2 ∑
k=1,2

 1∣∣∣ψ̂ · r̂∣∣∣ r

BP

1

|Ψ′ |


θ∗k

(3.418)

where 〈nR〉V =
∫ t
−∞ 〈ΓR〉V dt corresponds to the total number of runaway electrons pro-

duced at the normalized time t on a flux surface ψ.
The flux-surface averaged source term 〈SR〉V is given by the general relation

〈SR〉V (ψ) =
2π

q̂

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0 (ψ)

BP

∫ pmax

pmin

2πp2dp

∫ +1

−1
SR (ψ, p, ξ) dξ (3.419)

which becomes

〈SR〉V (ψ) =
4π2

q̂

∫ pmax

pmin

S∗R (p) p2dp

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0

BP

∫ +1

−1
δ (ξ − ξ∗R) dξ (3.420)

or

〈SR〉V (ψ) =
4π2

q̂

∫ pmax

pmin

S∗R (p) p2dp

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0

BP
(3.421)

Since by definition
∫ +1
−1 δ (ξ − ξ∗R) dξ = 1, and using the relation

q̂ =

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0

BP
(3.422)

one finds

〈SR〉V (ψ) = 4π2

∫ pmax

pmin

S∗R (p) p2dp (3.423)

or

〈SR〉V (ψ) =
πnRνe
ln Λee

 1

1−
√

1 + β†2thp
2
max

− 1

1−
√

1 + β†2thp
2
min

 (3.424)

assuming a weak dependence of ln Λee with p in the interval of integration.
Recalling that nR = 〈nR〉V , the relation between the normalized secondary runaway

source and the runaway rate is then simply

〈SR〉V (ψ) =

∫ t

−∞
〈ΓR〉V dt

πνe
ln Λee

 1

1−
√

1 + β†2thp
2
max

− 1

1−
√

1 + β†2thp
2
min

 (3.425)

where values pmin and pmax correspond respectively to the runaway threshold pc and the
upper momentum boundary of the integration domain of the Fokker-Planck equation. An
estimate of pmin is given in Appendix ??. In the limit β†2thp

2
max � 1,

〈SR〉∞V (ψ) '
∫ t

−∞
〈ΓR〉V dt

πνe
ln Λee

1√
1 + β†2thp

2
min − 1

(3.426)
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and using the relation β†2thp
2
min ≈ 2Ec/E‖ when E‖ � E∗, where E∗ is the critical electric

field for relativistic electrons,

〈SR〉∞V (ψ) '
∫ t

−∞
〈ΓR〉V dt

πνe
ln Λee

1√
1 + 2Ec/E‖ − 1

'
∫ t

−∞
〈ΓR〉V dt

πνe
ln Λee

E‖

Ec
(3.427)

Using relation
E∗
ED

= β†2th (3.428)

between Dreicer field ED and the critical electric field Ec, one obtains finaly when E‖/ED

� β†2th ,

〈SR〉∞V (ψ) '
∫ t

−∞
〈ΓR〉V dt

πνe
ln Λee

β†2th
E‖

ED
(3.429)

A similar expression may be derived in the opposite limit, i.e. when E‖ & Ec or E‖/ED

& β†2th . In that case,

β†2thp
2
min ≈

1

1− E∗/E‖
(3.430)

Λeeand

〈SR〉∞V (ψ) '
∫ t

−∞
〈ΓR〉V dt

πνe
ln Λee

√
1−

β†2th
E‖/ED

(3.431)

Since the secondary source term will enhance the fast electron density above pmin, for
a given electric field, the effect of strong Coulomb collisions will greatly increase the loss of
runaway electrons. The fact that 〈SR〉∞V is not proportional to 〈ΓR〉V but to

∫ t
−∞ 〈ΓR〉V dt

clearly indicates that all the history of the fast tail build-up plays a crucial role on the
dynamics at time t, and consequently, only a time evolution is meaningful for this studying
this problem which has basically no stationnary regime. A stationnary regime may only
be found if E‖ evolves so that the plasma current is kept time-independent.

3.6.9 Magnetic ripple losses

Though magnetic ripple losses is a full 4 − D problem, it can be considered in a simple
manner by defining a super-trapped volume V p

ST in momentum space,

V p
ST (ψ) = 2π

∫ ∞
0

p2dp

∫ +1

−1
H (p− pc) (1−H (|ξ0| − ξ0ST )) dξ0 (3.432)

in which particle escape the plasma. A low energy, it is bounded by the collision de-
trapping when p ≤ pc, while the pitch-angle dependence results from the condition that
only electrons whose banana tip enter the bad confinement region characterized by the
well known criterion α∗ ≤ 1 are trapped in the magnetic well, in an irreversible manner.
As shown in Fig. 3.1, even if this is a rather crude modeling, it captures most of the
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cmcm

Figure 3.1: Domain in configuration space where magnetic ripple well takes place for Tore
Supra tokamak

salient features of the physics. Therefore, all trapped electrons which in addition fullfils
the condition p‖/p ≤ ξ0ST are super-trapped. Here, ξ0ST is deduced from the intersection
between the poloidal extend of the banana and the good confinement domain α∗ ≥ 1 on
a given flux surface [?]. The pitch-angle threshold ξ0ST depends therefore of the radial
position ψ and close to the edge,

lim
ψ→ψa

ξ0ST = ξ0T (3.433)

which indicates that all trapped electrons are expected to escape the magnetic config-
uration. Furthermore, it is assumed that electrons, once in this magnetic well, do not
contribute anymore to the overall momentum dynamics, which is obviously a very crude
approximation.

An heuristic description of this process may be obtained by introducing a Krook term
restricted to the volume V p

ST in the Fokker-Planck equation

∂f
(0)
0

∂t

∣∣∣∣∣ = νdST f
(0)
0 (ψ, p, ξ0)H (p− pc) (1−H (|ξ0| − ξ0ST )) (3.434)

where ν−1
dST

is the drifting time taken by super-trapped electrons for leaving the plasma.
In order to reproduce the fact that super-trapped electrons are decoupled from the mo-
mentum dynamics, a simple method is to force ν−1

dST
� τb. Without detailed knowledge

of the local dynamics, νdST is taken constant in V p
ST , which is obviously a coarse approxi-

mation. However, in the limit ν−1
dST
� τb, the shape of the distribution function becomes

independent of νdST , since by definition f
(0)
0 (ψ, p, ξ0) ' 0 in the super-trapped domain.
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Obviously, when a Krook term is introduced, the Fokker-Planck equation is no more
conservative, since a fraction of fast electrons is definitively leaving the plasma . Assum-
ing the particle loss rate is small, a steady-state solution may be found, provided some
external source of electron is added, in order to keep the density locally constant. This
important point is discussed in Sec.5.7.1. The new form of the bounce-averaged Fokker-
Planck equation is

∂f
(0)
0

∂t
+∇(ψ,p,ξ0) · S(0) + νdST f

(0)
0 H (p− pc) (1−H (|ξ0| − ξ0ST )) = 0 (3.435)

and in this stationnary limit limt→∞ ∂f
(0)
0 /∂t = 0,

∇(ψ,p,ξ0) · S(0) = −νdST f
(0)
0 H (p− pc) (1−H (|ξ0| − ξ0ST )) (3.436)

Losses are assumed to be mainly local, since they occur on a very short time scale as
compared to the fast electron transport one. Therefore, only the momentum dynamics is
considered, and integrating equation (3.436 ), one obtains∫∫∫

V p
ST

∇(p,ξ0) · S
(0)
p JpJξ0dpdξ0dϕ

= −
∫∫∫

V p
ST

νdST f
(0)
0 H (p− pc) (1−H (|ξ0| − ξ0ST )) JpJξ0dpdξ0dϕ (3.437)

where Jp and J
ξ0

are the Jacobians as defined in Sec. 3.5.1. The magnetic ripple loss rate

Γ
(0)
ST (ψ) on the B0 axis is simply given by

Γ
(0)
ST (ψ) =

∫∫∫
V p
ST

νdST f
(0)
0 H (p− pc) (1−H (|ξ0| − ξ0ST )) Jdpdξ0dϕ (3.438)

or

Γ
(0)
ST (ψ) = 2π

∫ pmax

pc

p2dp

∫ +ξ0ST

−ξ0ST
νdST f

(0)
0 λ (ψ, ξ0) dξ0 (3.439)

since
∫
dϕ = 2π.

An equivalent form can be deduced from the flux of particle leaving the integration
domain,

Γ
(0)
ST (ψ) =

∫∫∫
V p
ST

∇(p,ξ0) · S
(0)
p JpJξ0dpdξ0dϕ

=

∫∫
Sp
ST

S
(0)
p · dS (3.440)

using the Green-Ostrogradsky theorem, where Sp
ST is the surface that encloses volume

V p
ST . as shown in Fig. 3.1, Sp

ST may be split into two terms corresponding to coordinate
surfaces

Sp
ST = Sp

ST,p + Sp
ST,ξ (3.441)
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where Sp
ST,p is the surface at constant p, while Sp

ST,ξ0
is the surface at constant ξ0 .

Therefore, for the surface Sp
ST,p,

S
(0)
p · dS

∣∣∣
Sp
ST,p

=S(0)
p p2λ (ψ, ξ0) dξ0dϕ (3.442)

S
(0)
p · dS

∣∣∣Sp
ST,ξ0

=− S(0)
ξ0
pλ (ψ, ξ0)

√
1− ξ2

0dpdϕ (3.443)

according to the differential relations in Appendix A. One obtains finaly

Γ
(0)
ST (ψ) = 2πp2

c

∫ +ξ0ST

−ξ0ST
λ (ψ, ξ0)S(0)

p dξ0 + 4πλ (ψ,+ξ0ST )
√

1− ξ2
0ST

∫ pmax

pc

pS
(0)
ξ0
dp

(3.444)

since the flux S
(0)
ξ0

is a symmetric function of ξ0.

3.6.10 RF Wave induced cross-field transport

According to adjoint formalism developped by P. Helander [?], the flux surface averaged
cross-field particle flux may be expressed as

〈Γ · ∇ψ〉 =

〈
I (ψ)

qeB

∫
p‖
(
∇p · SRFp − νeiDf0

)
d3p

〉
(3.445)

where |I (ψ)| = RBT , and the Coulomb deflection frequency νeiD is given by the relation

νeiD (ψ, p) = νe (ψ)Zeff (ψ)
erf (x)−G (x)

x3
(3.446)

with x = p/
√

2 and

G (x) =
erf (x)− xerf

′
(x)

2x2
(3.447)

Expression (3.445) is only valid in the non-relativistic limit, i.e. when β†th � 1.
From the expression of the flux divergence ∇p · SRFp

∇p · SRFp =
1

p2

∂

∂p

(
p2SRFp

)
− 1

p

∂

∂ξ

(√
1− ξ2SRFξ

)
(3.448)

one obtains∫
p‖∇p · SRFp d3p = 2π

∫ ∞
0

dp

∫ +1

−1
ξ

[
p
∂

∂p

(
p2SRFp

)
− p2 ∂

∂ξ

(√
1− ξ2SRFξ

)]
dξ (3.449)

where

−2π

∫ ∞
0

dp

∫ +1

−1
ξp2 ∂

∂ξ

(√
1− ξ2SRFξ

)
dξ

= −2π

∫ ∞
0

p2dp

([
ξ
√

1− ξ2SRFξ

]+1

−1
−
∫ +1

−1

√
1− ξ2SRFξ dξ

)
= 2π

∫ ∞
0

p2dp

∫ +1

−1

√
1− ξ2SRFξ dξ

= 2π

∫ +1

−1

√
1− ξ2dξ

∫ ∞
0

p2SRFξ dp (3.450)
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and

2π

∫ ∞
0

dp

∫ +1

−1
ξp

∂

∂p

(
p2SRFp

)
dξ = 2π

∫ +1

−1
ξdξ

∫ ∞
0

p
∂

∂p

(
p2SRFp

)
dp

= 2π

∫ +1

−1
ξdξ

([
p3SRFp

]∞
0
−
∫ ∞

0
p2SRFp dp

)
= −2π

∫ +1

−1
ξdξ

∫ ∞
0

p2SRFp dp (3.451)

assuming that limp→∞ p
3SRFp = 0. It is important to recall that this condition is more

stringent than the equivalent one for RF power calculation, where the condition limp→∞ p
2SRFp =

0 must hold.
Therefore∫
p‖∇p · SRFp d3p = 2π

(∫ +1

−1

√
1− ξ2dξ

∫ ∞
0

p2SRFξ dp−
∫ +1

−1
ξdξ

∫ ∞
0

p2SRFp dp

)
(3.452)

and finally ∫
p‖
(
∇p · SRFp − νeiD (p) f0

)
d3p

= 2π

∫ +1

−1

√
1− ξ2dξ

∫ ∞
0

p2SRFξ dp− 2π

∫ +1

−1
ξdξ

∫ ∞
0

p2
[
SRFp + νeiDpf0

]
dp(3.453)

Since 〈Γ · ∇ψ〉 is a volume quantity, the flux surface averaged expression (3.445) may
be then expressed as

〈Γ · ∇ψ〉 = 〈Γ · ∇ψ〉1 − 〈 Γ · ∇ψ〉2 (3.454)

where

〈Γ · ∇ψ〉1 =
2π

q̂

I (ψ)

qe

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0 (ψ)

BP

1

B

∫ +1

−1

√
1− ξ2dξ

∫ ∞
0

p2SRFξ dp (3.455)

〈Γ · ∇ψ〉2 =
2π

q̂

I (ψ)

qe

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0 (ψ)

BP

1

B

∫ +1

−1
ξdξ

∫ ∞
0

p2
[
SRFp + νeiD (p) pf

]
dp

(3.456)
Expressions 〈Γ · ∇ψ〉1 and 〈Γ · ∇ψ〉2 must be expressed in terms of bounce-averaged

quantities so that calculations may be performed numerically in the code. By permuting
integrals,

〈Γ · ∇ψ〉1 =
2π

q̂

I (ψ)

qe

∫ ∞
0

p2dp

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0 (ψ)

BP

1

B

∫ +1

−1

√
1− ξ2SRFξ dξ (3.457)
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and since
√

1− ξ2SRFξ is an even function of ξ for trapped electrons, it is equivalent to

〈Γ · ∇ψ〉1 =
2π

q̂

I (ψ)

qe

∫ ∞
0

p2dp

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0 (ψ)

BP

1

B

[
1

2

∑
σ=±1

]
T

∫ +1

−1

√
1− ξ2SRFξ dξ

(3.458)
Using ξdξ = Ψξ0dξ0 with the condition (3.270) on ξ0

|ξ0| ≥

√
1− 1

Ψ (ψ, θ)
(3.459)

we get that ∫ +1

−1
dξ =

∫ +1

−1
dξ0

Ψ (ψ, θ) ξ0

ξ
H

(
|ξ0| −

√
1− 1

Ψ (ψ, θ)

)
(3.460)

which is equivalent to
θmin (ψ, ξ0) ≤ θ ≤ θmax (ψ, ξ0) (3.461)

Therefore,

〈Γ · ∇ψ〉1 =
2π

q̂

I (ψ)

qe

∫ ∞
0

p2dp

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0 (ψ)

BP

1

B

×

[
1

2

∑
σ=±1

]
T

∫ +1

−1

√
1− ξ2

0Ψ3/2 ξ0

ξ
H

(
|ξ0| −

√
1− 1

Ψ (ψ, θ)

)
SRFξ dξ0(3.462)

so that, permuting the integrals over θ and ξ0, we find

〈Γ · ∇ψ〉1 =
2π

q̂

I (ψ)

qeB0 (ψ)

∫ ∞
0

p2dp

∫ +1

−1
dξ0

√
1− ξ2

0

×

[
1

2

∑
σ=±1

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

ξ0

ξ

(
B0 (ψ)

B

)2

Ψ3/2SRFξ (3.463)

or

〈Γ · ∇ψ〉1 =
2π

q̂

I (ψ)

qeB0 (ψ)

∫ ∞
0

p2dp

∫ +1

−1
dξ0

√
1− ξ2

0

[
1

2

∑
σ=±1

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

ξ0

ξ
Ψ−1/2SRFξ

(3.464)
which is equivalent to

〈Γ · ∇ψ〉1 = 2π
q̃

q̂

I (ψ)

qeB0 (ψ)

∫ ∞
0

p2dp

∫ +1

−1
λ
√

1− ξ2
0

{
Ψ−1/2SRFξ

}
dξ0 (3.465)

where we use the bounce-averaged definition{
Ψ−1/2SRFξ

}
=

1

λq̃

[
1

2

∑
σ=±1

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

ξ0

ξ
Ψ−1/2SRFξ (3.466)
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Much in the same way,

〈Γ · ∇ψ〉2 = 〈Γ · ∇ψ〉21 + 〈Γ · ∇ψ〉22 (3.467)

where

〈Γ · ∇ψ〉21 =
2π

q̂

I (ψ)

qe

∫ ∞
0

p2dp

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0 (ψ)

BP

1

B

∫ +1

−1
ξSRFp dξ (3.468)

and

〈Γ · ∇ψ〉22 =
2π

q̂

I (ψ)

qe

∫ ∞
0

νeiDp
3dp

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0 (ψ)

BP

1

B

∫ +1

−1
ξf0dξ (3.469)

Applying the same technique as for 〈Γ · ∇ψ〉1 , using the fact that SRFp (ξ) = SRFp (−ξ)
in the trapped region, one obtains

〈Γ · ∇ψ〉21 =
2π

q̂

I (ψ)

qe

∫ ∞
0

p2dp

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0 (ψ)

BP

1

B

×

[
1

2

∑
σ=±1

]
T

∫ +1

−1
Ψξ0H

(
|ξ0| −

√
1− 1

Ψ (ψ, θ)

)
SRFp dξ0 (3.470)

or

〈Γ · ∇ψ〉21 = 2π
q̃

q̂

I (ψ)

qeB0 (ψ)

∫ ∞
0

p2dp

∫ +1

−1
λξ0σ

{
σ
ξ

ξ0
Ψ−1SRFp

}
dξ0 (3.471)

since the integrand is odd in ξ0, and{
σ
ξ

ξ0
Ψ−1SRFp

}
=

1

λq̃

[
1

2

∑
σ=±1

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

ξ0

ξ

(
σ
ξ

ξ0
Ψ−1SRFp

)

=
1

λq̃

[
1

2

∑
σ=±1

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0

BP
σSRFp (3.472)

In a similar way,

〈Γ · ∇ψ〉22 =
2π

q̂

I (ψ)

qe

∫ ∞
0

νeiDp
3dp

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B0 (ψ)

BP

1

B

×

[
1

2

∑
σ=±1

]
T

∫ +1

−1
Ψξ0H

(
|ξ0| −

√
1− 1

Ψ (ψ, θ)

)
fdξ (3.473)

and since f0 is constant on a flux surface ψ,

f0 (ψ, θ, p, ξ) = f
(0)
0 (ψ, p, ξ0) (3.474)
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and an even function in ξ0 for trapped electrons, one obtains

〈Γ · ∇ψ〉22 = 2π
q̃

q̂

I (ψ)

qeB0 (ψ)

∫ ∞
0

νeiDp
3dp

∫ +1

−1
ξ0f

(0)
0 λσ

{
σ
ξ

ξ0
Ψ−1

}
dξ0 (3.475)

or

〈Γ · ∇ψ〉22 = 2π
q̃

q̂

I (ψ)

qeB0 (ψ)

∫ ∞
0

νeiDp
3dp

∫ +1

−1
ξ0f

(0)
0 λ1,−1,0dξ0 (3.476)

Finally, it is necessary to evaluate σ
{
σ ξ
ξ0

Ψ−1SRFp

}
and

{
Ψ−1/2SRFξ

}
from the quasi-

linear diffusion coefficients. Starting from the conservative form of the wave-induced fluxes
in momentum space

SRFp = −DRFpp
∂f0

∂p
+DRFpξ

√
1− ξ2

p

∂f0

∂ξ
(3.477)

SRFξ = −DRFξp
∂f0

∂p
+DRFξξ

√
1− ξ2

p

∂f0

∂ξ
(3.478)

and using the fact that f0 is constant on a flux surface ψ,

σ

{
σ
ξ

ξ0
Ψ−1SRFp

}
= −σ

{
σ
ξ

ξ0
Ψ−1DRFpp

∂f0

∂p

}
+ σ

{
σ
ξ

ξ0
Ψ−1DRFpξ

√
1− ξ2

p

∂f0

∂ξ

}

= −σ
{
σ
ξ

ξ0
Ψ−1DRFpp

}
∂f

(0)
0

∂p
+

√
1− ξ2

0

p

{
ξ2

ξ2
0

Ψ−3/2DRFpξ

}
∂f

(0)
0

∂ξ0
(3.479)

and {
Ψ−1/2SRFξ

}
= −

{
DRFξp Ψ−1/2∂f0

∂p

}
+

{
DRFξξ Ψ−1/2

√
1− ξ2

p

∂f0

∂ξ

}

= −
{
DRFξp Ψ−1/2

} ∂f (0)
0

∂p
+

√
1− ξ2

0

p
σ

{
σ
ξ

ξ0
Ψ−1DRFξξ

}
∂f

(0)
0

∂ξ0
(3.480)

Using diffusion coefficients (4.233-4.236) defined in Sec. 4.3,

DRFpp =

+∞∑
n=−∞

∑
b

(1− ξ2)DRFb,n (p, ξ) (3.481)

DRFpξ =
+∞∑

n=−∞

∑
b

−
√

1− ξ2

ξ

[
1− ξ2 − nΩ

ωb

]
DRFb,n (p, ξ) (3.482)

DRFξp =

+∞∑
n=−∞

∑
b

−
√

1− ξ2

ξ

[
1− ξ2 − nΩ

ωb

]
DRFb,n (p, ξ) (3.483)

DRFξξ =
+∞∑

n=−∞

∑
b

1

ξ2

[
1− ξ2 − nΩ

ωb

]2

DRFb,n (p, ξ) (3.484)
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one obtains

σ

{
σ
ξ

ξ0
Ψ−1DRFpp

}
=

+∞∑
n=−∞

∑
b

σ

{
(1− ξ2)σ

ξ

ξ0
Ψ−1DRFb,n (p, ξ)

}

=
+∞∑

n=−∞

∑
b

(1− ξ2
0)σ

{
σ
ξ

ξ0
DRFb,n (p, ξ)

}
(3.485)

{
ξ2

ξ2
0

Ψ−3/2DRFpξ

}
=

+∞∑
n=−∞

∑
b

{
−
√

1− ξ2

ξ

ξ2

ξ2
0

Ψ−3/2

[
1− ξ2 − nΩ

ωb

]
DRFb,n (p, ξ)

}

=

+∞∑
n=−∞

∑
b

−
√

1− ξ2
0

ξ0

[
1− ξ2

0 −
nΩ0

ωb

]
σ

{
σ
ξ

ξ0
DRFb,n (p, ξ)

}
(3.486)

{
DRFξp Ψ−1/2

}
=

+∞∑
n=−∞

∑
b

{
−
√

1− ξ2

ξ

[
1− ξ2 − nΩ

ωb

]
Ψ−1/2DRFb,n (p, ξ)

}

=

+∞∑
n=−∞

∑
b

−
√

1− ξ2
0

ξ0

[
1− ξ2

0 −
nΩ0

ωb

]
σ

{
σ
ξ0

ξ
ΨDRFb,n (p, ξ)

}
(3.487)

and finally

σ

{
σ
ξ

ξ0
Ψ−1D RF

ξξ

}
=

+∞∑
n=−∞

∑
b

σ

{
σ

1

ξ2

[
1− ξ2 − nΩ

ωb

]2 ξ

ξ0
Ψ−1DRFb,n (p, ξ)

}

=

+∞∑
n=−∞

∑
b

1

ξ2
0

[
1− ξ2

0 −
nΩ0

ωb

]2

σ

{
σ
ξ0

ξ
ΨDRFb,n (p, ξ)

}
(3.488)

where Ω0 = Ω/Ψ is the cyclotron frequency taken at the minimum B value. An interesting

result is that σ
{
σ ξ
ξ0

Ψ−1SRFp

}
depends only from D̃

RF(0)D
b,n (p, ξ0) already defined for the

wave-induced bootstrap current in Sec.4.3, while
{

Ψ−1/2SRFξ

}
depends from a quantity

that is very similar to D̃
RF(0)F
b,n (p, ξ0). Using definitions

D̃
RF(0)D
b,n (p, ξ0) = σ

{
σ
ξ

ξ0
DRF
b,n (p, ξ)

}
(3.489)

D̃
RF(0)F
b,n (p, ξ0) = σ

{
σ (Ψ− 1)

ξ0

ξ
DRF
b,n (p, ξ)

}
(3.490)

one obtains finally

σ

{
σ
ξ

ξ0
Ψ−1DRFpp

}
=

+∞∑
n=−∞

∑
b

(1− ξ2
0)D̃

RF(0)D
b,n (p, ξ0) = D̃RF(0)

pp (3.491)

90



3.6. Moments of the distribution function 3. Kinetic description of electrons

{
ξ2

ξ2
0

Ψ−3/2DRFpξ

}
=

+∞∑
n=−∞

∑
b

−
√

1− ξ2
0

ξ0

[
1− ξ2

0 −
nΩ0

ωb

]
D̃

RF(0)D
b,n (p, ξ0) = D̃

RF(0)
pξ

(3.492)
and{
DRFξp Ψ−1/2

}
=

+∞∑
n=−∞

∑
b

−
√

1− ξ2
0

ξ0

[
1− ξ2

0 −
nΩ0

ωb

](
D̃

RF(0)F
b,n (p, ξ0) + σ

{
σ
ξ0

ξ
DRF
b,n (p, ξ)

})
= D̃

RF(0)
ξp + D̃

RF ,1(0)
ξp (3.493)

σ

{
σ
ξ

ξ0
Ψ−1D RF

ξξ

}
=

+∞∑
n=−∞

∑
b

1

ξ2
0

[
1− ξ2

0 −
nΩ0

ωb

]2(
D̃

RF(0)F
b,n (p, ξ0) + σ

{
σ
ξ0

ξ
DRF
b,n (p, ξ)

})
= D̃

RF(0)
ξξ + D̃

RF ,1(0)
ξξ (3.494)

where

D̃
RF ,1(0)
ξp =

+∞∑
n=−∞

∑
b

−
√

1− ξ2
0

ξ0

[
1− ξ2

0 −
nΩ0

ωb

]
σ

{
σ
ξ0

ξ
DRF
b,n (p, ξ)

}
(3.495)

and

D̃
RF ,1(0)
ξξ =

+∞∑
n=−∞

∑
b

1

ξ2
0

[
1− ξ2

0 −
nΩ0

ωb

]2

σ

{
σ
ξ0

ξ
DRF
b,n (p, ξ)

}
(3.496)

The bounce-averaged quasilinear diffusion coefficient σ
{
σ ξ0ξ D

RF
b,n (p, ξ)

}
may be easily

deduced from calculations of the RF wave-induced bootstrap current

σ

{
σ
ξ0

ξ
DRF
b,n (p, ξ)

}
=

γpTe
p |ξ0|

1

λq̃

rθb
Rp

Bθb

Bθb
P

ξ3
0

ξ3
θb

D
RF,θb
b,n,0 ×

H (θb − θmin)H (θmax − θb)σ

[
1

2

∑
σ

]
T

σδ
(
Nb‖ −N θb

‖res

) ∣∣∣Θb,(n)
k,θb

∣∣∣2(3.497)

using notations defined in Sec. 4.3.

3.6.11 Non-thermal bremsstrahlung

Several other moments of the electron distribution function may be calculated, mainly
for diagnosing purposes of the plasma performances. In most cases, the local value of
the distribution function f must be determined not only at different plasma radius, but
also at various poloidal positions. In that case, the problem is 4 − D, since its shape is
function also of the poloidal position on a given flux surface ψ. A good example is the
calculation of the non-thermal bremsstrahlung [?], which requires the exact shape of the
distribution function f at each plasma position along the lines-of-sight, as well as the local
angle between the magnetic field line direction ŝ and the direction of observation d̂.
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The number of counts NE0 that is recorded by a photon detection system in the energy
range E0 ±∆E between times tmin and tmax is given by the integral

NE0 =

∫ tmax

tmin

dt

∫ E0+∆E

E0−∆E

dNE (t, E)

dtdE
dE (3.498)

where dNE (t) /dtdE is the measured photon energy spectrum. Its relation to the effec-
tive photon energy spectrum dNk (t) /dkdt emitted by the plasma in the direction of the
detector may be expressed as

dNE (t, E)

dtdE
=

∫ ∞
0

ηA (k) (1− ηD (k))G (k,E)
dNk (t, k)

dtdk
dk (3.499)

where G (k,E) is the normalized instrumental response function,∫ ∞
0

G (k,E) dk = 1 (3.500)

which gives the overall broadening of the energy spectrum, ηA (k) the fraction of photons
that transmitted rather than being absorbed by various objects along the line-of-sight
between the plasma and the detector, and finally, 1−ηD (k) the fraction that are effectively
stopped inside the active part of the photon detector. For most detection systems, G (k,E)
is a complicated function, that is usualy determined experimentaly with monoenergetic
photon sources. It incorporates the photoelectric conversion process that may be usualy
modeled by a Gaussian shape around the photon energy k whose half-width depends of the
type of detector, and the Compton scattering by electrons, which can be approximately
described by a Fermi-like function2.

Since the plasma is an extended source of photons, all contributions inside the volume
∆V viewing the detector with a solid angle ∆Ω must be added

dNk (t, k)

dtdk
=

∫
∆V (k)

dV

∫
∆Ω(k)

dNk

(
t, k,X, b̂ · d̂

)
dtdkdV dΩ

dΩ (3.501)

taking into account that photon plasma emissivity depends not only of the plasma position
X (inhomogeneity) but also of the angle b̂ · d̂ between the directions of the magnetic field
line b̂X and the line-of-sight d̂ at X (anisotropy that results from relativistic effects).
In principle, both ∆V (k) and ∆Ω (k) are functions of the photon energy, because of
the partial transparency of the collimating aperture with k. However, the design of the
diaphragm is usualy optimized so that this effect can be neglected.

In the limit where the aperture of the diaphragm is small, so that variation of the pho-
ton emissivity transverse to the line-of-sight may be neglected in the field of observation,
dNk (t, k) /dtdk may be approximated by the simple sum

dNk (t, k)

dtdk
'
∫ lmax

lmin

GD
dnk

(
t, k,X, b̂ · d̂

)
dtdkdΩ

dl (3.502)

2The broadening that results of Compton scattering depends not only of the types of atoms of which
is made the detector, but also its shape. It is usually given by Monte-carlo codes that describe the
instrumental configuration in a realistic manner
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where Lc = lcmax− lcmin is the chord length in the plasma, and GD is a geometrical factor
that is independent of the position lc along the line-of-sight3. Here, nk = dNk/dV is the
photon density. By definition, the determination of dNk (t, k) /dtdk requires to evaluate X
and ι̂X · d̂ as a function of l for a given magnetic equilibrium. Since magnetic flux surfaces
are nested in tokamaks inside the separatrix, the calculation requires the determination
of ψ (lc) , θ (lc) and b̂ · d̂ = cos θd (lc) .

In the appropriate range of energy, the photon density energy spectrum results from
the bremsstrahlung process only4. It is the sum of two contributions, one arising from
electron-ion interactions, the other resulting from electron self-collisions

dnk

(
t, k,X, b̂ · d̂

)
dtdkdΩ

=
∑
s

dneik

(
t, k,X, b̂ · d̂, Zs

)
dtdkdΩ

+
dneek

(
t, k,X, b̂ · d̂

)
dtdkdΩ

(3.503)

which are related to the respective bremsstrahlung differential cross-sections dσei/dtdkdΩ
and dσee/dtdkdΩ by the relations

dneik

(
t, k,X, b̂ · d̂, Zs

)
dtdkdΩ

= ns (t, ψ)

∫∫∫
d3p

dσei

(
k, p, k̂ · p̂, Zs

)
dtdkdΩ

vf (t,X,P) (3.504)

dneek

(
t, k,X, b̂ · d̂

)
dtdkdΩ

= ne (t, ψ)

∫∫∫
d3p

dσee

(
k, p, k̂ · p̂

)
dtdkdΩ

vf (t,X,P) (3.505)

where Zs is the number of protons for the impurity of type s5, whose density on the flux
surface ψ at time t is ns (t, ψ) . The velovity v is the velocity of test partcles, in accordance
with the definition of the cross-sections. Here cosχ = k̂ · p̂ is the cosine of the angle
between directions of the incident electron of momentum p and the emitted photon of
energy k. If one defines the angles ξ = cos θe = b̂ · p̂ and cos θd = b̂ · d̂, the angle relation
between χ, θe and θd is

cosχ = cos θe cos θd + sin θe sin θd cosϕ (3.506)

as shown in Fig. 3.2.

3It can be shown that the geometrical factor GD may be roughly expressed as

GD'
sDsd
lDd

where sd and sD are the surfaces of the diaphragm and the detector perpendicular to the line-of-sight, and
lDd is the distance between the intersections of sd and sD with the chord axis.

4This is the well known free-free radiation process which predominates for photon energies k much larger
than the fundamental Rydberg state Z2IH of the heaviest impurity in the plasma, where IH ' 13.6eV
is the fundamental Rydberg state of hydrogen. For the carbon, Z = 6 and the condition is k � 0.5keV,
while for iron with Z = 26, it is k � 9keV. At lower energies, one must therefore consider the free-bound
radiation process.

5For a plasma with a single fully ionized impurity, the fast electron bremsstrahlung may be determined
using the effective charge Zeff , from which ns (ψ) may be evaluated, as shown in Sec. ***. However, when
heavy impurities partially ionized are present in the plasma, their densities ns (ψ) =

∑
s′ nss′ (ψ) must be

determined from an impurity transport code, which gives the contribution of all different states. Indeed,
when kinetic energies of the fast electrons are much larger than the fundamental Rydberg state, only the
charge state of the nucleus must be considered for the bremsstrahlung calculations, since screening effects
with bounded electrons is negligible.
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Figure 3.2: Directions of incident electron and emitted photon with respect to the local
magnetic field direction

It is possible to take advantage of the azimuthal symmetry of the distribution func-
tion around the field line direction as well as the relations between angles χ, θe and θd
using projection on Legendre polynomials, in order to reduce the required number of in-
tegrations. The numerical accuracy for the determination of dnk/dtdkdΩ may be then
greatly enhanced, while the computational time strongly reduced. Let define the series for
a function h (x)

h (x) =
∞∑
m=0

(
m+

1

2

)
h(m)Pm (x) (3.507)

where coefficients h(m)

h(m) =

∫ +1

−1
h (x)Pm (x) dx (3.508)

and Pm is the Legendre polynomial of degree m.
Applying the Legendre polynomial series to differential cross-sections dσei/dtdkdΩ and

dσee/dtdkdΩ and to f (t,X, p, ξ) ,

dneik

(
t, k,X, b̂ · d̂, Zs

)
dtdkdΩ

= ns (t, ψ)

∫ ∞
0

vp2dp

∫ 2π

0
dϕ

∫ +1

−1
dξ×

∞∑
m=0

∞∑
m′=0

(
m+

1

2

)(
m′ +

1

2

)
dσ

(m)
ei (k, p, Zs)

dtdkdΩ
×

f (m′) (t,X, p)Pm (cosχ)Pm′ (ξ) (3.509)
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where

dσ
(m)
ei (k, p, Zs)

dtdkdΩ
=

∫ +1

−1

dσ
(m)
ei

(
k, p, k̂ · p̂, Zs

)
dtdkdΩ

Pm

(
k̂ · p̂

)
d (cosχ) (3.510)

and

f (m′) (t,X, p) =

∫ +1

−1
f (t,X, p, ξ)Pm′ (ξ) dξ (3.511)

one obtains

dneik

(
t, k,X, b̂ · d̂, Zs

)
dtdkdΩ

= ns (t, ψ)

∫ ∞
0

vp2dp

∞∑
m=0

∞∑
m′=0

(
m+

1

2

)(
m′ +

1

2

)
×

dσ
(m)
ei (k, p, Zs)

dtdkdΩ
f (m′) (t,X, p)×∫ 2π

0
dϕ

∫ +1

−1
dξPm (cosχ)Pm′ (ξ) (3.512)

Using the well known sum relation for the Legendre polynomials that holds for angle
relation between χ, θe and θd,

Pm (cosχ) = Pm (cos θd)Pm (ξ) + 2
n=m∑
n=1

(m− n)!

(m+ n)!
Pnm (cos θd)P

n
m (ξ) cos (nϕ) (3.513)

where Pnm (x) is the associated Legendre function of degree m and order n, expression
(3.512) becomes

dneik

(
t, k,X, b̂ · d̂, Zs

)
dtdkdΩ

= ns (t, ψ)

∫ ∞
0

vp2dp

∞∑
m=0

∞∑
m′=0

(
m+

1

2

)(
m′ +

1

2

)
×

dσ
(m)
ei (k, p, Zs)

dtdkdΩ
f (m′) (t,X, p)

∫ 2π

0
dϕ×∫ +1

−1
Pm (cos θd)Pm (ξ)Pm′ (ξ) dξ (3.514)

since

2

∫ 2π

0
dϕ

∫ +1

−1

n=m∑
n=1

(m− n)!

(m+ n)!
Pnm (cos θd)P

n
m (ξ) cos (nϕ) dξ = 0 (3.515)

after permutation of integrals over ξ and ϕ. Using finally the orthogonality relation∫ +1

−1
Pm (x)Pm′ (x) dx =

δmm′

m+ 1/2
(3.516)

where δmm′ is the Kronecker symbol, one obtains the simple relation

dneik

(
t, k,X, b̂ · d̂, Zs

)
dtdkdΩ

= 2πns (t, ψ)

∫ ∞
0

vp2dp
∞∑
m=0

(
m+

1

2

)
×

dσ
(m)
ei (k, p, Zs)

dtdkdΩ
f (m) (t,X, p)Pm

(
b̂ · d̂

)
(3.517)
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or

dneik

(
t, k,X, b̂ · d̂, Zs

)
dtdkdΩ

= 2πns (t, ψ)
∞∑
m=0

(
m+

1

2

)
×

Pm

(
b̂ · d̂

)∫ ∞
0

vp2dσ
(m)
ei (k, p, Zs)

dtdkdΩ
f (m) (t,X, p) dp (3.518)

A similar expression may be obtained for the e-e bremsstrahlung, and the total bremsstrahlung
is then

dnk

(
t, k,X, b̂ · d̂

)
dtdkdΩ

=
∞∑
m=0

(
m+

1

2

)
I

(m)
B (t,X, p, k)Pm

(
b̂ · d̂

)
(3.519)

where the bremsstrahlung function I
(m)
B (t,X, p, k) is

I
(m)
B (t,X, p, k) = 2π

∫ ∞
0

vp2f (m) (t,X, p)

[∑
s

ns (t,X)
dσ

(m)
ei (k, p, Zs)

dtdkdΩ
dp

+ne (t,X)
dσ

(m)
ee (k, p)

dtdkdΩ

]
dp (3.520)

and the densitites ns (t,X) = ns (t, ψ) and ne (t,X) = ne (t, ψ) are considered to be uni-
form on a magnetic flux surface ψ.

With this formulation, bremsstrahlung emission may be determined for any direction
of observation with the same numerical accuracy. Indeed, the projection of the distribution
function and the differential cross-sections over the Legendre polynomial basis is equivalent
to determine their value for all azimuthal directions. It is then only necessary to select
the interesting direction that is given by the local b̂ · d̂ value, which depends of the local
instrumental arrangement, but also of the magnetic equilibrium. This formulation is
particularly convenient when the instrument is made of different chords with different
orientations. It is not only important for tangential observation of the plasma, but also
for perpendicular ones, since b̂ · d̂ evolves with ψ as a consequence of the local magnetic

shear. Moreover, this method offer the advantage to evaluate dσ
(m)
ei (k, p, Zs) /dtdkdΩ and

dσ
(m)
ee (k, p, Zs) /dtdkdΩ only once for various distribution functions, a procedure which

may save considerably computer time consumption when the distribution function and
the plasma equilibrium, i.e. b̂ · d̂ evolves with the time t.

From expression (3.519), it is also possible to extract interesting local quantities about
the bremsstrahlung, like the mean radiation level in all directions of the configuration
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space dn4π
k (t, k,X) /dtdkdΩ

dn4π
k (t, k,X)

dtdkdΩ
=

1

4π

∫
dnk (t, k,X, cos θd)

dtdkdΩ
dΩ

=
1

4π

∫ π

0
dθd

∫ π

−π
sin θddϕd

dnk (t, k,X, cos θd)

dtdkdΩ
(3.521)

=
1

2

∫ 1

−1
dξd

dnk (t, k,X, ξd)

dtdkdΩ
(3.522)

=
1

2

∞∑
m=0

(
m+

1

2

)
I

(m)
B (t,X, p, k)

∫ 1

−1
dξdPm (ξd) (3.523)

and since P0 (x) = 1, using the orthogonality relation (3.516), one obtains

dn4π
k (t, k,X)

dtdkdΩ
=

1

2
I

(m=0)
B (t,X, p, k) (3.524)

Much in the same way, the local anisotropy of the photon emission RB (t, k,X) may
be evaluated from the ratio between the forward emission corresponding to cos θd = 1 and
the perpendicular one corresponding to cos θd = 0.

The determination of I
(m)
B (t,X, p, k) requires to evaluate the projection of the electron

distribution function given by the electron drift kinetic equation, at all X positions.6 Since
the magnetic configuration is a toroidaly symmetric, only the radial ψ and poloidal θ
positions are necessary, and therefore f (t,X, p, ξ) = f (t, ψ, θ, p, ξ). Since f (m) (t,X, p) is
a linear function of f (t, ψ, θ, p, ξ), it may be split into the three contributions, namely

f (m) (t,X, p) = f
(m)
0 (t,X, p) + f

(m)
1 (t,X, p)

= f
(m)
0 (t,X, p) + f̃ (m) (t,X, p) + g(m) (t,X, p) (3.525)

where f
(m)
0 (t,X, p) are the Legendre coefficients for the zero order distribution function

f0, while f
(m)
1 (t,X, p) correspond to the first order distribution function f1.

Like for other moments of the distribution function, starting from the angular relation

ξ0 = σ

√
1− 1

Ψ (ψ, θ)
(1− ξ2) (3.526)

and using the relation ξdξ = Ψ (ψ, θ) ξ0dξ0, one obtains for the zero order distribution

function f
(0)
0

6In presence of magnetic ripple, the local field line direction b̂ must be carefuly taken into account when
the direction of observation does not lie exactly in a poloidal cross-section of the plasma.
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f
(m)
0 (t,X, p) =

∫ +1

−1
f0 (t, ψ, θ, p, ξ)Pm (ξ) dξ

= Ψ (ψ, θ)

∫ +1

−1
f

(0)
0 (t, ψ, p, ξ0)

ξ0

ξ
×

H

(
|ξ0| −

√
1− 1

Ψ (ψ, θ)

)
Pm (ξ) dξ0 (3.527)

since f0 is constant along a magnetic field line, i.e. f0 (t, ψ, θ, p, ξ) = f
(0)
0 (t, ψ, p, ξ0) . Here

the Heaviside function H indicates that only electrons who reach the poloidal position θ
must be considered. By expanding part of the integrand in (3.527) as a series of Legendre
polynomials, according to the relation

ξ0

ξ
H

(
|ξ0| −

√
1− 1

Ψ (ψ, θ)

)
Pl (ξ) =

∞∑
m′=0

(
m′ +

1

2

)
c(m′)
m (ψ, θ)Pm′ (ξ0) (3.528)

with

c(m′)
m (ψ, θ) =

∫ +1

−1

ξ0

ξ
H

(
|ξ0| −

√
1− 1

Ψ (ψ, θ)

)
Pm (ξ)Pm′ (ξ0) dξ0 (3.529)

one obtains finaly

f
(m)
0 (t,X, p) = Ψ (ψ, θ)

∞∑
m′=0

(
m′ +

1

2

)
c(m′)
m (ψ, θ)

∫ +1

−1
f

(0)
0 (t, ψ, p, ξ0)Pm′ (ξ0) dξ0

(3.530)
or

f
(m)
0 (t,X, p) = Ψ (ψ, θ)

∞∑
m′=0

(
m′ +

1

2

)
c(m′)
m (ψ, θ) f

(0)(m′)
0 (t, ψ, p) (3.531)

where

f
(0)(m′)
0 (t, ψ, p) =

∫ +1

−1
f

(0)
0 (t, ψ, p, ξ0)Pm′ (ξ0) dξ0 (3.532)

For the first order distribution function, f1 = f̃+g, since g is constant is constant along
a field line, its contribution is the same as for f0. Because f̃ has an explicit dependence
upon θ, which is given by relation (3.280),

f̃ (m) (t,X, p) =

∫ +1

−1
f̃ (t, ψ, θ, p, ξ)Pm (ξ) dξ

=

∫ +1

−1
f̃ (0) (t, ψ, p, ξ0)H

(
|ξ0| −

√
1− 1

Ψ (ψ, θ)

)
Pm (ξ) dξ0

(3.533)
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If

H

(
|ξ0| −

√
1− 1

Ψ (ψ, θ)

)
Pm (ξ) =

∞∑
m′=0

(
m′ + 1/2

)
c̃(m′)
m (ψ, θ)Pm′ (ξ0) (3.534)

with

c̃(m′)
m (ψ, θ) =

∫ +1

−1
H

(
|ξ0| −

√
1− 1

Ψ (ψ, θ)

)
Pm (ξ)Pm′ (ξ0) dξ0 (3.535)

then expression (3.533) becomes

f̃ (m) (t,X, p) =
∞∑

m′=0

(
m′ +

1

2

)
c̃(m′)
m (ψ, θ)

∫ +1

−1
f̃ (0) (t, ψ, p, ξ0)Pm′ (ξ0) dξ0 (3.536)

Since

f̃ (0)(m′) (t, ψ, p) =

∫ +1

−1
f̃ (0) (t, ψ, p, ξ0)Pm′ (ξ0) dξ0 (3.537)

one obtains finaly

f̃ (m) (t,X, p) =
∞∑

m′=0

(
m′ +

1

2

)
c̃(m′)
m (ψ, θ) f̃ (0)(m′) (t, ψ, p) (3.538)

It is interesting to notice that the determination of the f (m) (t,X, p) does not require
the explicit evaluation of the distribution function f (t,X, p, ξ) at all poloidal positions,
and only its value at Bmin is needed for the 4 − D problem that is represented by the
bremsstrahlung. This result which is a direct consequence of the weak collisional or “ba-
nana” regime, is very important for the numerical evaluation. Indeed, all the physics
of the trapped-passing electrons is incorporated in the coefficients f (m) (t,X, p) , while
the contribution arising from magnetic field line helicity is independently described by
cos θd = b̂ · d̂.
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Chapter 4

Detailed description of physical
processes

4.1 Coulomb collisions

4.1.1 Small angle scattering

4.1.2 Linearized collision operator

The collision operator used in the calculations may be expressed as1

C (f) =
∑
s

∑
s′

C (f, fss′) + C (f, f) (4.1)

where
∑

s

∑
s′ C (f, fss′) describe interactions between electrons and ions of species s in

the ionization state s′ and C (f, f) is the self-collision contribution, as discussed in Ref.
[?]. For the electron-ion collisions, it is considered that fss′ is a Maxwellian distribution
function, the corresponding temperature being Tss′ . In the application of the code here
foreseen, including RF heating and current drive, collisions dominate thermal particles,
and therefore the distribution function f may be expanded about the Maxwellian fM
according to the relation

f ' fM + δf (4.2)

The self-collision operator C (f, f) may be consequently approximated by its linearized
form

C (f, f) ' C (f, fM ) + C (fM , f) (4.3)

1The Fokker-Planck collision operator is here considered, corresponding to small angle scattering. For
very energetic electrons, i.e. when namely the kinetic energy exceed the Coulomb logarithm ln Λ† =
ln (λD/b) , large deflections must be taken into account. Here λD is the Debye length. Indeed, the impact
parameter b = re/β

†2
th , which measures the mean effective distance between two colliding particles is

always very large as compared to the classical electron radius re, since β†th � 1. However, for very energetic
electrons, the impact parameter may reach b = re, when electrons become highly relativistic. Consequently,
since the potential energy is close to the kinetic energy, π/2 deflections may occur much more frequently.
Since this effect is beyond the Fokker-Planck approximation and only concerns a small fraction of the
total number of electrons in the plasma, it is described by a source term SR which becomes significative
for electrons which runaway when the Ohmic electric field is large, like in the ramp-up phase or during a
disruption.
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where the the relation C (fM , fM ) = 0 has been used, and terms of order δf2 have been
ignored. It can be shown that the operator C (f, fM ) may be computed as C (f, fss′) and
expressed in a conservative form∑

s

∑
s′

C (f, fss′) + C (f, fM )→ ∇p · Sp (f) (4.4)

where component Sp and Sξ of the flux Sp are

Sp = −Dpp
∂f0

∂p
+

√
1− ξ2

p
Dpξ

∂f0

∂ξ
+ Fpf0 (4.5)

Sξ = −Dξp
∂f0

∂p
+

√
1− ξ2

p
Dξξ

∂f0

∂ξ
+ Fξf0 (4.6)

In the standard notations used in Ref. [?]
Dpp = A (ψ, p)
Dpξ = 0
Dξp = 0
Dξξ = Bt (ψ, p)

(4.7)

and {
Fp = −F (ψ, p)
Fξ = 0

(4.8)

The term C (fM , f) requires is specific treatment. By expanding f as a sum of Legendre
harmonics according to the relation

f (t,X, p, ξ) =

∞∑
m=0

(m+ 1/2) f (m) (t,X, p)Pm (ξ) (4.9)

with

f (m) (t,X, p) =

∫ +1

−1
f (t,X, p, ξ)Pm (ξ) dξ (4.10)

one obtains

C (fM , f) =

∞∑
m=0

(m+ 1/2)C
(
fM , f

(m) (t,X, p)Pm (ξ)
)

(4.11)

By definition, f (m=0) (t,X, p) ' fM and, since P0 (ξ) = 1,

C
(
fM , f

(m=0) (t,X, p)P0 (ξ)
)
' C (fM , fM ) = 0,

The first non-zero term in the series is then kept, so that

C (fM , f) ' C
(
fM ,

3

2
ξf (m=1) (t,X, p)

)
(4.12)

since P1 (ξ) = ξ. By construction the linearized electron-electron collision operator con-
serves momentum, but not energy, so there is no need to introduce an energy loss term
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in the kinetic equation. Since f (m=1) is an integral of f , the term C (fM , f) introduce a
non-linear dependence in the Fokker-Planck or drift kinetic equation. However, even if
it is crucial for the current drive problem, including the determination of the boostrap
current level, this non-linearity remains weak, so that the rate of convergence towards the
solution of the kinetic equation is not significantly affected, even if this term is treated
explicitely, regarding the time scheme. For the calculations, the notation used in Ref. [?]
is considered, and

C

(
fM ,

3

2
ξf (m=1) (t,X, p)

)
= −3

2
ξI
(
fM , f

(m=1) (t,X, p)
)

= −3

2
ξI (t,X, p) (4.13)

In the code, it is possible to choose different collision models for simulations. Most of
them have been implemented for benchmarking, the only realistic one being the Belaiev-
Budker relativistic collision operator.

4.1.3 Electron-electron collision operators

Belaiev-Budker relativistic collision model

In the calculations, the Belaiev-Budker collision operator is used for weakly relativistic
plasmas. This operator ranges from non-relativistic to fully relativistic limits and is there-
fore very well suited for studying the heating and current drive problems. Its recent
formulation in terms of Rosenbluth-like potential has open the possibility to use it in nu-
merical calculations (Ref.[?]). Following the work done in Ref. [?] , normalized coefficients
A
ee

(ψ, p), F
ee

(ψ, p) and B
ee
t (ψ, p) are

A
ee

(ψ, p) =
F 1 (ψ, p) + F 2 (ψ, p)

v
T e (ψ) (4.14)

and
F
ee

(ψ, p) = F 1 (ψ, p) + F 2 (ψ, p) (4.15)

Here,

F 1 (ψ, p) =
4π

v2 F 11 (ψ, p) +
4π

p2 F 12 (ψ, p) (4.16)

F 2 (ψ, p) =
4π

v

(
1− γζ

z

)
F 21 (ψ, p) (4.17)

F 11 (ψ, p) =

∫ p

0
p′v′fM

(
ψ, p′

)
dp′ (4.18)

F 12 (ψ, p) =

∫ p

0
p′v′

(
1− γ′ζ ′

z′

)
fM

(
ψ, p′

)
dp′ (4.19)

F 21 (ψ, p) =

∫ ∞
p

p′fM
(
ψ, p′

)
dp′ (4.20)
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When relativistic corrections are neglected, 1− γζ/z ≈ 0, expressions derived from usual
Rosenbluth potentials are recovered [?], and

A
ee,nr

(ψ, v) =
4π

v3 F 11,nr (ψ, v)T e (ψ) (4.21)

and

F
ee,nr

(ψ, v) =
4π

v2 F 11,nr (ψ, v) (4.22)

with

F 11,nr (ψ, v) =

∫ v

0
v′2fM

(
ψ, v′

)
dv′ (4.23)

since p = v in this limit. The expression of F 11,nr for a Maxwellian background is

F 11,nr (ψ, v) =
ne (ψ)[

2πT e (ψ)
]3/2 ∫ v

0
v′2 exp

(
− v′2

2T e (ψ)

)
dv′ (4.24)

can then be evaluated analyticaly using the coordinate transformation uψ = v/
√

2T e (ψ),

F 11,nr (ψ, v) =
ne (ψ)

π3/2

∫ uψ

0
x2 exp

(
−x2

)
dx (4.25)

and by integrating by parts∫ uψ

0
exp

(
−x2

)
dx =

[
x exp

(
−x2

)]uψ
0

+ 2

∫ uψ

0
x2 exp

(
−x2

)
dx (4.26)

one obtains

F 11,nr (ψ, v) =
ne (ψ)

4π

[
Erf (uψ)− uψErf ′ (uψ)

]
(4.27)

where

Erf (uψ) =
2√
π

∫ uψ

0
exp(−x2)dx (4.28)

Consequently

F
ee,nr

(ψ, v) =
ne (ψ)

v2

[
Erf (uψ)− uψErf ′ (uψ)

]
(4.29)

and for A
ee,nr

(ψ, v) it comes

A
ee,nr

(ψ, v) =
ne (ψ)T e (ψ)

v3

[
Erf (uψ)− uψErf ′ (uψ)

]
(4.30)

expressions which correspond to the Maxwellian limit discussed later in this section.
The high velocity limit corresponds to the condition uψ � 1, and in this case, since
limuψ→∞Erf (uψ) = 1, it comes readily

lim
uψ→∞

F
ee,nr

(ψ, v) =
ne (ψ)

v2 (4.31)
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and

lim
uψ→∞

A
ee,nr

(ψ, v) =
ne (ψ)T e (ψ)

v3 (4.32)

which both are well known relations.
Much in the same way, the expression of coefficient B

ee
t for pitch-angle scattering is

B
ee
t (ψ, p) = Bt1 (ψ, p) +Bt2 (ψ, p) (4.33)

with

Bt1 (ψ, p) = 4π
5∑

n=1

B
[n]
t1 (ψ, p) (4.34)

and

Bt2 (ψ, p) = 4π
5∑

n=1t2

B
[n]
t2 (ψ, p) (4.35)

where

B
[1]
t1 (ψ, p) =

1

2v

∫ p

0
p′2fM

(
ψ, p′

)
dp′ (4.36)

B
[2]
t1 (ψ, p) = − 1

6vp2

∫ p

0
p′4fM

(
ψ, p′

)
dp′ (4.37)

B
[3]
t1 (ψ, p) =

1

8γ2z2

∫ p

0
p′2
J1 (p′)

γ′
fM

(
ψ, p′

)
dp′ (4.38)

B
[4]
t1 (ψ, p) = − 1

4z2
i+1/2

∫ p

0
p′2
J2 (p′)

γ′
fM

(
ψ, p′

)
dp′ (4.39)

B
[5]
t1 (ψ, p) = − 1

4γ2
i+1/2

∫ p

0

p′2

γ′

(
γ′ − ζ ′

z′

)
fM

(
ψ, p′

)
dp′ (4.40)

and

B
[1]
t2 (ψ, p) =

1

2

∫ ∞
p

p′2

v′
fM

(
ψ, p′

)
dp′ (4.41)

B
[2]
t2 (ψ, p) = −γ

2

6

∫ ∞
p

p′2

γ′2v′
fMdp

′ (4.42)

B
[3]
t2 (ψ, p) =

J1 (p)

8γz2

∫ ∞
p

p′2

v′
1

γ′2
fM

(
ψ, p′

)
dp′ (4.43)

B
[4]
t2 (ψ, p) = −γJ2 (p)

4z2

∫ ∞
p

p′2

v′
1

γ′2
fM

(
ψ, p′

)
dp′ (4.44)

B
[5]
t2 (ψ, p) = − 1

4γp2

(
γ − ζ

z

)∫ ∞
p

p′2v′fM
(
ψ, p′

)
dp′ (4.45)

Here,

J1 (p) = −3γ + ζ

(
3

z
+ 2z

)
(4.46)
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J2 (p) = γ +
ζ

z
− 2

3
γz2 (4.47)

with
z = β†thp (4.48)

γ =
√

1 + z2 (4.49)

ζ = sinh−1 z (4.50)

and fM (ψ, p)is the weakly relativistic normalized Maxwellian distribution function given
in Sec.6.3.5.

The first order Legendre correction of the collision operator I (t,X, p) is expressed as

I
(
fM,, f

(m=1)
(ψ, p)

)
=

4π

γ
f

(m=1)
(ψ, p) +

1

p2I1

(
fM,, f

(m=1)
0 (ψ, p)

)
+ pI2

(
fM,, f

(m=1)
0 (ψ, p)

)
(4.51)

where

I1

(
fM,, f

(m=1)
0 (ψ, p)

)
=

10∑
n=1

I [n]
1 (ψ, p) (4.52)

and

I2

(
fM,, f

(0)(m=1)
0 (ψ, p)

)
=

7∑
n=1

I [n]
2 (ψ, p) (4.53)

The set of coefficients I [n]
1 (ψ, p) is

I [1]
1 (ψ, p) =

1

3T e,l+1/2

∫ p

0

p′3

γ′
f

(m=1)
0 (ψ, p) dp′ (4.54)

I [2]
1 (ψ, p) = −

2γi+1/2

3T e,l+1/2

∫ p

0
p′3f

(m=1)
0 (ψ, p) dp′ (4.55)

I [3]
1 (ψ, p) =

γi+1/2

5T
2
e,l+1/2

∫ p

0

p′5

γ′
f

(m=1)
0 (ψ, p) dp′ (4.56)

I [4]
1 (ψ, p) =

∫ p

0

p′

γ′

(
γ′ − ζ ′

z′

)
f

(m=1)
0 (ψ, p) dp′ (4.57)

I [5]
1 (ψ, p) = −

γi+1/2

T e,l+1/2

∫ p

0

p′3

γ′
J2 (p′)

z′2
f

(m=1)
0 (ψ, p) dp′ (4.58)

I [6]
1 (ψ, p) =

γp2 − 5T e (ψ)

6T
2
e (ψ)

∫ p

0

p′3

γ′

(
1 +

3

z′2
− 3γ′ζ ′

z′3

)
f

(m=1)
0 (ψ, p) dp′ (4.59)

I [7]
1 (ψ, p) =

γ

2β†2thT
2
e (ψ)

∫ p

0

p′3

γ′
J3 (p′)

z′
f

(m=1)
0 (ψ, p) dp′ (4.60)
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I [8]
1 (ψ, p) =

γ

2T e (ψ)

∫ p

0

p′3

γ′
J1 (p′)

z′2
f

(m=1)
0 (ψ, p) dp′ (4.61)

I [9]
1 (ψ, p) =

p2

T e (ψ)

∫ p

0

p′

γ′

(
γ′ζ ′

z′
− 1

)
f

(m=1)
0 (ψ, p) dp′ (4.62)

I [10]
1 (ψ, p) = − γ2

12β†2thT
2
e (ψ)

∫ p

0

p′3

γ′
J4 (ψ)

z′
f

(m=1)
0 (ψ, p) dp′ (4.63)

and the coefficients I [n]
2 (ψ, p) are

I [1]
2 (ψ, p) =

1

3T e (ψ)

∫ ∞
p

1

γ′
f

(m=1)
0 (ψ, p) dp′ (4.64)

I [2]
2 (ψ, p) =

(
− 2γ

3T e (ψ)
+

p2

5T
2
e (ψ)

)∫ ∞
p

f
(m=1)
0 (ψ, p) dp′ (4.65)

I [3]
2 (ψ, p) =

(
γ − ζ

z

)
1

p2

∫ ∞
p

1

γ′
f

(m=1)
0 (ψ, p) dp′ (4.66)

I [4]
2 (ψ, p) = − J2 (p)

z2T e (ψ)

∫ ∞
p

f
(m=1)
0 (ψ, p) dp′ (4.67)

I [5]
2 (ψ, p) =

(
1 +

3

z2
− 3γζ

z3

)
1

6T
2
e (ψ)

∫ ∞
p

(
γ′p′2 − 5T e (ψ)

γ′

)
f

(m=1)
0 (ψ, p) dp′ (4.68)

I [6]
2 (ψ, p) =

(
J3 (p)

2zβ†2thT
2
e (ψ)

+
J1 (p)

2z2T e (ψ)
− J4 (p)

12zβ†2thT
2
e (ψ)

)∫ ∞
p

f
(m=1)
0 (ψ, p) dp′ (4.69)

I [7]
2 (ψ, p) =

1

p2T e (ψ)

(
γζ

z
− 1

)∫ ∞
p

p′2

γ′
f

(m=1)
0 (ψ, p) dp′ (4.70)

where

J3 (p) = −3γζ

z
+

3

z
+ z − 2

5
z3 (4.71)

J4 (p) = γζ

(
15

z2
+ 6

)
− 15

z
+ 11z (4.72)

Relativistic Maxwellian background

The relativistic Maxwellian limit corresponds to that case where the first order Legendre
correction for momentum conservation is neglected, but nevertheless using the Beliaev-
Budker formulation for coefficients Aee (ψ, p), F ee (ψ, p) and Bee

t (ψ, p) . This is an aca-
demic case that allows only fruitful comparison with some theorerical works for code
benchmarking.
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Non-relativistic Maxwellian background

The non-relativistic collision operator with a Maxwellian background is extensively dis-
cussed in Ref. [?]. It is an interesting model, since analytical evaluation of the collision
integrals may be performed. Its validity is restricted to the limit γ−1� 1, where γ is the
Lorentz factor defined is Sec.6.3.4. In that case v = p is the unit system here employed.
Using the standard notations

A
ee

(ψ, p) =
ne (ψ)

2v

1

u2
ψ

[
Erf (uψ)− uψErf ′ (uψ)

]
(4.73)

F
ee

(ψ, p) =
ne (ψ)

v2

[
Erf (uψ)− uψErf ′ (uψ)

]
(4.74)

and

B
ee
t (ψ, p) =

ne (ψ)

4v

1

u2
ψ

[(
2u2

ψ − 1
)
Erf (uψ) + uψErf

′ (uψ)
]

(4.75)

where

uψ =
v√

2T e (ψ)
(4.76)

Erf(x) =
2√
π

∫ x

0
exp

(
−y2

)
dy (4.77)

is the well know error function defined in Refs [?] and [?] , and its derivative

Erf ′(x) =
2√
π

exp
(
−x2

)
(4.78)

The relation
F
ee

(ψ, p)

A
ee

(ψ, p)
=

2vu2
ψ

v2 =
v

T e (ψ)
(4.79)

which ensures that the Maxwellian is the correct solution when collisions is the only
physical process. In that limit, self-collisions are neglected.

High-velocity limit

Though the high velocity limit uψ � 1 corresponds to a restricted range of applications
regarding the full electron-electron collision operator, it can contribute usefuly to compar-
isons with some theoretical calculations. Starting from expressions given in Ref. [?],

A
ee

(ψ, p) =
ne (ψ)

v3 T e (ψ) (4.80)

F
ee

(ψ, p) =
ne (ψ)

v2 (4.81)

and

B
ee
t (ψ, p) =

ne (ψ)

2v

[
1− T e (ψ)

v2

]
(4.82)
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With these definitions, the ratio

F
ee

(ψ, p)

A
ee

(ψ, p)
=

v

T e (ψ)
(4.83)

is well recovered. In that limit, self-collisions are neglected.

Non-relativistic Lorentz model

This case corresponds to the limit where only pitch-angle scattering of electrons on mas-
sive ions with T ss′ (ψ) = 0, with large Zss′ . Consequently, large simplifications may be
performed, and

A
ee

(ψ, p) = F
ee

(ψ, p) = B
ee
t (ψ, p) = 0 (4.84)

This simple model is very interesting since analytical expressions may be obtained in
this limit, which allow accurate code benchmarking, especially for the bootstrap current
problem in arbitrary magnetic configuration. Obviously, self-collisions are neglected by
definition.

Ultra-relativistic Møller model

The growth rate of runaway electrons by a large constant electric field is often studied
using the ultra-relativistic model as derived by C. Møller in the early 1930’s [?]. In this
limit, since the ratio of the friction term F

ee
(ψ, p)to the diffusion one A

ee
(ψ, p) scales like

v as indicated in 4.79 , the contribution of the diffusion A
ee

(ψ, p) is simply neglected in
the limit v → c. Hence,

F
ee

(ψ, p) =
ne (ψ)

v2 (4.85)

and
A
ee

(ψ, p) = 0 (4.86)

For the pitch-angle term, the term is simply

B
ee
t (ψ, p) =

ne (ψ)

2v
(4.87)

It is important to recall that the term β†th arises from the definition of the normalization
for p as discussed in Sec.6.3.4. It can be observed that the Møller collision model is
equivalent for e − e interactions to the high-velocity limit of the e − e standard collision
operator, neglecting all terms of the order of v−3. Therefore, the model may have analytical
solutions since the partial derivative in p of the collision operator is of the first order.
However, as −vAee (ψ, p) /F

ee
(ψ, p) 6= T e (ψ) high numerical instabilities are found in

the code. This model is equivalent to T e (ψ) = 0 which is obviously not consistent with
the initial assumptions. Therefore, in order to ensure a correct numerical stability, the
expression 4.80 for A

ee
(ψ, p) is used with the Møller model. It has been cross-checked

that this does not change the final results.
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4.1.4 Electron-ion collision operators

Non-relativistic Maxwellian background

Since ions mass is much larger than electron ones, their dynamics is almost non-relativistic.
Consequently, electron-ion collisions may be described in this limit considering a Maxwellian
ion background. Expressions for arbirary type of ions is also given in Ref. [?] and their
validities are also restricted to the limit γ − 1� 1, where γ is the Lorentz factor defined
is Sec.6.3.4. . In that case v = p is the unit system here employed. Using the standard
notations

A
ei

(ψ, p) =
1

2v

∑
s

∑
s′

1

uss
′2

ψ

[
Erf

(
uss
′

ψ

)
− uψErf ′

(
uss
′

ψ

)] ln Λ†e/ss′

ln Λ†e/e
Z2
ss′nss′ (ψ) (4.88)

F
ei

(ψ, p) =
1

v2

∑
s

∑
s′

[
Erf

(
uss
′

ψ

)
− uss′ψ Erf ′

(
uss
′

ψ

)] ln Λ†e/ss′

ln Λ†e/e
Z2
ss′nss′ (ψ)

1

ms
(4.89)

and

B
ei
t (ψ, p) =

1

4v

∑
s

∑
s′

1

uss
′2

ψ

[(
2uss

′2
ψ − 1

)
Erf

(
uss
′

ψ

)
+ uss

′
ψ Erf ′

(
uss
′

ψ

)] ln Λ†e/ss′

ln Λ†e/e
Z2
ss′nss′ (ψ)

(4.90)
where

uss
′

ψ =
v

√
2v†th,ss′

=
v

√
2
√
T ss′ (ψ) /ms

(4.91)

Here, v†th,ss′ is the thermal velocity of species s in ionization state s′, while Erf(x) and
Erf ′(x) have the same expressions as for the electron-electron collision term. For a single
ion species s fully ionized, the ratio

F
ei

(ψ, p)

A
ei

(ψ, p)
=

v

T s (ψ)
(4.92)

which means that the electron population is thermalized to the ion temperature T s (ψ) .

The quantities ln Λ†e/ss′ and ln Λ†e/e are the reference Coulomb logarithms defined in Sec.
6.3.4.

High-velocity limit

For most current drive studies like for the Lower Hybrid wave where the resonance con-
dition is far from the thermal bulk, it is reasonable to consider the high velocity limit
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of the electron-ion collision operator. Corresponding coefficients A
ei

(ψ, p), F
ei

(ψ, p) and

B
ei
t (ψ, p) are

A
ei

(ψ, p) =
1

v3

∑
s

∑
s′

Z2
ss′nss′ (ψ)

ln Λ†e/ss′

ln Λ†e/e

T ss′ (ψ)

ms
(4.93)

F
ei

(ψ, p) =
1

v2

∑
s

∑
s′

Z2
ss′nss′ (ψ)

ln Λ†e/ss′

ln Λ†e/e

1

ms
(4.94)

and

B
ei
t (ψ, p) =

1

2v

∑
s

∑
s′

Z2
ss′nss′ (ψ)

ln Λ†e/ss′

ln Λ†e/e

(
1− T ss′ (ψ)

msv2

)
(4.95)

where the double sum
∑

s

∑
s′ takes into account of all ions species s in ionization state

s′. Here, nss′ (ψ) is the normalized ion density at ψ, as introduced in Sec. 6.3.1, and ms is
the ion rest mass normalized to the electron rest mass me. Coefficients for the electron-ion
collisions given in Ref.[?] are well recovered. Like for the Maxwellian limit,

F
ei

(ψ, p)

A
ei

(ψ, p)
=

v

T s (ψ)
(4.96)

which means that the electron population is thermalized to the ion temperature T s (ψ) ,
when a single ion species s is considered.

Non-relativistic Lorentz model

Since only pitch-angle electron scattering on massive ions with T ss′ (ψ) = 0, with large
Zss′ is considered in this model, by definition

A
ei

(ψ, p) = F
ei

(ψ, p) = 0 (4.97)

while
B
ei
t (ψ, p) = 1/2 (4.98)

The solutions of the Fokker-Planck and the drift kinetic equations is independent in

this limit of the B
ei
t value. Here the standard value 1/2 is chosen as used in several

publications for analytical calculations.

Ultra-relativistic Møller model

A simplified term is used where

A
ei

(ψ, p) = F
ei

(ψ, p) = 0 (4.99)

since ion contribution is almost negligible as compared to electrons and

B
ei
t (ψ, p) =

1

2v

∑
s

∑
s′

Z2
ss′nss′ (ψ)

ln Λ†e/ss′

ln Λ†e/e
(4.100)

by combining the high-velocity limit expression 4.95, and the momentum dependence given
in Ref. [?].
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4.1.5 Large angle scattering

4.1.6 Bounce Averaged Fokker-Planck Equation

Flux conservative term

In the Fokker-Planck equation, the diffusion and convection elements are bounce-averaged
according to the expressions (3.189)-(3.194), which gives, using (4.7)-(4.8),

DC(0)
pp = {A (ψ, p)} (4.101)

D
C(0)
pξ = 0 (4.102)

D
C(0)
ξp = 0 (4.103)

D
C(0)
ξξ =

{
ξ2

Ψξ2
0

B (ψ, p)

}
(4.104)

and the convection components

FC(0)
p = −{F (ψ, p)} (4.105)

F
C(0)
ξ = 0 (4.106)

and therefore

DC(0)
pp = A(0) (ψ, p) (4.107)

D
C(0)
pξ = 0 (4.108)

D
C(0)
ξp = 0 (4.109)

D
C(0)
ξξ =

λ2,−1,0

λ
B

(0)
t (ψ, p) (4.110)

and

FC(0)
p = −F (0) (ψ, p) (4.111)

F
C(0)
ξ = 0 (4.112)

Here, coefficients A(0) (p, ψ) , B
(0)
t (p, ψ) and F (0) (p, ψ) are determined at the location

where B = B0 on the magnetic flux surface. However, since A, Bt and F are only functions
of the density and temperature that are flux surface quantities as shown in Sec. 4.1.1,
their respective values are consequently independent of the poloidal position and therefore,

A(0) = A, B
(0)
t = Bt and F (0) = F. The bounce coefficient λ2,−1,0 is defined as (2.66)

λ2,−1,0 = λ

{
ξ2

Ψξ2
0

}
(4.113)

For reference to the litterature ([?]), note that we could also perform the following
transformation
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{
ξ2

Ψξ2
0

}
=

{
1−Ψ

(
1− ξ2

0

)
Ψξ2

0

}

=

{
1− 1

ξ2
0

(
1− 1

Ψ

)}
= 1− ∆b

ξ2
0

(4.114)

with

∆b ≡
{

1− 1

Ψ

}
(4.115)

The evaluation of ∆b for circular concentric flux surfaces in given in Appendix ??.

First order Legendre correction

Concerning the term that ensures momentum conservation in the collision operator, one
must evaluate {

C

(
fM ,

3

2
ξf

(m=1)
0

)}
= −3

2

{
ξI
(
fM , f

(m=1)
0

)}
(4.116)

Making the substitution Ψξ0dξ0 = ξdξ in the integral f
(m=1)
0 =

∫ +1
−1 ξf0 (p, ξ, ψ, θ) dξ, one

obtains

f
(m=1)
0 (p, ξ, ψ, θ) =

∫ −√1−1/Ψ

−1
Ψξ0f

(0)
0 (p, ξ0, ψ) dξ0 +

∫ +1

√
1−1/Ψ

Ψξ0f
(0)
0 (p, ξ0, ψ) dξ0

(4.117)

where the limits of integration come from the relation ξ (ψ, θ, ξ0) = σ
√

1−Ψ (ψ, θ)
(
1− ξ2

0

)
.

Since f
(0)
0 is symmetric in the region of the phase space ξ0 ∈

(
−
√

1− 1/Ψ,
√

1− 1/Ψ
)

which

corresponds to trapped orbits,∫ +
√

1−1/Ψ

−
√

1−1/Ψ
Ψξ0f

(0)
0 (p, ξ0, ψ) dξ0 = 0 (4.118)

one get

f
(m=1)
0 (p, ξ, ψ, θ) =

∫ +1

−1
Ψξ0f

(0)
0 (p, ξ0, ψ) dξ0

= Ψ

∫ +1

−1
ξ0f

(0)
0 (p, ξ0, ψ) dξ0

= Ψf
(0)(m=1)
0 (p, ξ0, ψ) (4.119)
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where f
(0)(m=1)
0 (p, ξ0, ψ)is the Legendre integral evaluated at B0 = B (ψ, θ0), independent

of θ. Since the operator I is linear,

3

2

{
ξI
(
f0M , f

(m=1)
0

)}
=

3

2
{ξΨ} I

(
fM , f

(0)(m=1)
0

)
= σ

{
σ
ξ

ξ0
Ψ

}
3

2
ξ0I

(
fM , f

(0)(m=1)
0

)
=

λ1,1,0

λ

3

2
ξ0I

(
fM , f

(0)(m=1)
0

)
(4.120)

and consequently{
C

(
fM ,

3

2
ξf

(m=1)
0

)}
= C(0)

(
fM , f

(0)(m=1)
0

)
= −λ1,1,0

λ

3

2
ξ0I

(
fM , f

(0)(m=1)
0

)
(4.121)

Expression of λ1,1,0 This coefficient is expressed as

λ1,1,0 =
σ

q̃

[
1

2

∑
σ

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP
σΨ (4.122)

Since the integral is odd in σ, the sum over trapped particles vanishes, λ1,1,0 = 0 for

trapped electrons, and λ1,1,0 = λ
P
1,1,0 6= 0 for circulating ones. Hence

λ
P
1,1,0 =

1

q̃

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP
Ψ

=
1

q̃

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B2

BPB0
(4.123)

Case of circular concentric flux-surfaces In this case, ε = r/Rp, ψ̂ · r̂ = 1 and since
the ratio B/BP is a function of r only

λ
P
1,1,0 =

1

q̃

B

BP
ε

∫ 2π

0

dθ

2π

1 + ε

1 + ε cos θ

=

∫ 2π

0

dθ

2π

1 + ε

1 + ε cos θ

= s∗ (4.124)

using the relation q̃BP /B = ε. The integral s∗, according to the old notations found in
the litterature ([?]),

s∗ =

∫ 2π

0

dθ

2π

1 + ε

1 + ε cos θ
(4.125)
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can be performed analytically, as shown in Appendix ??, and

λ
P
1,1,0 =

√
1 + ε

1− ε
(4.126)

Moreover, in this limit, λ
P
1,1,0 = λ

P
1,−1,2, as shown in Sec.4.2.2.

4.1.7 Bounce Averaged Drift Kinetic Equation

Flux conservative term

In the first order drift kinetic equation, the diffusion and convection flux elements related
to f̃ are bounce-averaged according to the expressions (3.218)-(3.223), which gives, using
(4.7)-(4.8),

D̃C(0)
pp = σ

{
σ
ξ

Ψξ0
A (ψ, p)

}
(4.127)

D̃
C(0)
pξ = 0

D̃
C(0)
ξp = 0

D̃
C(0)
ξξ = σ

{
σξ3

Ψ2ξ3
0

Bt (ψ, p)

}
and the convection components

F̃C(0)
p = −σ

{
σ
ξ

Ψξ0
F (ψ, p)

}
(4.128)

F̃
C(0)
ξ =

√
1− ξ2

0

pξ3
0

σ

{
σξ (Ψ− 1)

ξ0Ψ2
Bt (ψ, p)

}
and therefore

D̃C(0)
pp =

λ1,−1,0

λ
A (ψ, p) (4.129)

D̃
C(0)
pξ = 0

D̃
C(0)
ξp = 0

D̃
C(0)
ξξ =

λ3,−2,0

λ
Bt (ψ, p)

and

F̃C(0)
p = −λ1,−1

λ
F (p) (4.130)

F̃
C(0)
ξ =

√
1− ξ2

0

pξ3
0

(
λ1,−1,0 − λ1,−2,0

)
λ

Bt (ψ, p)
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The following bounce coefficients are defined (2.66)

λ1,−1,0 = λσ

{
σξ

Ψξ0

}
(4.131)

λ3,−2,0 = λσ

{
σξ3

Ψ2ξ3
0

}
(4.132)

λ1,−2,0 = λσ

{
σξ

Ψ2ξ0

}
(4.133)

We also have the following relation, by expanding ξ2

λ3,−2,0 =
λ1,−2,0 −

(
1− ξ2

0

)
λ1,−1,0

ξ2
0

(4.134)

First order Legendre correction

Concerning the term that ensures momentum conservation in the collision operator, one
must evaluate {

C

(
fM ,

3

2
ξf̃

)}
= −3

2

{
ξI
(
fM , f̃

(m=1)
)}

(4.135)

Making like for the Fokker-Planck term the substitution Ψξ0dξ0 = ξdξ in the integral
f̃ (m=1) =

∫ +1
−1 ξf̃ (p, ξ, ψ, θ) dξ, one obtains

f̃ (m=1) (p, ξ, ψ, θ) =

∫ −√1−1/Ψ

−1
Ψξ0

(
ξ

Ψξ0

)
f̃ (0) (p, ξ0, ψ) dξ0

+

∫ +1

√
1−1/Ψ

Ψξ0

(
ξ

Ψξ0

)
f̃ (0) (p, ξ0, ψ) dξ0 (4.136)

which becomes

f̃ (m=1) (p, ξ, ψ, θ) =

∫ 1

−1
H (|ξ0| − ξ0T ) ξf̃ (0) (p, ξ0, ψ) dξ0 (4.137)

Then,
3

2

{
ξI
(
fM , f̃

(m=1)
)}

=
3

2
I
(
fM ,

{
ξf̃ (m=1)

})
(4.138)

since fM and I are independent of θ. It is therefore necessary to evaluate{
ξf̃ (m=1)

}
=

1

λq̃

[
1

2

∑
σ

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

ξ0

ξ
ξf̃ (m=1)

=
1

λq̃

[
1

2

∑
σ

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP
ξ0f̃

(m=1)

=
ξ0

λq̃
H (|ξ0| − ξ0T )

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP
f̃ (m=1) (4.139)
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since f̃ (m=1) is independent of σ because of the integration over ξ0, while
[

1
2

∑
σ

]
T
ξ0 = 0

for trapped orbits. Hence,{
ξf̃ (m=1)

}
=

ξ0

λq̃
H (|ξ0| − ξ0T )

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

[
3

2

∫ 1

−1
H (|ξ0| − ξ0T ) ξf̃ (0)dξ0

]

=
ξ0

λ
H (|ξ0| − ξ0T )

∫ 1

−1
H (|ξ0| − ξ0T ) f̃ (0)dξ0

1

q̃

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP
ξ


=

ξ0

λ
H (|ξ0| − ξ0T )

∫ 1

−1
H (|ξ0| − ξ0T ) f̃ (0)ξ0λdξ0

 1

λq̃

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

ξ0

ξ

ξ2

ξ2
0


=

ξ0

λ
H (|ξ0| − ξ0T )

∫ 1

−1
ξ0H (|ξ0| − ξ0T ) f̃ (0)λ

{
ξ2

ξ2
0

}
dξ0

=
ξ0

λ
H (|ξ0| − ξ0T )

∫ 1

−1
ξ0H (|ξ0| − ξ0T ) f̃ (0)λ2,0,0dξ0 (4.140)

Defining

f̃ (0)(m=1) ≡
∫ 1

−1
ξ0H (|ξ0| − ξ0T ) f̃ (0)λ2,0,0dξ0

=

∫ 1

−1
ξ0f̃

(0)λ2,0,0dξ0 (4.141)

one obtains {
C

(
fM ,

3

2
ξf̃ (m=1)

)}
= C̃(0)

(
fM ,

3

2
ξ0f̃

(0)(m=1)

)
=

3

2

ξ0

λ
H (|ξ0| − ξ0T ) I

(
f0M , f̃

(0)(m=1)
)

(4.142)

Case of circular concentric flux-surfaces

Note that in the case of circular concentric flux-surfaces, we can find analytical expressions
for the bounce coefficients

λ1,−1,0 = H(|ξ0| − ξ0T )

∫ 2π

0

dθ

2π

1

Ψ

=
1

(1 + ε)
H(|ξ0| − ξ0T )

∫ π

0

dθ

π
(1 + ε cos θ)

=
1

(1 + ε)
H(|ξ0| − ξ0T ) (4.143)
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λ1,−2,0 = H(|ξ0| − ξ0T )

∫ 2π

0

dθ

2π

1

Ψ2

=
H(|ξ0| − ξ0T )

(1 + ε)2

∫ π

0

dθ

π
(1 + ε cos θ)2

=
H(|ξ0| − ξ0T )

(1 + ε)2

(
1 +

ε2

2

)
(4.144)

so that

λ3,−2,0 =
H(|ξ0| − ξ0T )

(1 + ε) ξ2
0

(
ξ2

0 −
ε (1− ε/2)

(1 + ε)

)
(4.145)

Furthermore,

λ2,0,0 = H(|ξ0| − ξ0T )

∫ 2π

0

dθ

2π

ξ

ξ0

= H(|ξ0| − ξ0T )

∫ 2π

0

dθ

2π

ξ0

ξ

ξ2

ξ2
0

= H(|ξ0| − ξ0T )

∫ 2π

0

dθ

2π

ξ0

ξ

1−Ψ
(
1− ξ2

0

)
ξ2

0

= H(|ξ0| − ξ0T )
λ

ξ2
0

[
1−

(
1− ξ2

0

)
{Ψ}

]
(4.146)

and using the expression of {Ψ} given in Appendix ??,

{Ψ} =
1

λ

2

π

∞∑
m=0

χ̃mξ
2m
0T J2m (4.147)

where J2m is expressed in terms of complete elliptic integrals of the first and second kind,
and χ̃m is given by the recurrence relation χ̃m = 2m−1

2m χ̃m−1 with χ̃0 = 1,

λ2,0,0 =
2

π
H(|ξ0| − ξ0T )

∞∑
m=0

[
χm − χ̃m

(
1− ξ2

0

)] ξ2m
0T

ξ2
0

J2m (4.148)

Here χm is defined in Appendix ??. The series expansion is converging less rapidly than
for λ0,0,0 = λ, therefore, at least first three terms have to be kept for accurate calculations,
so that the truncated expression is

λ2,0,0 '
2

π
H(|ξ0| − ξ0T )

[
J0 +

(
1

2
− 1

ξ2
0

)
ξ2

0TJ2 +

(
3

8
− 1

2ξ2
0

)
ξ4

0TJ4

]
(4.149)

4.2 Ohmic electric field

The generation of Ohmic current is based on the concept of transformer, where the plasma
torus is the secondary circuit. An electric field is induced by the temporal variation ∂ψ/∂t
of the poloidal flux generated by the primary circuit. The induced current density is then
calculated by Ohm’s law, J = σΩE, where σΩ is the electric conductivity calculated by
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accounting for the Coulomb interaction between the strongly magnetized components of
the plasma. Using Faraday’s law,

∂B

∂t
= −∇×E

We consider the surface S (ψ, θ) which is a truncated cone delimited by two circles
being C1, the magnetic axis, and C2 (ψ, θ), the toroidal line at position (ψ, θ). Applying
the integral formula to Faraday’s law, we have∫∫

S(ψ,θ)
dS · ∂B

∂t
= −

∫∫
S(ψ,θ)

dS · ∇ ×E =−
∮
C(ψ,θ)

dl ·E (4.150)

The poloidal flux is given by

ψ =
1

2π

∫∫
S(ψ,θ)

dSBP =
1

2π

∫∫
S(ψ,θ)

dS ·B (4.151)

so that we get

2π
∂ψ

∂t
=

∮
C1

dl ·E−
∮
C2(ψ,θ)

dl ·E (4.152)

=

∫ 2π

0
RpdφEφ0 −

∫ 2π

0
R (ψ, θ) dφEφ (ψ, θ) (4.153)

where Rp is the major radius on axis and Eφp is the electric field on axis. Using axisym-
metry, this becomes

∂ψ

∂t
= RpEφp −R (ψ, θ)Eφ (ψ, θ) (4.154)

and therefore

REφ = RpEφp −
∂ψ

∂t
(4.155)

and REφ is only a function of ψ. We can therefore rewrite

Eφ (ψ, θ) = Eφ0
R0

R
(4.156)

where R0 is the major radius taken at the the poloidal position θ0 where the magnetic
field B is minimum on a flux-surface.By definition,

E‖0 (ψ) = E‖ (ψ, θ0) (4.157)

The electric field along the field line can then be obtained by projection, which gives

E‖ =
(
b̂ · φ̂

)
Eφ =

BT
B
Eφ (4.158)

so that we get
B

BT
E‖ =

B0

BT0
E‖0

R0

R
(4.159)

and then

E‖ =
BT
BT0

B0

B

R0

R
E‖0 (ψ) =

1

Ψ

R2
0

R2
E‖0 (ψ) (4.160)

with Ψ = B/B0 as defined in Sec. 2.2.1.
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4.2.1 Conservative Form for the Ohmic Electric Field Operator

The effect of the electric fied E‖ can be expressed in a conservative form as E(f0) = ∇p ·SE,

where the flux in momentum space is easily expressed in cylindrical coordinates
(
p‖ , p⊥

)
as

SE
(p‖,p⊥) =

(
SEp‖
SEp⊥

)
(4.161)

with

SE
p‖

= qeE‖f0 (4.162)

SE
p⊥

= 0 (4.163)

where qe is the electronic charge.
The transformation from cylindrical to spherical coordinates is given by

SE
(p,ξ) = R−1SE

(p‖,p⊥) (4.164)

where R is the rotational matrix

R =

(
ξ −

√
1− ξ2√

1− ξ2 ξ

)
Using R−1 = tR we find

SE
p = ξSE

p‖
(4.165)

SE
ξ = −

√
1− ξ2SE

p‖
(4.166)

and SE countains a convective part only

SE = FE
pf0 (4.167)

with

FE
p = qeξE‖

FE
ξ = −qe

√
1− ξ2E‖

4.2.2 Bounce Averaged Fokker-Planck Equation

In the Fokker-Planck equation, the diffusion and convection elements are bounce-averaged
according to the expressions (3.189)-(3.194), which gives, using (4.167),

DE(0)
p = 0 (4.168)

and the convection components

FE(0)
p =

{
qeξE‖

}
(4.169)

F
E(0)
ξ = −σ

{
σξ√
Ψξ0

qe
√

1− ξ2E‖

}
(4.170)
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Since the poloidal dependence of the electric field on a flux-surface is given by ()

E‖ (ψ, θ) =
1

Ψ (ψ, θ)

R2
0

R2
E‖0 (ψ) (4.171)

we find

FE(0)
p =

λ1,−1,2

λ
qeξ0E‖0 (ψ) (4.172)

F
E(0)
ξ = −λ1,−1,2

λ
qe

√
1− ξ2

0E‖0 (ψ) (4.173)

where we defined the bounce averaged coefficient (2.66)

λ1,−1,2 = λσ

{
σ
ξ

ξ0

1

Ψ (ψ, θ)

R2
0

R2

}
(4.174)

Expression of λ1,−1,2

The coefficient λ1,−1,2, which is known as s∗ in the old notation found in the litterature
([?]), is expressed as

λ1,−1,2 =
σ

q̃

[
1

2

∑
σ

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP
σ

1

Ψ (ψ, θ)

R2
0

R2
(4.175)

Since the integral is odd in σ, the sum over trapped particles vanishes, and we have

λ1,−1,2 =

∣∣∣∣ 0 for trapped particles
λP1,−1,2 for passing particles

(4.176)

λP1,−1,2 =
1

q̃

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

1

Ψ (ψ, θ)

R2
0

R2

=
1

q̃

R0

Rp

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rR B0

BP

R0

R

=
1

q̃

R0

Rp

B0

BT0

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rR BT0

BP

R0

R

=
1

q̃

R0

Rp

B0

BT0

∫ 2π

0

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rR BT
BP

=
q

q̃

R0

Rp

B0

BT0
(4.177)
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Case of circular concentric flux-surfaces

Since in the case of circular concentric flux-surfaces, we have

q̃ =
r

Rp

B

BP
(4.178)

q =
r

Rp

BT
BP

∫ 2π

0

dθ

2π

Rp
R

(4.179)

so that

λP1,−1,2 =

∫ 2π

0

dθ

2π

R0

R
=

∫ 2π

0

dθ

2π

1 + ε

1 + ε cos θ
(4.180)

This integral can then be performed analytically, as shown in Sec. ??, at formula (??),
which gives

λP1,−1,2 =

√
1 + ε

1− ε
(4.181)

4.2.3 Bounce Averaged Drift Kinetic Equation

In the first order Drift-Kinetic equation, the diffusion and convection flux elements related
to f̃ are bounce-averaged according to the expressions (3.218)-(3.223), which gives, using
(4.167),

D̃E(0)
p = 0 (4.182)

and the convection components

F̃E(0)
p = σ

{
σ
ξ

Ψξ0
qeξE‖

}
(4.183)

F̃
E(0)
ξ = −

{
ξ2

Ψ3/2ξ2
0

qe
√

1− ξ2E‖

}
(4.184)

Since the poloidal dependence of the electric field on a flux-surface is given by relation
(4.160)

E‖ (ψ, θ) =
1

Ψ (ψ, θ)

R2
0

R2
E‖0 (ψ) (4.185)

we find

F̃E(0)
p =

λ2,−2,2

λ
qeξ0E‖0 (ψ) (4.186)

F̃
E(0)
ξ = −λ2,−2,2

λ
qe

√
1− ξ2

0E‖0 (ψ)

where we defined the bounce averaged coefficient (2.66)

λ2,−2,2 = λ

{
ξ2

ξ2
0

1

Ψ2

R2
0

R2

}
(4.187)
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4.3 Radio frequency waves

The volume-averaged quasilinear diffusion operator for radiofrequency waves in an infi-
nite uniform plasma was first developped by Kennel and Engelmann [?]. The relativistic
treatment was performed by Lerche [?], who proposes the following operator

Q (f) = − e2

(2π)3 lim
V→∞

1

V

∞∑
n=−∞

∫∫∫
d3k (4.188)[(

P ∗‖E
∗
k,‖Jn +

[
P ∗⊥ −

1

p⊥

(
k‖v‖

ω∗
− 1

)]
E∗k,⊥

)
· i[
nΩ + k‖v‖ − ω

] (Ek,‖JnP‖ + Ek,⊥P⊥
)
f

]
with

P‖ =
∂

∂p‖
− nΩ

ωv⊥

(
v⊥

∂

∂p‖
− v‖

∂

∂p⊥

)
(4.189)

P⊥ =
∂

∂p⊥
+
k‖

ω

(
v⊥

∂

∂p‖
− v‖

∂

∂p⊥

)
(4.190)

Ek,⊥ =
1√
2

(
Ek,−e

iαJn+1 + Ek,+e
−iαJn−1

)
(4.191)

The electric field is assumed to be monochromatic at the frequency ω, and is decom-
posed into its Fourier components

E(x, t) =

∫∫∫
d3k

(2π)3
eik·x−iωtEk (k) (4.192)

which are projected on the rotating field frame

Ek,± =
1√
2

(Ek,x ± iEk,y) (4.193)

Ek,‖ = Ek,z (4.194)

The wave vector is expressed in cylindrical coordinates as

kx = k⊥ cosα (4.195)

ky = k⊥ sinα

kz = k‖

and the argument of the Bessel functions is k⊥v⊥/Ω. The relativistic cyclotron frequency
is

Ω =
qeB

γme
(4.196)

4.3.1 Conservative formulation of the RF wave operator

In order to incorporate the RF wave physics in the Fokker-Planck or Drift Kinetic solvers,
the operator (4.188) must be cast in a conservative form.
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Spherical coordinates representation

The transformation from cylindrical to spherical momentum derivatives is given by

∂

∂p‖
=

∂p

∂p‖

∂

∂p
+

∂ξ

∂p‖

∂

∂ξ
(4.197)

∂

∂p⊥
=

∂p

∂p⊥

∂

∂p
+

∂ξ

∂p⊥

∂

∂ξ
(4.198)

Since

p =
√
p2
‖ + p2

⊥ (4.199)

ξ =
p‖√

p2
‖ + p2

⊥

(4.200)

one obtains

∂p

∂p‖
= ξ (4.201)

∂p

∂p⊥
=
√

1− ξ2 (4.202)

∂ξ

∂p‖
=

1− ξ2

p
(4.203)

∂ξ

∂p⊥
= −ξ

√
1− ξ2

p
(4.204)

Hence rewritting (4.189-4.190) in cylindrical coordinates using (4.197-4.198)

P‖ = ξ
∂

∂p
+

1

p

(
1− ξ2 − nΩ

ω

)
∂

∂ξ
(4.205)

P⊥ =
√

1− ξ2
∂

∂p
−
√

1− ξ2

pξ

(
ξ2 −

k‖v‖

ω

)
∂

∂ξ
(4.206)

In order to permute derivatives and the integral in expression (4.188) and obtain a
conservative formulation, one must express both P‖ and P⊥ in terms of the derivatives
associated with the divergence of a flux: 1/p2 (∂/∂p) p2 and −1/p (∂/∂ξ).

Since

ξ
∂

∂p
=

1

p2

∂

∂p
p2ξ − 2ξ

p
(4.207)

√
1− ξ2

∂

∂p
=

1

p2

∂

∂p
p2
√

1− ξ2 − 2
√

1− ξ2

p
(4.208)
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and

1

p

(
1− ξ2 − nΩ

ω

)
∂

∂ξ
= −1

p

∂

∂ξ

(
−1 + ξ2 +

nΩ

ω

)
+

2ξ

p
(4.209)

−
√

1− ξ2

pξ

(
ξ2 −

k‖v‖

ω

)
∂

∂ξ
= −1

p

∂

∂ξ

√
1− ξ2

ξ

(
ξ2 −

k‖v‖

ω

)
+

1

p⊥

(
k‖v‖

ω
− 1

)
+

2
√

1− ξ2

p
(4.210)

the operators in (4.188) can be expressed in a divergence form

P‖ =
1

p2

∂

∂p
p2ξ − 1

p

∂

∂ξ

(
−1 + ξ2 +

nΩ

ω

)
(4.211)

P⊥ −
1

p⊥

(
k‖v‖

ω
− 1

)
=

1

p2

∂

∂p
p2
√

1− ξ2 − 1

p

∂

∂ξ

√
1− ξ2

ξ

(
ξ2 −

k‖v‖

ω

)
(4.212)

so that (4.188) can be rewritten as

Q (f) = −∇ · SRF = − 1

p2

∂

∂p

(
p2SRF

p

)
+

1

p

∂

∂ξ

(√
1− ξ2SRF

ξ

)
(4.213)

with

SRF
p = lim

V→∞

e2

(2π)3

1

V

∞∑
n=−∞

∫∫∫
d3k

[(
ξE∗k,‖Jn +

√
1− ξ2E∗k,⊥

)
· i[
nΩ + k‖v‖ − ω

] (Ek,‖JnP‖ + Ek,⊥P⊥
)
f

]
(4.214)

SRF
ξ = lim

V→∞

e2

(2π)3

1

V

∞∑
n=−∞

∫∫∫
d3k[(

−1√
1− ξ2

(
1− ξ2 − nΩ

ω∗

)
E∗k,‖Jn +

1

ξ

(
ξ2 −

k‖v‖

ω∗

)
E∗k,⊥

)

· i[
nΩ + k‖v‖ − ω

] (Ek,‖JnP‖ + Ek,⊥P⊥
)
f

]
(4.215)

Considering the above expressions of the fluxes and the operators (4.205-4.206), RF-
induced fluxes are purely diffusive, and therefore they are expressed as

SRF = −DRF · ∇pf (4.216)

with

DRF =

(
DRF
pp DRF

pξ

DRF
ξp DRF

ξξ

)
(4.217)
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Hence, using the expression of the gradient in spherical coordinates,

SRF
p = −DRF

pp

∂f

∂p
+DRF

pξ

√
1− ξ2

p

∂f

∂ξ
(4.218)

SRF
ξ = −DRF

ξp

∂f

∂p
+DRF

ξξ

√
1− ξ2

p

∂f

∂ξ
(4.219)

with

DRF
pp = − lim

V→∞

e2

(2π)3

1

V

∞∑
n=−∞

∫∫∫
d3k

[(
ξE∗k,‖Jn +

√
1− ξ2E∗k,⊥

)
· i[
nΩ + k‖v‖ − ω

] (ξEk,‖Jn +
√

1− ξ2Ek,⊥

)]
(4.220)

DRF
pξ = lim

V→∞

e2

(2π)3

1

V

∞∑
n=−∞

∫∫∫
d3k

[(
ξE∗k,‖Jn +

√
1− ξ2E∗k,⊥

)
· i[
nΩ + k‖v‖ − ω

] ( 1√
1− ξ2

(
1− ξ2 − nΩ

ω

)
Ek,‖Jn −

1

ξ

(
ξ2 −

k‖v‖

ω

)
Ek,⊥

)]
(4.221)

DRF
ξp = − lim

V→∞

e2

(2π)3

1

V

∞∑
n=−∞

∫∫∫
d3k[(

−1√
1− ξ2

(
1− ξ2 − nΩ

ω∗

)
E∗k,‖Jn +

1

ξ

(
ξ2 −

k‖v‖

ω∗

)
E∗k,⊥

)

· i[
nΩ + k‖v‖ − ω

] (Ek,‖Jnξ + Ek,⊥
√

1− ξ2
)]

(4.222)

DRF
ξξ = lim

V→∞

e2

(2π)3

1

V

∞∑
n=−∞

∫∫∫
d3k[(

−1√
1− ξ2

(
1− ξ2 − nΩ

ω∗

)
E∗k,‖Jn +

1

ξ

(
ξ2 −

k‖v‖

ω∗

)
E∗k,⊥

)

· i[
nΩ + k‖v‖ − ω

] ( 1√
1− ξ2

(
1− ξ2 − nΩ

ω

)
Ek,‖Jn −

1

ξ

(
ξ2 −

k‖v‖

ω

)
Ek,⊥

)]
(4.223)

In the limit of a resonant diffusion,

1[
nΩ + k‖v‖ − ω

] → iπδ
(
ω − k‖v‖ − nΩ

)
(4.224)

and using the resonance condition

k‖v‖ = ω − nΩ (4.225)

125



4.3. Radio frequency waves 4. Detailed description of physical processes

RF diffusion coefficients may be expressed in a simple form

DRF
pp =

∞∑
n=−∞

(
1− ξ2

)
DRF
n (p, ξ) (4.226)

DRF
pξ =

∞∑
n=−∞

−
√

1− ξ2

ξ

(
1− ξ2 − nΩ

ω

)
DRF
n (p, ξ) (4.227)

DRF
ξp =

∞∑
n=−∞

−
√

1− ξ2

ξ

(
1− ξ2 − nΩ

ω

)
DRF
n (p, ξ) (4.228)

DRF
ξξ =

∞∑
n=−∞

1

ξ2

(
1− ξ2 − nΩ

ω

)2

DRF
n (p, ξ) (4.229)

where we define a diffusion coefficient

DRF
n (p, ξ) = lim

V→∞

πe2

V

∫∫∫
d3k

(2π)3 δ
(
ω − k‖v‖ − nΩ

) ∣∣∣∣∣Ek,⊥ +
ξ√

1− ξ2
Ek,‖Jn

∣∣∣∣∣
2

(4.230)

Using (4.191), we can define

D
(n)
k = e2

∣∣∣∣ 1√
2
Ek,+e

−iαJn−1

(
k⊥v⊥

Ω

)
+

1√
2
Ek,−e

+iαJn+1

(
k⊥v⊥

Ω

)
+
p‖

p⊥
Ek,‖Jn

(
k⊥v⊥

Ω

)∣∣∣∣2 (4.231)

so that (4.230) becomes

DRF
n (p, ξ) = lim

V→∞

π

V

∫
d3k

(2π)3
D

(n)
k δ(ω − k‖v‖ − nΩ) (4.232)

If rays are gathered in RF beams of different frequencies ωb, diffusion coefficients are
sums of each contribution ower all hamonics n , leading to the expression

DRF
pp =

+∞∑
n=−∞

∑
b

(1− ξ2)DRF
b,n (p, ξ) (4.233)

DRF
pξ =

+∞∑
n=−∞

∑
b

−
√

1− ξ2

ξ

[
1− ξ2 − nΩ

ωb

]
DRF
b,n (p, ξ) (4.234)

DRF
ξp =

+∞∑
n=−∞

∑
b

−
√

1− ξ2

ξ

[
1− ξ2 − nΩ

ωb

]
DRF
b,n (p, ξ) (4.235)

DRF
ξξ =

+∞∑
n=−∞

∑
b

1

ξ2

[
1− ξ2 − nΩ

ωb

]2

DRF
b,n (p, ξ) (4.236)

where

DRF
n,b (p, ξ) = lim

V→∞

π

V

∫
d3k

(2π)3
D
b,(n)
k δ(ωb − k‖v‖ − nΩ) (4.237)
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and D
b,(n)
k accounts for the polarization and the intensity of the RF wave. It is given by

D
b,(n)
k = e2

∣∣∣∣ 1√
2
Ek,b,+e

−iαJn−1

(
kb⊥v⊥

Ω

)
+

1√
2
Ek,b,−e

+iαJn+1

(
kb⊥v⊥

Ω

)
+
p‖

p⊥
Ek,b,‖Jn

(
kb⊥v⊥

Ω

)∣∣∣∣2 (4.238)

Cylindrical coordinates representation

The Fokker-Planck equation is usually solved numerically in spherical coordinates, be-
cause of the spherical symmetry of the collisional operator. Therefore, in this coordinate
system, the numerical problem is well-conditionned, ensuring stable convergence towards
the solution. However, in many case the RF quasilinear operator has a more cylindrical
symmetry, and it could be useful to derive its expression in this coordinate system, in
order to get a more physical insight of the wave-particle interaction. Starting from the
general expression of the flux divergence in cylindrical coordinates,

∇p · S =
1

p⊥

∂

∂p⊥
(p⊥S⊥) +

∂

∂p‖

(
S‖
)

(4.239)

and taking into account of the diffusive nature of the wave-particle interaction,

SRF = −DRF · ∇f = −
(
D⊥⊥ D⊥‖
D‖⊥ D‖‖

)
·
(
∂f/∂p⊥
∂f/∂p‖

)
(4.240)

where the cylindrical tensor elements are related to the spherical ones by
D⊥⊥
D⊥‖
D‖⊥
D‖‖

 =


(
1− ξ2

)
ξ
√

1− ξ2 ξ
√

1− ξ2 ξ2

ξ
√

1− ξ2 −
(
1− ξ2

)
ξ2 −ξ

√
1− ξ2

ξ
√

1− ξ2 ξ2 −
(
1− ξ2

)
−ξ
√

1− ξ2

ξ2 −ξ
√

1− ξ2 −ξ
√

1− ξ2
(
1− ξ2

)
·


Dpp

Dpξ

Dξp

Dξξ

 (4.241)

Applying this transformation, one obtains,

DRF
⊥⊥ =

+∞∑
n=−∞

∑
b

[
nΩ

ωb

]2

DRF
b,n (p, ξ) (4.242)

DRF
⊥‖ =

+∞∑
n=−∞

∑
b

√
1− ξ2

ξ

nΩ

ωb

[
1− nΩ

ωb

]
DRF
b,n (p, ξ) (4.243)

DRF
‖⊥ =

+∞∑
n=−∞

∑
b

√
1− ξ2

ξ

nΩ

ωb

[
1− nΩ

ωb

]
DRF
b,n (p, ξ) (4.244)

DRF
‖‖ =

+∞∑
n=−∞

∑
b

(1− ξ2)

ξ2

[
1− nΩ

ωb

]2

DRF
b,n (p, ξ) (4.245)

For n = 0 (which corresponds to the Lower Hybrid wave) the quasilinear diffusion is
strictly along the parallel direction (i.e. magnetic field line). Also, at a cyclotron harmonic,
where ωb = nΩ, the diffusion is only perpendicular, when relativistic corrections are not
considered.
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4.3.2 RF Diffusion coefficient for a Plane Wave

4.3.3 Integration in k-space

The quasilinear diffusion coefficient (4.230), describing the interaction of the electrons
with a given beam b at an harmonic n, is rewritten as

DRF
b,n (p, ξ) = lim

V→∞

e2π

V

∫∫∫
d3k

(2π)3
|Ebk|2

∣∣∣Θb,(n)
k

∣∣∣2 δ (ωb − k‖v‖ − nΩ
)

(4.246)

where,

Θ
b,(n)
k =

1√
2
ebk,+e

−iαJn−1

(
k⊥v⊥

Ω

)
+

1√
2
ebk,−e

+iαJn+1

(
k⊥v⊥

Ω

)
+
p‖

p⊥
ebk,‖Jn

(
k⊥v⊥

Ω

)
(4.247)

Here, the polarization vector in Fourier space

ebk =
Ebk

|Ebk|
(4.248)

is introduced, whose components in the rotating field frame are

ebk,+ =
Ebk,+
|Ebk|

=
Ebk,x + iEbk,y√

2 |Ebk|
(4.249)

ebk,− =
Ebk,−
|Ebk|

=
Ebk,x − iEbk,y√

2 |Ebk|

ebk,‖ =
Ebk,‖

|Ebk|
=
Ebk,z
|Ebk|

The electric field associated with a given ray is described by a plane wave, with given
frequency ωb and wave number kb:

Eb (x, t) = Re
[
Eb0e

i(kb·x−ωbt)
]

= Re
[
Ẽb

]
(4.250)

=
1

2

[
Eb0e

i(kb·x−ωbt) + E∗b0e
−i(kb·x−ωbt)

]
(4.251)

so that

Ebk (k, t) ≡
∫∫∫

d3x e−ik·xEb (x, t)

=
1

2

[
Eb0e

−iωbt
∫∫∫

d3x ei(kb−k)·x + E∗b0e
iωbt

∫∫∫
d3x ei(kb+k)·x

]
=

1

2

[
Eb0e

−iωbtδ (kb − k) + E∗b0e
iωbtδ (kb + k)

]
(4.252)
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The electric field is the sum of two contributions with different frequencies

E+
bk (k) =

1

2
Eb0δ (kb − k) with ω = ωb (4.253)

E−bk (k) =
1

2
E∗b0δ (kb + k) with ω = −ωb (4.254)

Therefore the QL diffusion tensor (4.217) is the sum of these two contributions:

DRF = DRF+ + DRF− (4.255)

associated with the diffusion coefficients

DRF+
b,n (p, ξ) = lim

V→∞

e2π

V

∫∫∫
d3k

(2π)3

∣∣∣∣12Eb0δ (kb − k)

∣∣∣∣2 ∣∣∣Θb+,n
k

∣∣∣2 δ (ωb − k‖v‖ − nΩ
)

(4.256)

DRF−
b,n (p, ξ) = lim

V→∞

e2π

V

∫∫∫
d3k

(2π)3

∣∣∣∣12E∗b0δ (kb + k)

∣∣∣∣2 ∣∣∣Θb−,n
k

∣∣∣2 δ (−ωb − k‖v‖ − nΩ
)

with, using (4.247)

Θ
b+,(n)
k =

1√
2
eb+k,+e

−iαJn−1

(
k⊥v⊥

Ω

)
+

1√
2
eb+k,−e

+iαJn+1

(
k⊥v⊥

Ω

)
+
p‖

p⊥
eb+k,‖Jn

(
k⊥v⊥

Ω

)
(4.257)

Θ
b−,(n)
k =

1√
2
eb−k,+e

−iαJn−1

(
k⊥v⊥

Ω

)
+

1√
2
eb−k,−e

+iαJn+1

(
k⊥v⊥

Ω

)
+
p‖

p⊥
eb−k,‖Jn

(
k⊥v⊥

Ω

)
The polarization components (4.249) are

eb+k,+ =
Eb0,x + iEb0,y√

2 |Eb0|
= eb0,+ (4.258)

eb+k,− =
Eb0,x − iEb0,y√

2 |Eb0|
= eb0,−

eb+k,‖ =
Eb0,z
|Eb0|

= eb0,‖

and

eb−k,+ =
E∗b0,x + iE∗b0,y√

2 |Eb0|
= e∗b0,− (4.259)

eb−k,− =
E∗b0,x − iE∗b0,y√

2 |Eb0|
= e∗b0,+

eb−k,‖ =
E∗b0,z
|Eb0|

= e∗b0,‖
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Expressing the condition k = ±kb from the first delta function in (4.256), we find

DRF+
b,n (p, ξ) = lim

V→∞

e2π

4V

1∣∣v‖∣∣
∫∫∫

d3k

(2π)3
|Eb0|2 δ2 (kb − k)

∣∣∣Θb+,n
k

∣∣∣2 δ(kb‖ − ωb − nΩ

v‖

)
(4.260)

DRF−
b,n (p, ξ) = lim

V→∞

e2π

4V

1∣∣v‖∣∣
∫∫∫

d3k

(2π)3
|E∗b0|

2 δ2 (kb + k)
∣∣∣Θb−,n

k

∣∣∣2 δ(kb‖ − ωb + nΩ

v‖

)
with now (4.257) being

Θ
b+,(n)
k =

1√
2
eb0,+e

−iαbJn−1

(
kb⊥v⊥

Ω

)
+

1√
2
eb0,−e

+iαbJn+1

(
kb⊥v⊥

Ω

)
+
p‖

p⊥
eb0,‖Jn

(
kb⊥v⊥

Ω

)
(4.261)

Θ
b−,(n)
k =

1√
2
e∗b0,−e

−i(αb+π)Jn−1

(
kb⊥v⊥

Ω

)
+

1√
2
e∗b0,+e

+i(αb+π)Jn+1

(
kb⊥v⊥

Ω

)
+
p‖

p⊥
e∗b0,‖Jn

(
kb⊥v⊥

Ω

)
= − 1√

2
e∗b0,−e

−iαbJn−1

(
kb⊥v⊥

Ω

)
− 1√

2
e∗b0,+e

+iαbJn+1

(
kb⊥v⊥

Ω

)
+
p‖

p⊥
e∗b0,‖Jn

(
kb⊥v⊥

Ω

)
(4.262)

where we used the fact that kb is transformed into −kb by changing kb‖ to −kb‖ and αb
to αb + π.

Using the properties of the Bessel functions, and defining n′ = −n,

Jn+1 = (−1)n+1 Jn′−1 (4.263)

Jn−1 = (−1)n−1 Jn′+1

Jn = (−1)n Jn′

so that (4.262) becomes

Θ
b−,(n)
k = (−1)n

[
1√
2
e∗b0,−e

−iαbJn′+1

(
kb⊥v⊥

Ω

)
+

1√
2
e∗b0,+e

+iαbJn′−1

(
kb⊥v⊥

Ω

)
+
p‖

p⊥
e∗b0,‖Jn′

(
kb⊥v⊥

Ω

)]
(4.264)

= (−1)n
(

Θ
b+,(n)′

k

)∗
(4.265)

and the diffusion coefficients become

DRF+
b,n (p, ξ) = lim

V→∞

e2π

4V

1∣∣v‖∣∣
∣∣∣Θb,(n)

k

∣∣∣2 |Eb0|2 δ
(
kb‖ −

ωb − nΩ

v‖

)∫∫∫
d3k

(2π)3
δ2 (kb − k)

(4.266)

DRF−
b,n (p, ξ) = lim

V→∞

e2π

4V

1∣∣v‖∣∣
∣∣∣Θb,(n)′

k

∣∣∣2 |Eb0|2 δ
(
kb‖ −

ωb − n′Ω
v‖

)∫∫∫
d3k

(2π)3
δ2 (kb + k)
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Using Parseval’s theorem,

lim
V→∞

1

V

∫∫∫
d3k

(2π)3
δ2 (kb − k) = lim

V→∞

1

V

∫∫∫
d3x = 1

lim
V→∞

1

V

∫∫∫
d3k

(2π)3
δ2 (kb + k) = lim

V→∞

1

V

∫∫∫
d3x = 1 (4.267)

one obtains

DRF+
b,n (p, ξ) = e2π

1∣∣v‖∣∣ |Eb0|2

4

∣∣∣Θb,(n)
k

∣∣∣2 δ(kb‖ − ωb − nΩ

v‖

)
(4.268)

DRF−
b,n (p, ξ) = e2π

1∣∣v‖∣∣ |Eb0|2

4

∣∣∣Θb,(n)′

k

∣∣∣2 δ(kb‖ − ωb − n′Ω
v‖

)
(4.269)

In the expression (4.234-4.236) for DRF− tensor elements, we subsitute[
1− ξ2 − nΩ

−ωb

]
=

[
1− ξ2 − n′Ω

ωb

]
(4.270)

Then, by redefining n′ → n in the sum over all harmonics for DRF−, we can combine
the two contributions of DRF+ and DRF−, and finally we obtain an expression with one
diffusion coefficient:

DRF
b,n (p, ξ) = e2π

1∣∣v‖∣∣ |Eb0|2

2

∣∣∣Θb,(n)
k

∣∣∣2 δ(kb‖ − ωb − nΩ

v‖

)
= e2π

1∣∣v‖∣∣ |Eb0|2

2

∣∣∣Θb,(n)
k

∣∣∣2 c

ωb
δ
(
Nb‖ −N‖res

)
(4.271)

with (4.261)

Θ
b,(n)
k =

1√
2
eb0,+e

−iαbJn−1

(
kb⊥v⊥

Ω

)
+

1√
2
eb0,−e

+iαbJn+1

(
kb⊥v⊥

Ω

)
+
p‖

p⊥
eb0,‖Jn

(
kb⊥v⊥

Ω

)
(4.272)

Nb‖ =
kb‖c

ωb
(4.273)

N‖res =
c

v‖

(
1− nΩ

ωb

)
=

1

βTe

pTe
p‖

(
γ − n′ωce

ωb

)
(4.274)

where

Ω =
qeB

γme
=
−ωce
γ

with ωce =
eB

me
(4.275)

n′ = −n (4.276)

βTe =
pTe
mec

=
vTe
c

=

√
kTe
mec2

(4.277)
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4.3.4 Incident Energy Flow Density

Relation to the Electric Field

The time-averaged energy flow density in the beam is in general given by

sb = Pb + Tb (4.278)

where

Pb =
1

2
Re
[
Ẽb × H̃∗b

]
(4.279)

is the flow of the electromagnetic energy or Poynting vector, and

Tb = −ε0ωb
4

Ẽ∗b ·
∂KH

∂k
· Ẽb (4.280)

is the kinetic energy flow density where KH is the Hermitian part of the dielectric tensor.
Ẽb is the complex form of the electric field (4.250)

Ẽb = Eb0e
ikb·x−iωbt (4.281)

and the magnetic field H̃b is given by

H̃b =
kb × Ẽb

µ0ωb
=

Nb × Ẽb

µ0c
(4.282)

using the relation Nb = kbωb/c.
The energy flow density (4.278) can be formally rewritten as

sb =
ε0c

2
|Eb0|2 Φb (4.283)

where Φb is a non dimensional vector defined as

Φb = ΦbP + ΦbT (4.284)

with
ΦbP =

µ0c

|Eb0|2
Re
[
Ẽb × H̃∗b

]
(4.285)

and

ΦbT = −1

2
e∗b ·

∂KH

∂N
· eb (4.286)

Using (4.282), we obtain

ΦbP = Re [eb × (Nb × e∗b)]

= Re [Nb − (Nb · eb) e∗b ] (4.287)

In vacuum, Φb = k̂ , unit vector in the direction of propagation, and ΦbT = 0. Here,

eb =
Eb0

|Eb0|
(4.288)

is the polarization vector. The incident power flux on a flux-surface is therefore given by

sbinc =
ε0c

2
|Eb0|2

∣∣∣Φb · ψ̂
∣∣∣ (4.289)

where ψ̂ is the local vector normal to the flux-surface.
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Relation to the ray trajectories

The energy flows in the direction of the group velocity, noted ĝ

ĝb =
Φb

|Φb|
(4.290)

In ray-tracing calculations, this is the direction of the ray trajectories, which are parametrized
by (ψb (s) , θb (s) , φb (s)) where s is the distance along the ray. Therefore ĝb can be deter-
mined from ray-tracing calculations or any other wave propagation model, and we have

sbinc =
ε0c

2
|Eb0|2 |Φb|

∣∣∣ĝb · ψ̂∣∣∣ (4.291)

In DKE calculations, flux-surfaces are discretized on a grid ψl+1/2 and have a finite

volume (). In consequence, the factor
∣∣∣ĝb · ψ̂∣∣∣must be ”integrated” along the ray trajectory

within this volume. We therefore define an incidence factor

f
l+1/2
inc,b =

1

∆lθbl+1/2

∫ ψl+1/2±∆ψl+1/2/2

ψl+1/2∓∆ψl+1/2/2
ds (4.292)

where the ± sign accounts for the fact that the ray may be locally directed either inward
or outward, and where ∆lθbl+1/2 is the local thickness of the flux-surface.

∆lθbl+1/2 =
∆ψl+1/2

|∇ψ|θbl+1/2

=
∆ψl+1/2

Rθbl+1/2B
θb
P,l+1/2

(4.293)

The factor f
l+1/2
inc,b can be numerically calculated from the equilibrium and ray-tracing

data. In the limit of an infinitely thin flux-surface, we have

f
l+1/2
inc,b →

∣∣∣ĝb · ψ̂∣∣∣−1
(4.294)

We therefore substitute

sbinc =
ε0c

2
|Eb0|2

|Φb|
f
l+1/2
inc,b

(4.295)

4.3.5 Narrow Beam Approximation

Let consider a ray which crosses the flux surface at the respective poloidal locations θb.
Here, it is assumed that all electrons interact with the beam, whatever its toroidal location,
because of the axisymmetry. Therefore, calculations are only valid for circulating electrons,
except for those localized on low n order rational q-surfaces, since their trajectories are
exactly periodic in configuration space. Consequently, either they may never crosses the
beam or if they cross it, the quasilinear assumption might likely fail, since some correlations
could remain between two momentum kicks. However, the total weight of these electrons
is marginal, and their contribution to RF power absorption and current generation is
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simply neglected. It is important to recal that trapped particle interaction with RF wave
is not addressed in this code for similar arguments. For all particles whose trajectory is
periodic, a specific treatment of the quasilinear interaction is necessary, which is at this
stage beyond the scope of this development.

If we assume that the extension of the beam power on the flux-surface is very small in
the poloidal directions, we can approximate

sbinc '
Pb,inc

Ab
δ (θ − θb) (4.296)

This assumption is in contradication with the plane-wave decomposition of the RF
beam, since plane waves are essentially present in the entire configuration space. However,
it is assumed that plane waves interfere destructively everywhere except in the beam
region, which can be limited to a narrow poloidal and toroidal extention. By definition,
Ab is determined so that Pb,inc is the total incident power on the flux-surface∫∫

dS sbinc = Pb,inc (4.297)

which gives in the system (ψ, θ, φ) , using (A.199)

1 =

∫ 2π

0
dφ

∫ 2π

0

rR

Ab
∣∣∣ψ̂ · r̂∣∣∣δ (θ − θb) dθ (4.298)

Hence,

Ab =
2πrR∣∣∣ψ̂ · r̂∣∣∣ (4.299)

and the incident power flux is simply

sbinc =
Pb,inc

2πrR

∣∣∣ψ̂ · r̂∣∣∣ δ (θ − θb) (4.300)

Using (4.295) and (4.300),

|Eb0|2

2
=

1

ε0c

1

2πrR

∣∣∣ψ̂ · r̂∣∣∣ f l+1/2
inc,b

|Φb|
δ (θ − θb)Pb,inc (4.301)

For concentric circular flux surfaces, ψ̂ = r̂ , then
∣∣∣ψ̂ · r̂∣∣∣ = 1. We obtain

|Eb0|2

2
=

1

ε0c

1

2πrRp

Ψ

Ψp

f
l+1/2
inc,b

|Φb|
δ (θ − θb)Pb, inc (4.302)

where Ψp (r) = Ψp (r, π/2) = 1 + ε.
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4.3.6 Normalized Diffusion Coefficient

The diffusion coefficient is usually normalized to the collisional diffusion coefficient νep
2
Te,

thus defining

D
RF
b,n(p, ξ) ≡

DRF
b,n (p, ξ)

νep2
Te

(4.303)

with

νe =
e4ne ln Λ

4πε20m
2
ev

3
Te

(4.304)

Using (4.271) and (4.301), the diffusion coefficient (4.303) becomes

D
RF
b,n(p, ξ) = D

RF
b,n,0

∣∣∣Θb,(n)
k

∣∣∣2 γpTe
p |ξ|

δ
(
Nb‖ −N‖res

)
2πδ (θ − θb) (4.305)

with

D
RF
b,n,0 =

1

νep2
Te

1

vTe

π

ωb

e2

ε0

1

4π2rR

∣∣∣ψ̂ · r̂∣∣∣ f l+1/2
inc,b

|Φb|
Pb,inc
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where ωpe is the electron plasma frequency

ωpe =

√
e2ne
ε0me

(4.307)

We also recall the expressions (4.272), (4.274) and (4.284-4.287)

Θ
b,(n)
k =

1√
2
eb0,+e

−iαbJn−1

(
kb⊥v⊥

Ω

)
+

1√
2
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(
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Ω

)
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p‖
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(
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Ω

)
(4.308)

N‖res =
c

v‖

(
1− nΩ

ωb

)
=

1

βTe

pTe
p‖

(
γ − n′ωce

ωb

)
(4.309)

Φb = ΦbP + ΦbT (4.310)

ΦbP = Re [Nb − (Nb · eb) e∗b ] (4.311)

ΦbT = −1

2
e∗b ·

∂KH

∂N
· eb (4.312)

For concentric circular flux surfaces,

D
RF
b,n,0 =

1

rRp

Ψ

Ψp

1

me ln Λ

1

ωbω2
pe

f
l+1/2
inc,b

|Φb|
Pb,inc (4.313)
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4.3.7 Bounce Averaged Fokker-Planck Equation

In the Fokker-Planck equation, the diffusion and convection elements are bounce-averaged
according to the expressions (3.189) and (3.194), which gives, using (4.233-4.236)

DRF(0)
pp =

{
+∞∑

n=−∞

∑
b

(1− ξ2)DRF
b,n (p, ξ)

}
(4.314)

D
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}
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[
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}
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[
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Since 1− ξ2 = Ψ
(
1− ξ2

0

)
,

DRF(0)
pp =
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∑
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(1− ξ2
0)D

RF(0)
b,n (p, ξ0) (4.316)
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where
D

RF(0)
b,n (p, ξ0) =

{
ΨDRF

b,n (p, ξ)
}

(4.317)

and Ω0 is the cyclotron frequency taken at the minimum B value, according to the relation

Ω0 =
eB0

γme
= −ωce,0

γ
=

Ω

Ψ
(4.318)

with

ωce,0 =
eB0

me
(4.319)

Therefore, only the bounce averaged diffusion coefficient D
RF(0)
b,n (p, ξ0) has to be cal-

culated for the different types of RF waves, keeping the same formalism. It is determined
by inserting expression (4.305) into (4.317),
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D
RF(0)
b,n (p, ξ0) =

{
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RF
b,n,0
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δ
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}
(4.320)

which gives

D
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We perform the poloidal integration{
ξ0

ξ
ΨD

RF
b,n,0

∣∣∣Θb,(n)
k

∣∣∣2 2πδ (θ − θb) δ
(
Nb‖ −N‖res

)}
=

1

λq̃

[
1

2

∑
σ

]
T

∫ θmax

θmin

dθ
1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

ξ2
0

ξ2
ΨD

RF
b,n,0

∣∣∣Θb,(n)
k

∣∣∣2 δ (θ − θb) δ
(
Nb‖ −N‖res

)
(4.322)

=
1

λq̃

rθb
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Bθb
P
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(4.323)

with

ψ̂θb = ψ̂(ψ, θb) (4.324)

rθb = r (ψ, θb) (4.325)

Rθb = R (ψ, θb) (4.326)

Bθb = B (ψ, θb) (4.327)

Bθb
P = BP (ψ, θb) (4.328)

Ψθb =
B (ψ, θb)

B0 (ψ)
=
Bθb

B0
(4.329)

ξθb = ξ (ψ, θb, ξ0) = σ
√

1−Ψθb

(
1− ξ2

0

)
(4.330)

and where H (x) is the usual Heaviside step function
Therefore,
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where we define, using (4.308), (4.309) and (4.306),
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N θb
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with
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4.3.8 Bounce Averaged Drift-Kinetic Equation

In the Drift Kinetic equation, the diffusion and convection elements are bounce-averaged
according to the expressions (3.218) and (3.223), which gives, using (4.233-4.236)
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F̃
RF(0)
ξ =

√
1− ξ2

0

pξ3
0

σ

{
σξ (Ψ− 1)

ξ0Ψ2

+∞∑
n=−∞

∑
b

1

ξ2

[
1− ξ2 − nΩ

ωb

]2

DRF
b,n (p, ξ)

}

where

{O} =
1

λq̃

[
1

2

∑
σ

]
T

∫ θmax

θmin

dθ

2π

1∣∣∣ψ̂ · r̂∣∣∣ rRp B

BP

ξ0

ξ
O (4.338)

138



4.3. Radio frequency waves 4. Detailed description of physical processes

Since 1− ξ2 = Ψ
(
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D̃RF(0)
pp =

+∞∑
n=−∞

∑
b

(1− ξ2
0)D̃

RF(0)D
b,n (p, ξ0) (4.339)

D̃
RF(0)
pξ =

+∞∑
n=−∞

∑
b

−
√

1− ξ2
0

ξ0

[
1− ξ2

0 −
nΩ0

ωb

]
D̃

RF(0)D
b,n (p, ξ0) (4.340)

D̃
RF(0)
ξp =

+∞∑
n=−∞

∑
b

−
√

1− ξ2
0

ξ0

[
1− ξ2

0 −
nΩ0

ωb

]
D̃

RF(0)D
b,n (p, ξ0) (4.341)

D̃
RF(0)
ξξ =

+∞∑
n=−∞

∑
b

1

ξ2
0

[
1− ξ2

0 −
nΩ0

ωb

]2

D̃
RF(0)D
b,n (p, ξ0) (4.342)

F̃RF(0)
p =

√
1− ξ2

0

pξ3
0

+∞∑
n=−∞

∑
b

−
√

1− ξ2
0

ξ0

[
1− ξ2

0 −
nΩ0

ωb

]
D̃

RF(0)F
b,n (p, ξ0) (4.343)

F̃
RF(0)
ξ =

√
1− ξ2

0

pξ3
0

+∞∑
n=−∞

∑
b

1

ξ2
0

[
1− ξ2

0 −
nΩ0

ωb

]2

D̃
RF(0)F
b,n (p, ξ0)

where

D̃
RF(0)D
b,n (p, ξ0) = σ

{
σ
ξ

ξ0
DRF
b,n (p, ξ)

}
(4.344)
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}
and Ω0 is the cyclotron frequency taken at the minumum B value, as defined for the
Fokker-Planck equation. Therefore, only the two bounce averaged diffusion coefficient

D̃
RF(0))D
b,n (p, ξ0) and D̃

RF(0)F
b,n (p, ξ0) have to be calculated for the different types of RF

waves, keeping also the same formalism. It is important to recall that only |ξ0| = σξ0 can
be put outside the {} corresponding of the bounce-averaging integral.

These coefficient are determined by inserting expression (4.305) into (4.317),
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We perform the poloidal integration
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where H (x) is the usual Heaviside step function and D
RF,θb
b,n,0 is given by (4.331).

Therefore, we find
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4.3.9 Modeling of RF Waves

The quasilinear diffusion coefficients (4.331), (4.349) and (4.350) describe the interaction
between electrons and a discrete set (b) of RF plane waves (4.250) with frequencies ωb.
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In addition, we can linearly superpose a discrete set of plane waves with the same fre-
quency but different parallel wave number k‖ because of the linearity of the QL operator
(4.188) in k. This set of plane waves is typically represented by rays. Each ray is char-
acterized by: the wave frequency ωb, the poloidal location θb, the index of refraction Nb,
the polarization vector eb and the power flow Φb. In general, the ray propagation path
(rb, θb) and the evolution of the index of refraction Nb are determined by ray-tracing (RT)
calculations. When the wave properties are determined by RT calculations, the launched
power spectrum in k‖ is typically decomposed in an array of rays with different poloidal
launching angle and/or k‖ power spectrum. This distribution depends on the antenna
and other launching parameters. The evolution of each ray is determined separately, by
the RT code, and the contributions of each ray to wave-particle interaction are separately
accounted for in the sum over b in (4.233-4.236). The separation of these contributions is
justified if their k‖ power spectrums do not overlap.

We do not address the RT problem in this work. Therefore, we assume that the path
θb (ψ) and the parallel index of refraction Nb‖ are determined either by coupling of DKE
to a RT code, or by any other propagation model. RT calculations require to calculate the
dispersion tensor and solve the dispersion relation, and therefore they can provide input
for the remaining wave properties (Nb⊥, eb,Φb). However, these properties can also be
determined by solving locally the wave equation, once ψ, θb and N‖ are known. Keeping
the calculation of (Nb⊥, eb,Φb) within DKE allows us to use a more advanced model -
such as the fully relativistic dispersion solver R2D2 - for the evaluation of these important
wave properties. A numerical code is required to solve the wave equation, and evaluate the
diffusion coefficient (4.331) in the general case. However, it is possible to obtain analytic
expressions in some cases, assuming that the waves can be treated in the cold plasma limit.

The calculation of D
RF(0)
b,n (p, ξ0) in the cold plasma model is performed in Appendix D. In

addition, simplified expression and the comparison with operators used in the litterature
are given for lower-hybrid (LH) and electron-cyclotron (EC) waves in appendices D.2 and
D.3 respectively.

Note that the cold plasma model, if used in the RT calculations, does not account for
the wave-particle interaction and the power absorption from the rays. The power absorbed
from each ray and deposited on electrons can be evaluated if a hot plasma model is used,
but even then, the calculation is not consistent with DKE because quasilinear effects are
not accounted for. In order to have a consistency between RT and DKE calculations, the
power absorption calculated by DKE must be inserted back in the RT calculations. In
the case where rays turn back toward the edge (as it can happen in LHCD), iterations
between RT and DKE calculations are necessary to ensure self-consistency.

Modeling of RF k‖ spectrum

We consider two different models for the k‖ spectrum of a given ray.

Square power spectrum in k‖ Here, the power spectrum of a given ray is taken as
being constant in N‖ between two limits Nb‖min and Nb‖max. Therefore, we operate the
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following transformation

δ
(
N‖ −N‖res,b

)
→ 1

∆Nb‖
H
(
N‖res,b −Nb‖min

)
H
(
Nb‖max −Nb‖res,b

)
(4.351)

where
∆Nb‖ = Nb‖max −Nb‖min (4.352)

In this case, the RT calculations and wave equation are solved for the central value.

Nb‖,0 =
Nb‖max +Nb‖min

2
(4.353)

which is a good approximation only when

∆bN‖

Nb‖,0
� 1 (4.354)

For simplification and benchmarking purposes, in LHCD, one can consider only one
ray with a square spectrum. Then, the limits Nb‖min and Nb‖max are respectively given
by the accessibility condition and the condition for strong linear Laudau damping.

Gaussian power spectrum in k‖ The power spectrum of a given ray can be assumed
to have a Gaussian dependence on N‖, centered around a value Nb‖,0 and with a Gaussian
width ∆Nb‖. Then, we operate the transformation

δ
(
Nb‖ −N‖res

)
→ 1√

π∆Nb‖
exp

[
−
(
N‖res −Nb‖,0

)2
∆N2

b‖

]
(4.355)

In this case too, the RT calculations and wave equation are solved for the central value
Nb‖,0, which is a good approximation only when

∆bN‖

Nb‖,0
� 1 (4.356)

For simplification and benchmarking purposes, in ECCD, one can consider only one
ray with a Gaussian spectrum. Then, the wave properties Nb‖,0 and ∆Nb‖ are determined
by the beam characteristics, as described in 4.3.9.

Beam size and power spectrum

If we consider a Gaussian beam of waist d, of negligible diffraction angle, and of negligible
dispersion, such that the wave vector is in the direction of the beam, and N ' 1, we get
that by the properties of Fourier transform, the width ∆N‖ is related to the beam waist
d as

∆N‖ =
N⊥
N

c

ωd
(4.357)

This conditions are approximately satisfied for EC beamsif the density is low (ωpe � ω).
Then, and we can verify that for a beam waist of a few centimeters (d = 5 cm, f = 110

GHz, N‖ ' 0.2→ ∆N‖ ' 0.01), the condition (4.356) is satisfied, and there is no nead to
decompose the beam spectrum into many rays.
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Chapter 5

Numerical calculations

5.1 Bounce integrals

The numerical calculation of bounce coefficients requires an integration over θ which can
be expressed symbolically as

I (ψ, ξ0) =

∫ θmax

θmin

dθ

2π
F (ψ, θ, ξ0;BR, BZ , Bφ, R, Z) (5.1)

where BR, BZ , Bφ, R, Z are functions of (ψ, θ). They are given on a uniform grid of Nθ

points in θ

θj =
2πj

Nθ − 1
, j = 0, 1, · · · , Nθ − 1 (5.2)

Domain of Integration It is very important to account for the entire bounce path of
the particle, including in particular the tip of banana orbits near θT min and θT max. The
contribution of these banana tips is often larger than the dθ = 2π/(Nθ−1) accuracy level,
because F (θ) can become very large near the turning points. This is true for example in
the calculation of λ, since F (θ) ∼ 1/ξ and ξ → 0 at the turning points. It is therefore
crucial to perform the integration up to θT min and θT max. However, these boundaries are
defined by (2.28) and (2.29)

B (ψ, θT ) = Bb (ψ, ξ0) =
B0 (ψ)

1− ξ2
0

(5.3)

which in general do not coincide with a grid points. In order to calculate θT , we impose
that the values of the data BR, BZ , Bφ, R, Z in θT be obtained by linear interpolation,
while the value of B (ψ, θT ) is obtained from (2.30).

We consider the magnetic field Bb (ψ, ξ0) at the turning point θT min to be located
between the two (consecutive) values B1 (ψ, θ1) and B2 (ψ, θ2) on the (ψ, θ) grid. These
values are determined from the three components issued by the equilibrium code simply
by

B1 (ψ, θ1) =
√
B2
R (ψ, θ1) +B2

Z (ψ, θ1) +B2
φ (ψ, θ1) (5.4)

B2 (ψ, θ2) =
√
B2
R (ψ, θ2) +B2

Z (ψ, θ2) +B2
φ (ψ, θ2) (5.5)
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5.1. Bounce integrals 5. Numerical calculations

We choose to define the values of BR, BZ and Bφ at the location θT by linear interpo-
lation:

Bi (ψ, θT ) = Bi1 +
(θT − θ1)

(θ2 − θ1)
(Bi2 −Bi1) (5.6)

where i = R,Z, φ. Then, the location θT of the turning point can be calculated by requiring
that the relation

Bb (ψ, ξ0) = B (ψ, θT ) =
√
B2
R (ψ, θT ) +B2

Z (ψ, θT ) +B2
φ (ψ, θT ) (5.7)

be satisfied. This implies

B2
R (ψ, θT ) +B2

Z (ψ, θT ) +B2
φ (ψ, θT ) = B2

b (ψ, ξ0) (5.8)

and then ∑
i=R,Z,φ

[
Bi1 +

(θT − θ1)

(θ2 − θ1)
(Bi2 −Bi1)

]2

−B2
b (ψ, ξ0) = 0 (5.9)

Defining

α =
(θT − θ1)

(θ2 − θ1)
(5.10)

we find ∑
i=R,Z,φ

(Bi2 −Bi1)2

α2 + 2

 ∑
i=R,Z,φ

Bi1 (Bi2 −Bi1)

α+
∑

i=R,Z,φ

B2
i1 −B2

b (ψ, ξ0) = 0

(5.11)
which solves as

α =

±
√

[
∑

iBi1 (Bi2 −Bi1)]2 −
[∑

i (Bi2 −Bi1)2
] [∑

iB
2
i1 −B2

b

]
−
∑

iBi1 (Bi2 −Bi1)∑
i (Bi2 −Bi1)2

(5.12)
We have √√√√[∑

i

Bi1 (Bi2 −Bi1)

]2

−

[∑
i

(Bi2 −Bi1)2

][∑
i

B2
i1 −B2

b (ψ, ξ0)

]

=

√
(BR1BR2 +BZ1BZ2 +Bφ1Bφ2)2 −B2

1B
2
2

+
[
B2

2 +B2
1 − 2 (BR2BR1 +BZ2BZ1 +Bφ2Bφ1)

]
B2
b (ψ, ξ0)

=

√(
Y −B2

b

)2 − (B2
b −B2

1

) (
B2
b −B2

2

)
(5.13)

with
Y = BR1BR2 +BZ1BZ2 +Bφ1Bφ2 (5.14)

so that

αb =
±
√(

Y −B2
b

)2 − (B2
b −B2

1

) (
B2
b −B2

2

)
+B2

1 − Y
B2

1 +B2
2 − 2Y

(5.15)
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and finally

θT = θ1 + (θ2 − θ1)
±
√(

Y −B2
b

)2 − (B2
b −B2

1

) (
B2
b −B2

2

)
+B2

1 − Y
B2

1 +B2
2 − 2Y

(5.16)

We must choose (numerically) the solution that gives 0 ≤ αb ≤ 1. Note that if the
magnetic fields in points 1 and 2 are equal, we have Y = B2

1 = B2
2 = B2

b .

Numerical Integration Once the two turning points have been added to the θ grid,
now noted θ̃j , j = 0, 1, 2, · · ·Nθ + 1, we define the half grid

θk =

(
θ̃k+1 + θ̃k

)
2

, k = 0, 1, 2, · · ·Nθ (5.17)

and calculate the discrete function

Fk = F
(
ψ, θk, ξ0;BRk, BZk, Bφk, Rk, Zk

)
(5.18)

where BRk, BZk, Bφk, Rk, Zk have been calculated on the grid θk by linear interpolation,
and the step dθk, defined by

dθk = θ̃k+1 − θ̃k, k = 0, 1, 2, · · ·Nθ (5.19)

so that the integral becomes

I (ψ, ξ0) =
1

2π

Nθ∑
k=0

dθkFk (5.20)

5.2 Grid definitions

The drift kinetic equation may be solved by different numerical techniques. Here one of the
most natural approach is described, namely the finite difference method, which is based
on the transformation of a differential equation into an algebraic one. The volume V on
which the drift kinetic equation is solved is characterized by three dimensions (ψ, p, ξ0) ,
and, the time evolution is introduced with the parameter t.

Since the drift kinetic equation is expressed in conservative form, it is natural to define
the grids for the flux S grid as the starting point of the numerical calculations.

S (tk, ψl, pi, ξ0,j)→


tk ∈ [0,+∞] , k → {0, nt}
ψl ∈ [0, ψa] , l→ {0, nψ}
pi ∈ [0, pmax] , i→ {0, np}
ξ0,j ∈ [−1, 1] , j → {0, nξ0}

(5.21)

This grid system defines a set of cells of non-uniform sizes characterized by index
numbers which, by definition, are integers. The distribution function f is represented
by its values inside these cells, as shown in Fig.5.1 for the momentum dynamics. With
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cmcm

 f0 l+1/2,i+1/2,j+1/2

 Sp
  Sξ

 pi  p i+1

  ξ
0j+1

  ξ
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Figure 5.1: Grid definition for the momentum dynamics

this form, the conservative nature of the problem is preserved numerically, avoiding the
occurence of spurious numerical fluxes which lead to wrong estimate of the solution.

f
(
tk, ψl+1/2, pi+1/2, ξ0j+1/2

)
→



tk ∈ [0,+∞] , k → {0, nt}
ψl+1/2 ∈

[
0 +

∆ψ1/2

2 , a− ∆ψnr−1/2

2

]
, l→ {0, nψ − 1}

pi+1/2 ∈
[

∆p1/2

2 , pmax −
∆pnp−1/2

2

]
, i→ {0, np − 1}

ξ0j+1/2 ∈
[
−1 +

∆ξ0,1/2
2 , 1−

∆ξ0,nξ0−1/2

2

]
, j → {0, nξ0 − 1}

(5.22)

5.2.1 Momentum space

Momentum dynamic in p and pitch-angle ξ0 being independent, the position of pi+1/2 in
between pi and pi+1, and of ξ0,j+1/2 in between ξ0,j and ξ0,j+1 is an arbitrary choice. The
most simple and natural one is to place the point where the distribution function f is
determined exactly in the middle of the cell,{

pi+1/2 = pi+pi+1

2

ξj+1/2 =
ξ0,j+ξ0,j+1

2

(5.23)

Then, intervals on the different grids are
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5.2. Grid definitions 5. Numerical calculations



∆pi+1 = pi+3/2 − pi+1/2

∆pi+1/2 = pi+1 − pi
∆pi = pi+1/2 − pi−1/2

∆ξ0,j+1 = ξ0,j+3/2 − ξ0,j+1/2

∆ξ0,j+1/2 = ξ0,j+1 − ξ0,j

∆ξ0,j = ξ0,j+1/2 − ξ0,j−1/2

(5.24)

where

∆pi+1 = pi+3/2 − pi+1/2

= pi+3/2 − pi+1 + pi+1 − pi+1/2

=
∆pi+3/2

2
+

∆pi+1/2

2
(5.25)

∆ξ0,j+1 = ξ0,j+3/2 − ξ0,j+1/2

= ξ0,j+3/2 + ξ0,j+1 − ξ0,j+1 − ξ0,j+1/2

=
∆ξ0,j+3/2

2
+

∆ξ0,j+1/2

2
(5.26)

It is important to note that the need of a non-uniform momentum grid is justified by
the 3 −D approach of the numerical code. Indeed, since all radii are considered at each
time step, ans since plasma temperature is usually much lower at the edage than at the
plasma center, this requires a finer mesh close to p = 0, in order to describe momentum
dynamics at all radii with a single p grid. Moreover, this argument holds for the case of
multi-species drift kinetic calculations, since ion velocities are much lower than electron
ones.

5.2.2 Configuration space

By an appropriate bounce averaging, the number of dimension is reduced to one, i.e. the
radial one. As for the dynamics in momentum space, the point where the distribution
function f is determined is chosen exactly in the middle of the cell,

ψl+1/2 =
ψl + ψl+1

2
(5.27)

and the intervals on the different grids are,
∆ψl+1 = ψl+3/2 − ψl+1/2

∆ψl+1/2 = ψl+1 − ψl
∆ψl = ψl+1/2 − ψl−1/2

(5.28)

where

∆ψl+1 = ψl+3/2 − ψl+1/2 (5.29)

= ψl+3/2 − ψl+1 + ψl+1 − ψl+1/2

=
∆ψl+3/2

2
+

∆ψl+1/2

2
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Link between momentum and configuration grids

When the bounce averaged drift kinetic equation is solved, the distribution function f (0) ≡
f (B = B0) is determined by definition at the poloidal angle value where the magnetic field
is minimal on a given magnetic flux surface as shown in Sec.2.2.1. It is indeed the only
common poloidal point on the magnetic flux surface that is crossed by trajectories of both
trapped and circulating electrons. In momentum space, the dynamics of trapped and
passing particles is characterized by an interval boundary which is defined by the relation

ξ2
0T (ψ) = 1− B0 (ψ)

Bmax (ψ)
(5.30)

From relation (5.30), it is clear that momentum and radial grids are no more fully
independent. In order to achieve calculations with a high numerical accuracy, the pitch-
angle flux grid is therefore chosen so that there exists an index number jl where the
following condition is exactly fullfiled1,

ξ2
0T,jl

(ψl) = 1− B0 (ψl)

Bmax (ψl)
(5.31)

With this definition, the trapped passing boundaries are consistent with both pitch-angle
and spatial flux grids. Obviously, the use of a non-uniform pitch-angle flux grid is fully
necessary, because of this numerical requirement. Hence, if the number of radial points
for the flux grid is arbitrary by definition, the number of points for the pitch-angle grid
has a lower limit. It is straightforward to give a rough estimate, in order to evaluate the
numerical size of the objects in the code. Let nψ being the number of flux grid points,
nξ0 ≥ 6nψ + 7, since at least each trapped passing boundary on the pitch-angle flux grid
must be framed by two consecutive neighbors points, on each side, for ξ0 > 0 et ξ0 ≤ 0
domains. In addition, accurate calculations must be performed at ξ0 (3 points) et at
|ξ0| = 1 (4 points). Hence, for nψ = 30, nξ0 ≥ 187.

5.2.3 Time grid definition

Time evolution is also projected on a numerical grid,

tk = k∆t (5.32)

which is taken uniform for two reasons. First, in the numerical approach here considered,
the algorithm, as discussed in Sec. 6.1.1, is mainly dedicated to the fast determination of
the asymptotic stationary solution limt→+∞ f (ψ, t, p, ξ0) = f (∞) (ψ, p, ξ0) , and therefore
time step values must fulfill the condition ∆t � 1. In this limit, the time t used in the
iterative procedure because of the weak non-linearities of the collision operator, acts mainly
as a regularization parameter, when matrix to be inverted is close to be ill-conditionned.
Furthermore, with a non-uniform time grid, matrix must be calculated at each time step,
which prevents the use of the very efficient incomplete LU matrix factorization technique,

1This choice is possible, since bounce integrals are determined numerically from magnetic equilibrium
codes, and therefore, no singularity is encountered.
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as discussed in Sec. 6.2.2, a procedure that allows to reduce considerably computer time
consumption. Since the code is expected to be incorporate in a chain of codes, in order
to obtain self-consistent magnetic equilibrium, wave propagation and kinetic calculations,
this is therefore the only choice that can be considered.

5.3 Discretization procedure

5.3.1 Zero order term: Fokker-Planck equation

The starting point of the numerical calculations for the Fokker-Planck equation is the
following expression

∂f
(0)
0

∂t
+

1

p2

∂

∂p

(
p2S(0)

p

)
− 1

λ

1

p

∂

∂ξ0

(√
1− ξ2

0λS
(0)
ξ

)
+

B0 (ψ)

λ (ψ, ξ0) q̃ (ψ)

∂

∂ψ

(
R0 (ψ) q̃ (ψ)

BP0 (ψ)

B0 (ψ)
λ (ψ, ξ0) S

(0)
ψ

)
= S(0)

R (5.33)

where S
(0)
R is the bounce-averaged avalanche source term that comes into play in runaway

regime. In order to avoid numerical singularities at p = 0, it is convenient to multiply all
the terms by the partial Jacobian

JψJp =
q̃ (ψ)

B0 (ψ)
p2 (5.34)

which leads to the equivalent form

∂

[
q̃ (ψ)

B0 (ψ)
p2f

(0)
0

]
/∂t

+
q̃ (ψ)

B0 (ψ)

∂

∂p

(
p2S(0)

p

)
− q̃ (ψ)

B0 (ψ)

p

λ (ψ, ξ0)

∂

∂ξ0

(√
1− ξ2

0λ (ψ, ξ0) S
(0)
ξ

)
+

p2

λ (ψ, ξ0)

∂

∂ψ

(
R0 (ψ) q̃ (ψ)

BP0 (ψ)

B0 (ψ)
λ (ψ, ξ0) S

(0)
ψ

)
=

q̃ (ψ)

B0 (ψ)
p2
RS

(0)
R (5.35)

Using the grid definition defined in Sec.5.2 and applying the backward time discretiza-
tion, which corresponds to the fully implicit time differencing as discussed in Sec. 6.1.1,
the discrete form of the Fokker-planck equation may be expressed as
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q̃l+1/2

B0,l+1/2
p2
i+1/2

f
(0)(k+1)
0,l+1/2,i+1/2,j+1/2 − f

(0)(k)
0,l+1/2,i+1/2,j+1/2

∆t

+
q̃l+1/2

B0,l+1/2

∂
(
p2S

(0)
p

)
∂p

∣∣∣∣∣∣
(k+1)

l+1/2,i+1/2,j+1/2

−
q̃l+1/2

B0,l+1/2

pi+1/2

λl+1/2,j+1/2
×

∂

∂ξ0

(√
1− ξ2

0λS
(0)
ξ

)∣∣∣∣(k+1)

l+1/2,i+1/2,j+1/2

+
p2
i+1/2

λl+1/2,j+1/2
×

∂

∂ψ

(
R0q̃

BP0

B0
λS

(0)
ψ

)∣∣∣∣(k+1)

l+1/2,i+1/2,j+1/2

=
q̃l+1/2

B0,l+1/2
p2
i+1/2S

(0)
R,l+1/2,i+1/2,j+1/2 (5.36)

where q̃l+1/2 = q̃
(
ψl+1/2

)
, B0,l+1/2 = B0

(
ψl+1/2

)
and λl+1/2,j+1/2 = λ

(
ψl+1/2, ξ0,j+1/2

)
.

In a compact form

q̃l+1/2

B0,l+1/2
p2
i+1/2

f
(0)(k+1)
0,l+1/2,i+1/2,j+1/2 − f

(0)(k)
0,l+1/2,i+1/2,j+1/2

∆t

+
q̃

B0
p2∇p · S(0)

p

∣∣∣∣(k+1)

l+1/2,i+1/2,j+1/2

+
q̃

B0
p2∇ψ · S

(0)
ψ

∣∣∣∣(k+1)

l+1/2,i+1/2,j+1/2

=
q̃l+1/2

B0,l+1/2
p2
i+1/2S

(0)
R,l+1/2,i+1/2,j+1/2 (5.37)

where

q̃

B0
p2∇p · S(0)

p

∣∣∣∣(k+1)

l+1/2,i+1/2,j+1/2

=
q̃l+1/2

B0,l+1/2

∂
(
p2S

(0)
p

)
∂p

∣∣∣∣∣∣
(k+1)

l+1/2,i+1/2,j+1/2

−
q̃l+1/2

B0,l+1/2

pi+1/2

λl+1/2,j+1/2
×

∂

∂ξ0

(√
1− ξ2

0λS
(0)
ξ

)∣∣∣∣(k+1)

l+1/2,i+1/2,j+1/2

(5.38)
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and

q̃

B0
p2∇ψ · S

(0)
ψ

∣∣∣∣(k+1)

l+1/2,i+1/2,j+1/2

=
p2
i+1/2

λl+1/2,j+1/2
×

∂

∂ψ

(
R0q̃

BP0

B0
λS

(0)
ψ

)∣∣∣∣(k+1)

l+1/2,i+1/2,j+1/2

(5.39)

5.3.2 First order term: Drift kinetic equation

Since the first order drift kinetic equation may be also expressed in a conservative form
as for the Fokker-Planck one as shwon in Sec. 3.5.5, a similar formalism may be kept. In
that case,

1

p2

∂

∂p

(
p2S(0)

p

)
− 1

λ (ψ, ξ0)

1

p

∂

∂ξ0

(√
1− ξ2

0λ (ψ, ξ0) S
(0)
ξ

)
=

1

p2

∂

∂p

(
p2S̃(0)

p

)
− 1

λ (ψ, ξ0)

1

p

∂

∂ξ0

(√
1− ξ2

0λ (ψ, ξ0) S̃
(0)
ξ

)
(5.40)

where in the left-hand side, the fluxes concern the function g(0) (ψ, p, ξ0) which is to be

determined, knowing S̃
(0)
p and S̃

(0)
ξ from the spatial derivative of f

(0)
0 (ψ, p, ξ0) given by the

zero order Fokker-Planck equation. Multiplying also both sides by the partial Jacobian
JψJp defined in Sec. 3.5.1, one obtains

∂

∂p

(
p2S(0)

p

)
− p

λ (ψ, ξ0)

∂

∂ξ0

(√
1− ξ2

0λ (ψ, ξ0) S
(0)
ξ

)
=

∂

∂p

(
p2S̃(0)

p

)
− p

λ (ψ, ξ0)

∂

∂ξ0

(√
1− ξ2

0λ (ψ, ξ0) S̃
(0)
ξ

)
(5.41)

and the discrete form of the first order drift kinetic equation is then simply

∂
(
p2S

(0)
p

)
∂p

∣∣∣∣∣∣
(k)

l+1/2,i+1/2,j+1/2

−
pi+1/2

λl+1/2,j+1/2
×

∂

∂ξ0

(√
1− ξ2

0λS
(0)
ξ

)∣∣∣∣(k)

l+1/2,i+1/2,j+1/2

=
∂
(
p2S̃

(0)
p

)
∂p

∣∣∣∣∣∣
(k)

l+1/2,i+1/2,j+1/2

−
pi+1/2

λl+1/2,j+1/2
×

∂

∂ξ0

(√
1− ξ2

0S̃
(0)
ξ

)∣∣∣∣(k)

l+1/2,i+1/2,j+1/2

(5.42)
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5.4 Zero order term: the Fokker-Planck equation

5.4.1 Momentum dynamics

Fokker-Planck equation In this section, only the electron dynamics in momentum
space is discussed, at fixed ψl+1/2. Hence

q̃

B0
p2∂f

(0)

∂p

∣∣∣∣∣
(k+1)

l+1/2,i+1/2,j+1/2

=
q̃l+1/2

B0,l+1/2

∂
(
p2S

(0)
p

)
∂p

∣∣∣∣∣∣
(k+1)

l+1/2,i+1/2,j+1/2

−
q̃l+1/2

B0,l+1/2

pi+1/2

λl+1/2,j+1/2
×

∂

∂ξ0

(√
1− ξ2

0λS
(0)
ξ

)∣∣∣∣(k+1)

l+1/2,i+1/2,j+1/2

(5.43)

where  S
(0)
p = −D(0)

pp
∂f

(0)
0
∂p +D

(0)
pξ

√
1−ξ2

0

p
∂f

(0)
0
∂ξ0

+ F
(0)
p f

(0)
0

S
(0)
ξ = −D(0)

ξp
∂f

(0)
0
∂p +D

(0)
ξξ

√
1−ξ2

0

p
∂f

(0)
0
∂ξ0

+ F
(0)
ξ f

(0)
0

(5.44)

Here, diffusion cross-terms between momentum and configuration spaces are neglected,

i.e. D
(0)
pψ = D

(0)
ψp = D

(0)
ξψ = D

(0)
ψξ = 0. By definition, the discretization procedure must pre-

serve the conservative nature of the momentum dynamics, as discussed in Sec. 3.5.1, and
therefore, careful attention must be paid how to proceed from Eq. 5.4.1, in particular
when diffusion or convection coefficients vary strongly on a grid step. Moreover, boundary
conditions on flux grid must be as much as possible naturaly satisfied by the discrete form
of the Fokker-Planck equation. Indeed, cross-derivatives never satisfy this condition simul-
taneously along the momentum and pitch-angle directions, and consequently additional
external boundary conditions must be added to enforce this condition.

There are several ways to perform the discretization of the cross-derivatives. Since D
(0)
pξ

andD
(0)
ξp terms do not contribute to the Maxwellian solution when no external perturbation

is applied, it is not necessary to perform an interpolation between full and half grids for
cross-derivatives in order to ensure a correct numerical flux balance in momentum space.
In that case, the usual procedure is simply to center differences, as done in this section.
However, there is a much more complex approach, but also more consistent one with
respect to the use two grids, one for the fluxes and the other for the distribution, which
is also presented in Appendix F. However, because of its complexity, it has not been yet
implemented in the code even if this approach is in principle better designed for non-

uniform grids with strong localized variations of D
(0)
pξ and D

(0)
ξp .
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The starting point of the discretization procedure is the following expressions

∂
(
p2S
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p

)
∂p

=
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+
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(5.45)

∂
(√
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)
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=
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(
D

(0)
ξξ

1− ξ2
0

p
λ
∂f

(0)
0

∂ξ0

+
√

1− ξ2
0λF

(0)
ξ f

(0)
0

)
− ∂

∂ξ0

(√
1− ξ2

0λD
(0)
ξp

)
∂f

(0)
0

∂p

−
√

1− ξ2
0λD

(0)
ξp

∂2f
(0)
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(5.46)

where cross-derivatives terms have been developped directly from analytical formulas, and
considered in separately. Here, it is assumed in an implicit manner that derivatives of

pD
(0)
pξ and

√
1− ξ2

0λD
(0)
ξp exists.

Hence
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with

T [1] =
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T [3] = +
√
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Discrete expressions of the partial derivatives are,
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and cross-derivatives
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while other derivatives become in discrete form
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and
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By definition, cross-derivatives are symmetric. Furthermore, the derivative

∂

∂ξ0

(√
1− ξ2

0λD
(0)
ξp

)
(5.65)

must be taken on the flux grid in order to fullfil naturally boundary condition at |ξ0| = 1

and avoid to specify D
(0)
ξp at this momentum space location. It is a crucial point, especially

for the Lower Hybrid and the Ohmic current drive problems, since this domain of the
momentum space plays a very important role for the determination of the plasma current
level.

Since the distribution function is defined on the half grid, while fluxes on the full grid,

it is necessary to interpolate, because in some derivatives, values of f
(0)
0 are taken on the

full grid. In a general way, whatever the detailed value of the weighting factor δ(0) which

will be discussed in the Sec. 5.4.3, one may write for the terms proportional to D
(0)
pp and

F
(0)
p ,

f
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and for terms proportional to D
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ξξ and F
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Gathering all terms, corresponding matrix coefficients for the zero order Fokker-Planck
equation may be expressed as
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pi+1/2

∆pi+1 + ∆pi

√
1− ξ2

0,j+1/2

∆ξ0,j+1 + ∆ξ0,j
D

(0)
pξ,l+1/2,i+1/2,j+1/2

+
pi+1/2

∆pi+1 + ∆pi

√
1− ξ2

0,j+1/2

∆ξ0,j+1 + ∆ξ0,j
D

(0)
ξp,l+1/2,i+1/2,j+1/2 (5.80)

For each coefficient, identical diffusion and convection terms appear, which must be
evaluated for all physical processes that take place in the plasma (RF, Ohmic electric field,
...),

D
(0)

p →



D
(0)
pp,l+1/2,i+1,j+1/2

D
(0)
pp,l+1/2,i,j+1/2

D
(0)
pξ,l+1/2,i+1,j+1/2

D
(0)
ξp,l+1/2,i+1/2,j+1

D
(0)
pξ,l+1/2,i+1/2,j+1/2

D
(0)
ξp,l+1/2,i+1/2,j+1/2

D
(0)
pξ,l+1/2,i,j+1/2

D
(0)
ξp,l+1/2,i+1/2,j

D
(0)
ξξ,l+1/2,i+1/2,j+1

D
(0)
ξξ,l+1/2,i+1/2,j

(5.81)
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and

F
(0)

p →


F

(0)
p,l+1/2,i+1,j+1/2

F
(0)
p,l+1/2,i,j+1/2

F
(0)
ξ,l+1/2,i+1/2,j+1

F
(0)
ξ,l+1/2,i+1/2,j

(5.82)

Knock-on source term The knock-on source term must be evaluated at each radial
position ψl+1/2, and also at each momentum and pitch-angle positions

(
pi+1/2, ξ0,j+1/2

)
in

momentum space. However, the poloidal position of the birth of the secondary electron
plays a crucial role in the calculations, that significantly increases the difficulty of the
problem.

As discussed in Sec. 7.2,

S(0)
R =

∫ t
−∞ 〈ΓR〉V dt
π ln Λ†

1

p

1

γ (γ − 1)

B0

λq̃

|ξ0|(
1− ξ2

0

)2
 1∣∣∣ψ̂ · r̂∣∣∣ r

BP

1

|Ψ′ |


θ∗

(5.83)

where γ =
√

1 + β†2thp
2, ξ∗2 =

√
(γ − 1) / (γ + 1) and the poloidal angle θ∗ is defined by

the relation

Ψ (ψ, θ∗) =
1− ξ∗2

1− ξ2
0

=
2

(1 + γ)
(
1− ξ2

0

) (5.84)

.On the discrete mesh, the source term S(0)
R at grid point (l + 1/2, i+ 1/2, j + 1/2) becomes

S(0)
R,l+1/2,i+1/2,j+1/2 =

∫ t
−∞ 〈ΓR〉V dt

∣∣∣
l+1/2

π ln Λ†Rp

1

pi+1/2

1

γi+1/2

(
γi+1/2 − 1

) B0,l+1/2

λl+1/2q̃l+1/2

∣∣ξ0,j+1/2

∣∣(
1− ξ2

0,j+1/2

)2

×

 r∣∣∣ψ̂ · r̂∣∣∣ 1

BP

1

|Ψ′ |


θ∗
l+1/2,i+1/2,j+1/2

(5.85)

where θ∗l+1/2,i+1/2,j+1/2 is determined from the relation

Ψ
(
ψl+1/2, θ

∗
l+1/2,i+1/2,j+1/2

)
=

2(
1 + γi+1/2

) (
1− ξ2

0,j+1/2

) (5.86)

on each flux surface ψl+1/2. Here∣∣∣Ψ′∣∣∣
θ∗
l+1/2,i+1/2,j+1/2

=
1

B0,l+1/2

dB

dθ

(
ψl+1/2, θ

∗
l+1/2,i+1/2,j+1/2

)
(5.87)

For numerical convenience and for avoiding singularities at boundaries of the inte-

gration domain, the source term S(0)
R,l+1/2,i+1/2,j+1/2 must be multiplied by a part of the
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Jacobian J , i.e.JψJp, and matrix coefficients in the Fokker-Planck equations are

q̃l+1/2

B0,l+1/2
p2
i+1/2S

(0)
R,l+1/2,i+1/2,j+1/2 =

∫ t
−∞ 〈ΓR〉V dt

∣∣∣
l+1/2

π ln Λ†Rp

pi+1/2

λl+1/2

1

γi+1/2

(
γi+1/2 − 1

) ∣∣ξ0,j+1/2

∣∣(
1− ξ2

0,j+1/2

)2

×

 r∣∣∣ψ̂ · r̂∣∣∣ 1

BP

1

|Ψ′ |


θ∗
l+1/2,i+1/2,j+1/2

(5.88)

5.4.2 Spatial dynamics

In this section, only the electron dynamics in configuration space is discussed, at fixed
pi+1/2 and ξ0,j+1/2,

q̃

B0
p2∂f

(0)

∂ψ

∣∣∣∣∣
(k+1)

l+1/2,i+1/2,j+1/2

=
p2
i+1/2

λl+1/2,j+1/2
×

∂

∂ψ

(
R0q̃

BP0

B0
λS

(0)
ψ

)∣∣∣∣(k+1)

l+1/2,i+1/2,j+1/2

(5.89)

where

S
(0)
ψ = −D(0)

ψψ |∇ψ|0
∂f

(0)
0

∂ψ
+ F

(0)
ψ f

(0)
0 (5.90)

since cross-terms between momentum and configuration spaces are neglected, i.e. D
(0)
pψ =

D
(0)
ψp = D

(0)
ξψ = D

(0)
ψξ = 0.

Therefore,

q̃

B0
p2∂f

(0)

∂ψ

∣∣∣∣∣
(k+1)

l+1/2,i+1/2,j+1/2

=
p2
i+1/2

λl+1/2,j+1/2

m=4∑
m=1

T [m] (5.91)

with

T [1] = −D(0)
ψψ,l+1,i+1/2,j+1/2

[
R2

0,l+1q̃l+1

B2
P0,l+1

B0,l+1
λl+1,j+1/2

]
×

∂f
(0)
0

∂ψ

∣∣∣∣∣
(k+1)

l+1,i+1/2,j+1/2

/∆ψl+1/2 (5.92)

T [2] = F
(0)
ψ,l+1,i+1/2,j+1/2

[
R0,l+1q̃l+1

BP0,l+1

B0,l+1
λl+1,j+1/2

]
×

f
(0)(k+1)
0,l+1,i+1/2,j+1/2/∆ψl+1/2 (5.93)
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T [3] = +D
(0)
ψψ,l,i+1/2,j+1/2

[
R2

0,lq̃l
B2
P0,l

B0,l
λl,j+1/2

]
×

∂f
(0)
0

∂ψ

∣∣∣∣∣
(k+1)

l,i+1/2,j+1/2

/∆ψl+1/2 (5.94)

T [4] = −F (0)
ψ,l,i+1/2,j+1/2

[
R0,lq̃l

BP0,l

B0,l
λl,j+1/2

]
×

f
(0)(k+1)
0,l,i+1/2,j+1/2/∆ψl+1/2 (5.95)

and discrete expressions of the partial derivatives are,

∂f
(0)
0

∂ψ

∣∣∣∣∣
(k+1)

l+1,i+1/2,j+1/2

=
f

(0)(k+1)
0,l+3/2,i+1/2,j+1/2 − f

(0)(k+1)
0,l+1/2,i+1/2,j+1/2

∆ψl+1
(5.96)

∂f
(0)
0

∂ψ

∣∣∣∣∣
(k+1)

l,i+1/2,j+1/2

=
f

(0)(k+1)
0,l+1/2,i+1/2,j+1/2 − f

(0)(k+1)
0,l−1/2,i+1/2,j+1/2

∆ψl
(5.97)

As for the dynamics in momentum space, interpolation between full and half grids must

be performed, since some values of the distribution function f
(0)
0 must be determined on

the flux grid. Therefore

f
(0)(k+1)
0,l+1,i+1/2,j+1/2 =

(
1− δ(0)

ψ,l+1,i+1/2,j+1/2

)
f

(0)(k+1)
0,l+3/2,i+1/2,j+1/2

+δ
(0)
ψ,l+1,i+1/2,j+1/2f

(0)(k+1)
0,l+1/2,i+1/2,j+1/2 (5.98)

f
(0)(k+1)
0,l,i+1/2,j+1/2 =

(
1− δ(0)

ψ,l,i+1/2,j+1/2

)
f

(0)(k+1)
0,l+1/2,i+1/2,j+1/2

+δ
(0)
ψ,l,i+1/2,j+1/2f

(0)(k+1)
0,l−1/2,i+1/2,j+1/2 (5.99)

Gathering all terms, matrix coefficients for the zero order Fokker-Planck equation,
according to the relation,

q̃ (ψ)

B0 (ψ)
p2∂f

(0)

∂ψ

∣∣∣∣∣
(k+1)

l+1/2,i+1/2,j+1/2

=
p2
i+1/2

λl+1/2,j+1/2
×

l′=l+1∑
l′=l−1

M
(0)

ψ,l′+1/2,i+1/2,j+1/2f
(0)(k+1)
0,l′+1/2,i+1/2,j+1/2

(5.100)

are
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M
(0)

ψ,l+3/2,i+1/2,j+1/2 = −
α

(0)
l+1,j+1/2

∆ψl+1/2∆ψl+1
R0,l+1BP0,l+1D

(0)
ψψ,l+1,i+1/2,j+1/2

+
α

(0)
l+1,j+1/2

∆ψl+1/2
F

(0)
ψ,l+1,i+1/2,j+1/2

(
1− δ(0)

ψ,l+1,i+1/2,j+1/2

)
(5.101)

M
(0)

ψ,l+1/2,i+1/2,j+1/2 = +
α

(0)
l+1,j+1/2

∆ψl+1/2∆ψl+1
R0,l+1BP0,l+1D

(0)
ψψ,l+1,i+1/2,j+1/2

+
α

(0)
l+1,j+1/2

∆ψl+1/2
F

(0)
ψ,l+1,i+1/2,j+1/2δ

(0)
ψ,l+1,i+1/2,j+1/2

+
α

(0)
l,j+1/2

∆ψl+1/2∆ψl
R0,lBP0,lD

(0)
ψψ,l,i+1/2,j+1/2

−
α

(0)
l,j+1/2

∆ψl+1/2
F

(0)
ψ,l,i+1/2,j+1/2

(
1− δ(0)

ψ,l,i+1/2,j+1/2

)
(5.102)

M
(0)

ψ,l−1/2,i+1/2,j+1/2 = −
α

(0)
l,j+1/2

∆ψl+1/2∆ψl
R0,lBP0,lD

(0)
ψψ,l,i+1/2,j+1/2

−
α

(0)
l,j+1/2

∆ψl+1/2
F

(0)
ψ,l,i+1/2,j+1/2δ

(0)
ψ,l,i+1/2,j+1/2 (5.103)

with

α
(0)
l,j+1/2 = R0,lq̃l

BP0,l

B0,l
λl,j+1/2 (5.104)

α
(0)
l+1,j+1/2 = R0,l+1q̃l+1

BP0,l+1

B0,l+1
λl+1,j+1/2 (5.105)

As expected, spatial transport corresponds to a simple tridiagonal matrix.

5.4.3 Grid interpolation

Momentum grid interpolation The usual method for determining interpolation co-

efficients δ
(0)
p,l+1/2,i+1,j+1/2, δ

(0)
p,l+1/2,i,j+1/2, δ

(0)
ξ,l+1/2,i+1/2,j+1 and δ

(0)
ξ,l+1/2,i+1/2,j so that the

distribution function f
(0)
0 may be estimated on the full grid (flux grid) from its value on

the half grid (distribution grid) is to satisfy the constraint that numerically, the stationary

solution limt→+∞ f
(0)
0 = fM is an exact Maxwellian whithout any external accelerating

mechanism (RF wave or Ohmic electric field). In this case, under the influence of collisional
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slowing-down and pitch-angle only, coefficients D
(0)
pξ = D

(0)
ξp = 0, and

S(0)
p

∣∣∣(∞)

l+1/2,i+1,j+1/2
= −D(0)

pp,l+1/2,i+1,j+1/2

f
(0)(∞)
0,l+1/2,i+3/2,j+1/2 − f

(0)(∞)
0,l+1/2,i+1/2,j+1/2

∆pi+1

+F
(0)
p,l+1/2,i+1,j+1/2f

(0)(∞)
0,l+1/2,i+1,j+1/2 (5.106)

S(0)
p

∣∣∣(∞)

l+1/2,i,j+1/2
= −D(0)

pp,l+1/2,i,j+1/2

f
(0)(∞)
0,l+1/2,i+1/2,j+1/2 − f

(0)(∞)
0,l+1/2,i−1/2,j+1/2

∆pi

+F
(0)
p,l+1/2,i,j+1/2f

(0)(∞)
0,l+1/2,i,j+1/2 (5.107)

S
(0)
ξ

∣∣∣(∞)

l+1/2,i+1/2,j+1
= +D

(0)
ξξ,l+1/2,i+1/2,j+1

√
1− ξ2

0,j+1

f
(0)(∞)
0,i+1/2,j+3/2 − f

(0)(∞)
0,i+1/2,j+1/2

pi+1/2∆ξ0,j+1

+F
(0)
ξ,l+1/2,i+1/2,j+1f

(0)(∞)
0,l+1/2,i+1/2,j+1 (5.108)

S
(0)
ξ

∣∣∣(∞)

l+1/2,i+1/2,j
= +D

(0)
ξξ,l+1/2,i+1/2,j

√
1− ξ2

0,j

f
(0)(∞)
0,i+1/2,j+1/2 − f

(0)(∞)
0,i+1/2,j−1/2

pi+1/2∆ξ0,j

+F
(0)
ξ,l+1/2,i+1/2,jf

(0)(∞)
0,l+1/2,i+1/2,j (5.109)

or

∆pi+1 S
(0)
p

∣∣∣(∞)

l+1/2,i+1,j+1/2
= −D(0)

pp,l+1/2,i+1,j+1/2

(
f

(0)(∞)
0,l+1/2,i+3/2,j+1/2

−f (0)(∞)
0,l+1/2,i+1/2,j+1/2

)
+∆pi+1F

(0)
p,l+1/2,i+1,j+1/2f

(0)(∞)
0,l+1/2,i+1,j+1/2 (5.110)

∆pi S
(0)
p

∣∣∣(∞)

l+1/2,i,j+1/2
= −D(0)

pp,l+1/2,i,j+1/2

(
f

(0)(∞)
0,l+1/2,i+1/2,j+1/2 − f

(0)(∞)
0,l+1/2,i−1/2,j+1/2

)
+∆piF

(0)
p,l+1/2,i,j+1/2f

(0)(∞)
0,l+1/2,i,j+1/2 (5.111)

pi+1/2∆ξ0,j+1 S
(0)
ξ

∣∣∣(∞)

l+1/2,i+1/2,j+1
= +D

(0)
ξξ,l+1/2,i+1/2,j+1

√
1− ξ2

0,j+1 ×(
f

(0)(∞)
0,l+1/2,i+1/2,j+3/2 − f

(0)(∞)
0,l+1/2,i+1/2,j+1/2

)
+pi+1/2∆ξ0,j+1F

(0)
ξ,l+1/2,i+1/2,j+1f

(0)(∞)
0,l+1/2,i+1/2,j+1

(5.112)
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pi+1/2∆ξ0,j S
(0)
ξ

∣∣∣(∞)

l+1/2,i+1/2,j
= +D

(0)
ξξ,l+1/2,i+1/2,j

√
1− ξ2

0,j ×(
f

(0)(∞)
0,l+1/2,i+1/2,j+1/2 − f

(0)(∞)
0,l+1/2,i+1/2,j−1/2

)
+pi+1/2∆ξ0,jF

(0)
ξ,l+1/2,i+1/2,jf

(0)(∞)
0,l+1/2,i+1/2,j (5.113)

Since this constraint corresponds to the relation

lim
t→+∞

∂f
(0)
0

∂t
= −∇pS

(0)
p = 0 (5.114)

one can deduce,

∆pi+1F
(0)
p,l+1/2,i+1,j+1/2f

(0)(∞)
0,l+1/2,i+1,j+1/2

= D
(0)
pp,l+1/2,i+1,j+1/2

(
f

(0)(∞)
0,l+1/2,i+3/2,j+1/2 − f

(0)(∞)
0,l+1/2,i+1/2,j+1/2

)
(5.115)

∆piF
(0)
p,l+1/2,i,j+1/2f

(0)(∞)
0,l+1/2,i,j+1/2

= D
(0)
pp,l+1/2,i,j+1/2

(
f

(0)(∞)
0,l+1/2,i+1/2,j+1/2 − f

(0)(∞)
0,l+1/2,i−1/2,j+1/2

)
(5.116)

pi+1/2∆ξ0,j+1F
(0)
ξ,l+1/2,i+1/2,j+1f

(0)(∞)
0,l+1/2,i+1/2,j+1

= −D(0)
ξξ,l+1/2,i+1/2,j+1

√
1− ξ2

0,j+1

(
f

(0)(∞)
0,l+1/2,i+1/2,j+3/2

−f (0)(∞)
0,l+1/2,i+1/2,j+1/2

)
(5.117)

pi+1/2∆ξ0,jF
(0)
ξ,l+1/2,i+1/2,jf

(0)(∞)
0,l+1/2,i+1/2,j

= −D(0)
ξξ,l+1/2,i+1/2,j

√
1− ξ2

0,j

(
f

(0)(∞)
0,l+1/2,i+1/2,j+1/2 − f

(0)(∞)
0,l+1/2,i+1/2,j−1/2

)
(5.118)

and replacing the distribution functions on the full grid by their interpolated values, ac-
cording to the relations

f
(0)(k+1)
0,l+1/2,i+1,j+1/2 =

(
1− δ(0)

p,l+1/2,i+1,j+1/2

)
f

(0)(k+1)
0,l+1/2,i+3/2,j+1/2

+δ
(0)
p,l+1/2,i+1,j+1/2f

(0)(k+1)
0,l+1/2,i+1/2,j+1/2 (5.119)

f
(0)(k+1)
0,l+1/2,i,j+1/2 =

(
1− δ(0)

p,l+1/2,i,j+1/2

)
f

(0)(k+1)
0,l+1/2,i+1/2,j+1/2

+δ
(0)
p,l+1/2,i,j+1/2f

(0)(k+1)
0,l+1/2,i−1/2,j+1/2 (5.120)

and

f
(0)(k+1)
0,i+1/2,j+1 =

(
1− δ(0)

ξ,l+1/2,i+1/2,j+1

)
f

(0)(k+1)
0,l+1/2,i+1/2,j+3/2

+δ
(0)
ξ,l+1/2,i+1/2,j+1f

(0)(k+1)
0,l+1/2,i+1/2,j+1/2 (5.121)
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f
(0)(k+1)
0,i+1/2,j =

(
1− δ(0)

ξ,l+1/2,i+1/2,j

)
f

(0)(k+1)
0,l+1/2,i+1/2,j+1/2

+δ
(0)
ξ,l+1/2,i+1/2,jf

(0)(k+1)
0,l+1/2,i+1/2,j−1/2 (5.122)

one finds,

∆pi+1F
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[(
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)
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+δ
(0)
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]
= D
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pp,l+1/2,i+1,j+1/2

(
f

(0)(∞)
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(0)(∞)
0,l+1/2,i+1/2,j+1/2

)
(5.123)

∆piF
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[(
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p,l+1/2,i,j+1/2

)
f

(0)(k+1)
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+δ
(0)
p,l+1/2,i,j+1/2f

(0)(k+1)
0,l+1/2,i−1/2,j+1/2

]
= D

(0)
pp,l+1/2,i,j+1/2

(
f
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)
(5.124)

pi+1/2∆ξ0,j+1F
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[(
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)
f
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+δ
(0)
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(0)(k+1)
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]
= −D(0)
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1− ξ2

0,j+1

(
f

(0)(∞)
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−f (0)(∞)
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)
(5.125)

pi+1/2∆ξ0,jF
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[(
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)
f
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+δ
(0)
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√
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0,j
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f
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(0)(∞)
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)
(5.126)

Hence, the ratios are

f
(0)(∞)
0,l+1/2,i+3/2,j+1/2

f
(0)(∞)
0,l+1/2,i+1/2,j+1/2

=
D

(0)
pp,l+1/2,i+1,j+1/2 + ∆pi+1F

(0)
p,l+1/2,i+1,j+1/2δ

(0)
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D
(0)
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(0)
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(
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) (5.127)

f
(0)(∞)
0,l+1/2,i+1/2,j+1/2

f
(0)(∞)
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=
D

(0)
pp,l+1/2,i,j+1/2 + ∆piF

(0)
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(0)
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D
(0)
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(0)
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(
1− δ(0)

p,l+1/2,i,j+1/2

) (5.128)
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f
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=
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√
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(0)
ξ,l+1/2,i+1/2,j+1δ

(0)
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√
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(0)
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(
1− δ(0)

ξ,l+1/2,i+1/2,j+1

)
(5.129)

f
(0)(∞)
0,l+1/2,i+1/2,j+1/2

f
(0)(∞)
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=
−D(0)

ξξ,l+1/2,i+1/2,j

√
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0,j + pi+1/2∆ξjF
(0)
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(0)
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−D(0)
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√
1− ξ2
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(0)
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(
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)
(5.130)

which may be recast in a compact form

f
(0)(∞)
0,l+1/2,i+3/2,j+1/2

f
(0)(∞)
0,l+1/2,i+1/2,j+1/2

=
1− w(0)(u)

p,l+1/2,i+1,j+1/2δ
(0)
p,l+1/2,i+1,j+1/2

1 + w
(0)(u)
p,l+1/2,i+1,j+1/2

(
1− δ(0)

p,l+1/2,i+1,j+1/2

) (5.131)

f
(0)(∞)
0,l+1/2,i+1/2,j+1/2

f
(0)(∞)
0,l+1/2,i−1/2,j+1/2

=
1− w(0)(u)

p,i,j+1/2δ
(0)
p,l+1/2,i,j+1/2

1 + w
(0)(u)
p,l+1/2,i,j+1/2

(
1− δ(0)

p,l+1/2,i,j+1/2

) (5.132)

f
(0)(∞)
0,l+1/2,i+1/2,j+3/2

f
(0)(∞)
0,l+1/2,i+1/2,j+1/2

=
1− w(0)(u)

ξ,l+1/2,i+1/2,j+1δ
(0)
ξ,l+1/2,i+1/2,j+1

1 + w
(u)
ξ,l+1/2,i+1/2,j+1

(
1− δ(0)

ξ,l+1/2,i+1/2,j+1

) (5.133)

f
(0)(∞)
0,l+1/2,i+1/2,j+1/2

f
(0)(∞)
0,,l+1/2,i+1/2,j−1/2

=
1− w(0)(u)

ξ,l+1/2,i+1/2,jδ
(0)
ξ,l+1/2,i+1/2,j

1 + w
(0)(u)
ξ,l+1/2,i+1/2,j

(
1− δ(0)

ξ,l+1/2,i+1/2,j

) (5.134)

with

w
(0)(u)
p,l+1/2,i+1,j+1/2 = −∆pi+1

F
(0)
p,l+1/2,i+1,j+1/2

D
(0)
pp,l+1/2,i+1,j+1/2

(5.135)

w
(0)(u)
p,l+1/2,i,j+1/2 = −∆pi

F
(0)
p,l+1/2,i,j+1/2

D
(0)
pp,l+1/2,i,j+1/2

(5.136)

w
(0)(u)
ξ,l+1/2,i+1/2,j+1 = +pi+1/2

∆ξ0,j+1√
1− ξ2

0,j+1

F
(0)
ξ,l+1/2,i+1/2,j+1

D
(0)
ξξ,l+1/2,i+1/2,j+1

(5.137)
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w
(0)(u)
ξ,l+1/2,i+1/2,j = +pi+1/2

∆ξ0,j√
1− ξ2

0,j

F
(0)
ξ,l+1/2,i+1/2,j

D
(0)
ξξ,l+1/2,i/2,j

(5.138)

Furthermore, since ∇pS
(0)
p = 0, one deduces naturally that

−D(0)
pp

df
(0)(∞)
0

dp
+ F (0)

p f
(0)(∞)
0 = 0 (5.139)

+

√
1− ξ2

0

p
D

(0)
ξξ

df
(0)(∞)
0

dξ0
+ F

(0)
ξ f

(0)(∞)
0 = 0 (5.140)

and since F
(0)
ξ = 0 for collisions, because of the isotropic nature of pitch-angle scattering

∂f
(0)(∞)
0

f
(∞)
0

=

(
F

(0)
p

D
(0)
pp

)
∂p (5.141)

∂f
(0)(∞)
0

∂ξ0
= 0 (5.142)

which indicates that when collisions is the single physical process considered, f
(0)(∞)
0 is

independent of ξ0. Therefore, ∂/∂p → d/dp, and integrating the first equation of (5.141)
leads to the relation

ln f
(0)
0 =

∫ (
F

(0)
p

D
(0)
pp

)
dp+ Cte (5.143)

Values of f
(0)(∞)
0 on the respective half grid positions (l + 1/2, i+ 3/2, j + 1/2) and

(l + 1/2, i+ 1/2, j + 1/2) are then

ln f
(0)(∞)
0,l+1/2,i+3/2,j+1/2 =

∫ pi+3/2

0

(
F

(0)
p

(
ψl+1/2,p, ξ0,j+1/2

)
D

(0)
pp

(
ψl+1/2,p, ξ0,j+1/2

)) dp+ Cte (5.144)

ln f
(0)(∞)
0,l+1/2,i+1/2,j+1/2 =

∫ pi+1/2

0

(
F

(0)
p

(
ψl+1/2,p, ξ0,j+1/2

)
D

(0)
pp

(
ψl+1/2,p, ξ0,j+1/2

)) dp+ Cte (5.145)

and ratios are finally easily determined

f
(0)(∞)
0,l+1/2,i+3/2,j+1/2

f
(0)(∞)
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(
ψl+1/2,p, ξ0,j+1/2

)
D

(0)
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(
ψl+1/2,p, ξ0,j+1/2

)) dp] (5.146)
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f
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)
D
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(
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)) dp] (5.147)

while, since f
(0)(∞)
0 does not depend of ξ0,

f
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=
f
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f
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0,l+1/2,i+1/2,j−1/2

= 1 (5.148)
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It is then straightforward to evaluate coefficients δ
(0)
p,l+1/2,i+1,j+1/2 et δ

(0)
p,l+1/2,i,j+1/2 by

the trapezoidal method, ∫ pi+3/2
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(5.149)

and ∫ pi+1/2
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(5.150)
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then gathering terms pi+3/2, pi+1 and pi+1/2, one obtains
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(5.151)

or ∫ pi+3/2

pi+1/2
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(5.152)
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Since

F
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D
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(5.153)

one obtains
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(5.154)

and after gathering all terms∫ pi+3/2

pi+1/2
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(5.155)

Much as the same way, using index conversion pi+3/2 → pi+1/2, pi+1 → pi and pi+1/2 →
pi−1/2 in the previous relation, one obtains for the second integral,
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(5.156)

From the two formulations of the ratios

f
(0)(∞)
0,l+1/2,i+3/2,j+1/2

f
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0,l+1/2,i+1/2,j+1/2

(5.157)

one obtains easily
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1
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with
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(5.159)

Much in the same way,
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with ß
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p,l+1/2,i+1/2,j+1/2

D
(0)
pp,l+1/2,i+1/2,j+1/2

+
∆pi+1/2 −∆pi−1/2

4

F
(0)
p,l+1/2,i−1/2,j+1/2

D
(0)
pp,l+1/2,i−1/2,j+1/2

(5.161)
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Figure 5.2: Chang and Cooper weightingfunction

For a uniform grid, w
(0)(nu)
p,l+1/2,i,j+1/2 = 0, and the well known expression of the Chang

and Cooper function is recovered,

g (x) =
1

x
− 1

ex − 1
(5.162)

with x = w
(0)(u)
p . In the limit where x � 1, an expansion of the function gives g (x) =

0.5−x/12+x3/720+O
(
x4
)

with limx→0 g (x) = 1
2 , as shwon in Fig.5.2. For a non-uniform

grid, a generalized Chang and Cooper function must be introduced, with two arguments

g (x, y) =
1

x
− 1

ex+y − 1
(5.163)

where the term y = w
(0)(nu)
p is zero for the uniform case, as shown in Ref.[?].

With this definition,

f
(0)(∞)
0,l+1/2,i+3/2,j+1/2

f
(∞)
0,l+1/2,i+1/2,j+1/2

=
T cc1

T cc2

=
T cc4

T cc5

(5.164)

where

T cc1 = 1− w(0)(u)
p,l+1/2,i+1,j+1/2

 1

w
(0)(u)
p,,l+1/2,i+1,j+1/2

− 1

exp
[
w

(0)(u)
p,l+1/2,i+1,j+1/2 + w

(0)(nu)
p,l+1/2,i+1,j+1/2

]
− 1

 (5.165)

T cc2 = 1 + w
(0)(u)
p,l+1/2,i+1,j+1/2 (1− T cc3 ) (5.166)
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and

T cc3 =
1

w
(0)(u)
p,l+1/2,i+1,j+1/2

− 1

exp
[
w

(0)(u)
p,l+1/2,i+1,j+1/2 + w

(0)(nu)
p,l+1/2,i+1,j+1/2

]
− 1

(5.167)

whilewith

T cc4 =
w

(0)(u)
p,l+1/2,i+1,j+1/2

exp
[
w

(0)(u)
p,l+1/2,i+1,j+1/2 + w

(0)(nu)
p,l+1/2,i+1,j+1/2

]
− 1

(5.168)

and

T cc5 = w
(0)(u)
p,l+1/2,i+1,j+1/2 +

w
(0)(u)
p,l+1/2,i+1,j+1/2

exp
[
w

(0)(u)
p,l+1/2,i+1,j+1/2 + w

(0)(nu)
p,l+1/2,i+1,j+1/2

]
− 1

(5.169)

This expression simplifies and becomes

f
(0)(∞)
0,l+1/2,i+3/2,j+1/2

f
(0)(∞)
0,l+1/2,i+1/2,j+1/2

= exp
[
−w(0)(u)

p,l+1/2,i+1,j+1/2 − w
(0)(nu)
p,l+1/2,i+1,j+1/2

]
(5.170)

Furthermore, when plasma relaxation by collisions is the single process considered, the
relation

F
(0)
p (ψ, p, ξ0)

D
(0)
pp (ψ, p, ξ0)

∼= −p (5.171)

holds2, since f
(0)(∞)
0 must be Maxwellian fM , and one finds

f
(0)(∞)
0,l+1/2,i+3/2,j+1/2

f
(0)(∞)
0,l+1/2,i+1/2,j+1/2

= exp

[
−∆pi+1pi+1 −

∆pi+3/2 −∆pi+1/2

4

(
pi+3/2 − pi+1/2

)]
(5.172)

Using identities introduced in Sec. 5.2,{
pi+3/2 = pi+1 +

∆pi+3/2

2

pi+1/2 = pi+1 −
∆pi+1/2

2

(5.173)

it is easy to demonstrate that

pi+1 =
1

2

(
pi+3/2 + pi+1/2

)
− 1

2

(
∆pi+3/2

2
−

∆pi+1/2

2

)
(5.174)

and

∆pi+1 =
1

2

(
∆pi+3/2 + ∆pi+1/2

)
= pi+3/2 − pi+1/2 (5.175)

2It is important to note that this condition is not fulfilled in the vicinity of p = 0, where electron-ion
predominates over electron-electron interactions, if Te 6= Ti. The lack of equipartition makes the dependence
of F

(0)
p /D

(0)
pp more complex, either when using a high-velocity limit expression of the e−i collision operator,

or a more physical description based on a Maxwellian background.
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Finally, since

−∆pi+1pi+1 −
∆pi+3/2 −∆pi+1/2

4

(
pi+3/2 − pi+1/2

)
= −

(
pi+3/2 − pi+1/2

) [1

2

(
pi+3/2 + pi+1/2

)
− 1

4

(
∆pi+3/2 −∆pi+1/2

)]
−

∆pi+3/2 −∆pi+1/2

4

(
pi+3/2 − pi+1/2

)
= −1

2

(
pi+3/2 + pi+1/2

) (
pi+3/2 − pi+1/2

)
= −1

2

(
p2
i+3/2 − p

2
i+1/2

)
(5.176)

one obtains the following relation

f
(0)(∞)
0,l+1/2,i+3/2,j+1/2

f
(0)(∞)
0,l+1/2,i+1/2,j+1/2

= exp

[
−
p2
i+3/2 − p

2
i+1/2

2

]
(5.177)

which is exactly corresponding to a numerical Maxwellian distribution function. Hence,
numerical errors do not propagate with the weighting here considered.

Finally, for the non-uniform p grid, the final results for interpolation rules are

δ(0)
p →

(
δ

(0)
p,l+1/2,i+1,j+1/2

δ
(0)
p,l+1/2,i,j+1/2

)
(5.178)

with

δ
(0)
p,l+1/2,i+1,j+1/2 =

1

w
(0)(u)
p,l+1/2,i+1,j+1/2

− 1

exp
[
w

(0)(u)
p,l+1/2,i+1,j+1/2 + w

(0)(nu)
p,l+1/2,i+1,j+1/2

]
− 1

(5.179)
and

δ
(0)
p,l+1/2,i,j+1/2 =

1

w
(0)(u)
p,l+1/2,i,j+1/2

− 1

exp
[
w

(0)(u)
p,l+1/2,i,j+1/2 + w

(0)(nu)
p,l+1/2,i,j+1/2

]
− 1

(5.180)

and where

w(0)(u)
p →

(
w

(0)(u)
p,l+1/2,i+1,j+1/2

w
(0)(u)
p,l+1/2,i,j+1/2

)
(5.181)

with

w
(0)(u)
p,l+1/2,i+1,j+1/2 = −∆pi+1

F
(0)
p,l+1/2,i+1,j+1/2

D
(0)
pp,l+1/2,i+1,j+1/2

(5.182)

and

w
(0)(u)
p,l+1/2,i,j+1/2 = −∆pi

F
(0)
p,l+1/2,i,j+1/2

D
(0)
pp,l+1/2,i,j+1/2

(5.183)
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Much in the same way,

w(0)(nu)
p →

(
w

(0)(nu)
p,l+1/2,i+1,j+1/2

w
(0)(nu)
p,i,j+1/2

)
(5.184)

where

w
(0)(nu)
p,l+1/2,i+1,j+1/2 = −

∆pi+3/2 −∆pi+1/2

4

 F (0)
p,l+1/2,i+3/2,j+1/2

D
(0)
ppl+1/2,i+3/2,j+1/2

−
F

(0)
pl+1/2,i+1/2,j+1/2

D
(0)
ppl+1/2,i+1/2,j+1/2


(5.185)

and

w
(0)(nu)
p,i,j+1/2 = −

∆pi+1/2 −∆pi−1/2

4

 F
(0)
pl+1/2,i+1/2,j+1/2

D
(0)
ppl+1/2,i+1/2,j+1/2

−
F

(0)
pl+1/2,i−1/2,j+1/2

D
(0)
ppl+1/2,i−1/2,j+1/2

 (5.186)

It is important to note that since only collisions are considered for evaluating inter-

polating coefficients δ
(0)
p , momentum and pitch-angle dynamics are naturally decoupled.

Consequently, the ratios F
(0)
p /D

(0)
pp are only functions of p, and it is the reason why they

haves similar values at different pitch-angle grid points ξ0.

By definition, δ
(0)
p must be lower than unity, a condition that is naturaly satisfied for

the uniform momentum grid, as shown in Fig.5.2. However, special care must be taken for
the non-uniform case, since there is no exact cancellation between 1/x and 1/ (ex+y − 1).
In the limit y < x� 1, it can be easily shown that

g (x, y) ' y

x (x+ y)
(5.187)

and the condition g (x, y) ≤ 1 is equivalent to the relation

y/x

1 + y/x
< x (5.188)

For a uniform grid, this condition is always fulfilled, since it corresponds to y = 0.
For the non-uniform case, it is clear that the range of validity of the extended Chang and
Cooper function is much more restricted, since y/x is finite. Consequently, if x ' p∆p
is small, y which is proportional to the variation of the grid step as function of p must
be significantly smaller which means that the momentum grid is nearly uniform in this
region of the phase space. For larger values of x, the condition is easier to satisfy, which
indicates that the non-uniformity must be a growing function of the momentum value p,
and nearly flat close to p = 0.

There are however additional limitations on the choice of the momentum for large p
values. Indeed, in this domain, other mechanismes are at play, and the usual technique
is to extrapolate calculations carried out for collisions to other accelaration mechanismes
(Ohmic electric field, RF waves,...), using the generalized weighting factor based on the
simple rule,

F
(0)
p

D
(0)
pp

∣∣∣∣∣
effective

=

∑
m F

(0)(m)
p∑

mD
(0)(m)
pp

(5.189)
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where
∑

m is the sum over all the physical processes m that take place in the plasma.
Since the same syntax may be kept, one obtains simply

w
(0)(u)
p,l+1/2,i+1,j+1/2 = −∆pi+1

F
(0)
p

D
(0)
pp

∣∣∣∣∣
l+1/2,i+1,j+1/2

effective

(5.190)

and

w
(0)(u)
p,l+1/2,i,j+1/2 = −∆pi

F
(0)
p

D
(0)
pp

∣∣∣∣∣
l+1/2,i,j+1/2

effective

(5.191)

for the uniform contribution, while for the non-uniform one

w
(0)(nu)
p,l+1/2,i+1,j+1/2 = −

∆pi+3/2 −∆pi+1/2

4

 F (0)
p

D
(0)
pp

∣∣∣∣∣
l+1/2,i+3/2,j+1/2

effective

− F
(0)
p

D
(0)
pp

∣∣∣∣∣
l+1/2,i+1/2,j+1/2

effective


(5.192)

and

w
(0)(nu)
p,l+1/2,i,j+1/2 = −

∆pi+1/2 −∆pi−1/2

4

 F (0)
p

D
(0)
pp

∣∣∣∣∣
l+1/2,i+1/2,j+1/2

effective

− F
(0)
p

D
(0)
pp

∣∣∣∣∣
l+1/2,i−1/2,j+1/2

effective


(5.193)

In that case, the interpolating weights exhibit a dependence with ξ0. This has however a
weak importance for the accuracy of the calculations, since in the domain where fluxes are

strongly modified since usually
F

(0)
p

D
(0)
pp

∣∣∣∣
effective

→ 0 in presence of RF quasilinear diffusion.

The Maxwellian distribution function is consequently no more the solution of the Fokker-
Planck equation.

The reason why an effective expression of F
(0)
p /D

(0)
pp is used for evaluating δ

(0)
p where

collisions are not the single process is based on the fact that the Chang and Cooper function

tends towards δ
(0)
p ' 1

2 for a uniform mesh when
F

(0)
p

D
(0)
pp

∣∣∣∣
effective

increases. In that case, it

corresponds exactly to the standard linear interpolation, i.e. the well known arithmetic
mean. The interpolation procedure is therefore consistent with the grid, an important
characteristic for reducing the rate of convergence.

Unfortunately, such a property is not valid for a non-uniform grid, and the interpolation
may be wrong , leading to possible an anomalous behaviour of the code. Consequently,
even at larger values of p, only a uniform mesh may provide a consistent solution with the
numerical grid in presence of external sources of acceleration. From this analysis, it turns
out that the only purpose for using a non-uniform momentum mesh is to establish a link
between the fine mesh in the vicinity of p = 0, and a coarse grid in the region where other
physical mechanismes are at play. Consequently, the momentum mesh is build from the
relation

∆pi =

(
∆pnp−1 −∆p0

)
2

tanh (i− iref ) +

(
∆pnp−1 + ∆p0

)
2

(5.194)

with the recurrence relation
pi+1 = ∆pi + pi (5.195)
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where p0 = 0, ∆pnp−1 = pmax/ (np − 1) and ∆p0 is an arbitrary value. Here iref is the
index value corresponding to the transition between the fine and the coarse grids. When
∆p0 = ∆pnp−1, the case of an uniform mesh is well recovered, whatever iref . Here ∆p0

and iref must be chosen so that the non-uniform part of the momentum grid is far enough

from p = 0 in order the relation δ
(0)
p > 1 is satisfied, but also far from the region where

external forces play a role3.

Finally, w
(0)(nu)
p require evaluations of the quantities at the respective grid points

(l + 1/2, i− 1/2, j + 1/2) and (l + 1/2, i+ 3/2, j + 1/2) . The usual method to deal with
this problem is shifting indexes, according to the relation

(l + 1/2, i+ 1/2, j + 1/2) ∈ {[1 : nψ] , [1 : np] , [1 : nξ]} (5.196)

and {
(l + 1/2, i− 1/2, j + 1/2) ∈ {[1 : nψ] , [X, 1 : np − 1] , [1 : nξ]}
(l + 1/2, i+ 3/2, j + 1/2) ∈ {[1 : nψ] , [2 : np, X] , [1 : nξ]}

(5.197)

Hence, all quantities have the same size (nψ, np, nξ) , which is crucial for the 3 − D
matrix representation. Furthermore, boundary conditions are naturally satisfied with this
technique, since arbitrary values may be attributed to the variable X at these grid points.

Pitch-angle grid interpolation For the pitch-angle terms, calculation is very simple,

and from previous relations, one deduces directly that w
(0)
ξ,l+1/2,i+1/2,j+1 = w

(0)
ξ,l+1/2,i+1/2,j =

0 since F
(0)
ξ = 0. Therefore, δ

(0)
ξ,l+1:2,i+1/2,j+1 may be defined in an arbitrary manner. It is

important to note that this choice is different from the one described in Ref. [?], where
the pitch-angle weighting factors are defined in the same way as for the momentum p.
However, it turns out that in presence of RF waves, this leads sometimes to spurious
numerical evolutions, while the simple approach here described avoid them.

The most natural way is therefore to perform a linear interpolation, between f
(0)(∞)
0,l+1/2,i+1/2,j+3/2

and f
(0)(∞)
0,l+1/2,i+1/2,j+3/2, and also between f

(0)(∞)
0,l+1:2,i+1/2,j+1/2 and f

(0)(∞)
0,l+1/2,i+1/2,j−1/2 accord-

ing to the relations

f
(0)(∞)
0,l+1/2,i+1/2,j+1 =

(
∆ξ0,j+1/2

∆ξ0,j+1/2 + ∆ξ0,j+3/2

)
f

(0)(∞)
0,l+1/2,i+1/2,j+3/2

+

(
∆ξ0,j+3/2

∆ξ0,j+1/2 + ∆ξ0,j+3/2

)
f

(0)(∞)
0,l+1/2,i+1/2,j+1/2 (5.198)

f
(0)(∞)
0,l+1/2,i+1/2,j =

(
∆ξ0,j−1/2

∆ξ0,j−1/2 + ∆ξ0,j+1/2

)
f

(0)(∞)
0,l+1/2,i+1/2,j+1/2

+

(
∆ξ0,j+1/2

∆ξ0,j−1/2 + ∆ξ0,j+1/2

)
f

(0)(∞)
0,l+1/2,i+1/2,j−1/2 (5.199)

3In the expression for calculating ∆pi, i − iref may be replaced by (i− iref ) /∆i, where ∆i is a free
parameter for controlling the sharpness of the transition between the two domains in momentum space.
However, ∆i = 1 provides the adequate number of point, of the order of 5, in order to avoid both a large
jump, or a too smooth transition that may lead to violation of the condition that δ < 1 for small i values.
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Taking into account of the non-uniform grid steps

δ
(0)
ξ,l+1/2,i+1/2,j+1 =

∆ξ0,j+3/2

∆ξ0,j+1/2 + ∆ξ0,j+3/2
(5.200)

δ
(0)
ξ,l+1/2,i+1/2,j =

∆ξ0,j+1/2

∆ξ0,j−1/2 + ∆ξ0,j+1/2
(5.201)

and for a uniform grid, the relation δ
(0)
ξ,l+1/2,i+1/2,j+1 = δ

(0)
ξ,l+1/2,i+1/2,j = 1/2 are exactly

recovered.
Finally, for the non-uniform pitch-angle grid ξ, the interpolation rules are

δ
(0)
ξ →

 δ
(0)
ξ,l+1/2,i+1/2,j+1 =

∆ξ0,j+3/2

∆ξ0,j+1/2+∆ξ0,j+3/2

δ
(0)
ξ,l+1/2,i+1/2,j =

∆ξ0,j+1/2

∆ξ0,j−1/2+∆ξ0,j+1/2

(5.202)

Furthermore, δ
(0)
ξ require evaluations of the quantities at the respective grid points

(l + 1/2, i+ 1/2, j − 1/2) and (l + 1/2, j + 1/2, j + 3/2). As for the momentum grid in-
terpolation, indexes are shifted,{

(l + 1/2, i+ 1/2, j − 1/2) ∈ {[1 : nψ] , [1 : np] , [X, 1 : nξ − 1]}
(l + 1/2, i+ 1/2, j + 3/2) ∈ {[1 : nψ] , [1 : np] , [2 : nξ, X]} (5.203)

Spatial grid interpolation The determination of δ
(0)
ψ is based on the same method

used for δ
(0)
ξ , since no specific condition is required for interpolating f

(0)
0 on the flux grid.

A linear interpolation is considered between f
(0)(∞)
0,l+3/2,i+1/2,j+1/2 and f

(0)(∞)
0,l+1/2,i+1/2,j+1/2 and

also between f
(0)(∞)
0,l+1/2,i+1/2,j+1/2 and f

(0)(∞)
0,l−1/2,i+1/2,j+1/2,

f
(0)(∞)
0,l+1,i+1/2,j+1/2 =

(
∆ψl+1/2

∆ψl+1/2 + ∆ψl+3/2

)
f

(0)(∞)
0,l+3/2,i+1/2,j+1/2

+

(
∆ψl+3/2

∆ψl+1/2 + ∆ψl+3/2

)
f

(0)(∞)
0,l+1/2,i+1/2,j+1/2 (5.204)

f
(0)(∞)
0,l,i+1/2,j+1/2 =

(
∆ψl−1/2

∆ψl−1/2 + ∆ψl+1/2

)
f

(0)(∞)
0,l+1/2,i+1/2,j+1/2

+

(
∆ψl+1/2

∆ψl−1/2 + ∆ψl+1/2

)
f

(0)(∞)
0,l−1/2,i+1/2,j+1/2 (5.205)

taking into account of the non-uniform nature of the grid

δ
(0)
ψ,l+1 =

∆ψl+3/2

∆ψl+1/2 + ∆ψl+3/2
(5.206)

δ
(0)
ψ,l =

∆ψl+1/2

∆ψl−1/2 + ∆ψl+1/2
(5.207)

179



5.4. Zero order term: the Fokker-Planck equation 5. Numerical calculations

For a uniform grid the relation δ
(0)
ψ,l+1 = δ

(0)
ψ,l = 1/2 is well recovered.

Furthermore, δ
(0)
ψ require evaluations of the quantities at the respective grid points

(l − 1/2, i+ 1/2, j + 1/2) and (l + 3/2, j + 1/2, j + 1/2). As for the momentum grid in-
terpolation, indexes are shifted according to the rule{

(l − 1/2, i+ 1/2, j + 1/2) ∈ {[X, 1 : nψ − 1] , [1 : np] , [1 : nξ]}
(l + 3/2, i+ 1/2, j + 1/2) ∈ {[2 : nψ, X] , [1 : np] , [1 : nξ]}

(5.208)

5.4.4 Discrete description of physical processes

5.4.5 Collisions

According to the bounce averaged expression,

D
C(0)

p →



D
C(0)
pp,l+1/2,i+1,j+1/2 = Al+1/2,i+1

D
C(0)
pp,l+1/2,i,j+1/2 = Al+1/2,i

D
C(0)
pξ,l+1/2,i+1,j+1/2 = 0

D
C(0)
ξp,l+1/2,i+1/2,j+1 = 0

D
C(0)
pξ,l+1/2,i+1/2,j+1/2 = 0

D
C(0)
ξp,l+1/2,i+1/2,j+1/2 = 0

D
C(0)
pξ,l+1/2,i,j+1/2 = 0

D
C(0)
ξp,l+1/2,i+1/2,j = 0

D
C(0)
ξξ,l+1/2,i+1/2,j+1 =

(
λ
l+1/2,j+1
2,−1,0 /λl+1/2,j+1

)
Bt,l+1/2,i+1/2

D
C(0)
ξξ,l+1/2,i+1/2,j =

(
λ
l+1/2,j
2,−1,0 /λ

l+1/2,j
)
Bt,l+1/2,i+1/2

(5.209)

and

F
C(0)

p →


F
C(0)
p,l+1/2,i+1,j+1/2 = −Fl+1/2,i+1

F
C(0)
p,l+1/2,i,j+1/2 = −Fl+1/2,i

F
C(0)
ξ,l+1/2,i+1/2,j+1 = 0

F
C(0)
ξ,l+1/2,i+1/2,j = 0

(5.210)

where each coefficient is the sum of the electron-electron and electron-ion interactions.

Electron-electron collision operator

Belaiev-Budker relativistic collision model Here, coefficients corresponding to the
Belaiev-Budker collision operator that ranges from non-relativistic to fully relativistic
regimes may be expressed as, according to the notation used in Ref.[?],

Aeel+1/2,i+1/2 =

(
F1,l+1/2,i+1/2 + F2,l+1/2,i+1/2

)
vi+1/2

T e,l+1/2 (5.211)

F eel+1/2,i+1/2 = F1,l+1/2,i+1/2 + F2,l+1/2,i+1/2 (5.212)
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with

F1,l+1/2,i+1/2 =
4π

v2
i+1/2

F11,l+1/2,i+1/2 +
4π

p2
i+1/2

F12,l+1/2,i+1/2 (5.213)

F2,l+1/2,i+1/2 =
4π

vi+1/2

(
1−

γi+1/2ζ,i+1/2

zi+1/2

)
F21,l+1/2,i+1/2 (5.214)

Expressions of coefficients F11,l+1/2,i+1/2, F12,l+1/2,i+1/2 and F21,l+1/2,i+1/2 are

F11,l+1/2,i+1/2 =

∫ i+1/2

0
p′v′fM

(
ψl+1/2, p

′) dp′ (5.215)

F12,l+1/2,i+1/2 =

∫ i+1/2

0
p′v′

(
1− γ′ζ ′

z′

)
fM
(
ψl+1/2, p

′) dp′ (5.216)

F21,l+1/2,i+1/2 =

∫ ∞
i+1/2

p′fM
(
ψl+1/2, p

′) dp′ (5.217)

Coefficients Aee and F ee must be also calculated on the flux grids and therefore, ac-
cording to the previous definition,

Aeel+1/2,i =

(
F1,l+1/2,i + F2,l+1/2,i

)
vi

T e,l+1/2 (5.218)

and
F eel+1/2,i = F1,l+1/2,i + F2,l+1/2,i (5.219)

where

F1,l+1/2,i =
4π

v2
i

F11,l+1/2,i +
4π

p2
i

F12,l+1/2,i (5.220)

F2,l+1/2,i =
4π

vi

(
1− γiζi

zi

)
F21,l+1/2,i (5.221)

and

F11,l+1/2,i =

∫ i

0
p′v′fM

(
ψl+1/2, p

′) dp′ (5.222)

F12,l+1/2,i =

∫ i

0
p′v′

(
1− γ′ζ ′

z′

)
fM
(
ψl+1/2, p

′) dp′ (5.223)

F21,l+1/2,i =

∫ ∞
i

p′fM
(
ψl+1/2, p

′) dp′ (5.224)

for the grid points i, while for the grid points i + 1, one has just to replace i by i + 1 in
the set of above expressions.

Furthermore, the expression of coefficient Bee
t is

Bee
t,l+1/2,i+1/2 = Bt1,l+1/2,i+1/2 +Bt2,l+1/2,i+1/2 (5.225)

with

Bt1,l+1/2,i+1/2 = 4π

5∑
n=1

B
[n]
t1,l+1/2,i+1/2 (5.226)
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and

Bt2,l+1/2,i+1/2 = 4π

5∑
n=1

B
[n]
t2,l+1/2,i+1/2 (5.227)

where

B
[1]
t1,l+1/2,i+1/2 =

1

2vi+1/2

∫ i+1/2

0
p′2fM

(
ψl+1/2, p

′) dp′ (5.228)

B
[2]
t1,l+1/2,i+1/2 = − 1

6vi+1/2p
2
i+1/2

∫ i+1/2

0
p′4fM

(
ψl+1/2, p

′) dp′ (5.229)

B
[3]
t1,l+1/2,i+1/2 =

1

8γ2
i+1/2z

2
i+1/2

∫ i+1/2

0
p′2
J ′1
γ′
fM
(
ψl+1/2, p

′) dp′ (5.230)

B
[4]
t1,l+1/2,i+1/2 = − 1

4z2
i+1/2

∫ i+1/2

0
p′2
J ′2
γ′
fM
(
ψl+1/2, p

′) dp′ (5.231)

B
[5]
t1,l+1/2,i+1/2 = − 1

4γ2
i+1/2

∫ i+1/2

0

p′2

γ′

(
γ′ − ζ ′

z′

)
fM
(
ψl+1/2, p

′) dp′ (5.232)

and

B
[1]
t2,l+1/2,i+1/2 =

1

2

∫ ∞
i+1/2

p′2

v′
fM
(
ψl+1/2, p

′) dp′ (5.233)

B
[2]
t2,l+1/2,i+1/2 = −

γ2
i+1/2

6

∫ ∞
i+1/2

p′2

γ′2v′
fM
(
ψl+1/2, p

′) dp′ (5.234)

B
[3]
t2,l+1/2,i+1/2 =

J1,i+1/2

8γi+1/2z
2
i+1/2

∫ ∞
i+1/2

p′2

v′
1

γ′2
fM
(
ψl+1/2, p

′) dp′ (5.235)

B
[4]
t2,l+1/2,i+1/2 = −

γi+1/2J2,i+1/2

4z2
i+1/2

∫ ∞
i+1/2

p′2

v′
1

γ′2
fM
(
ψl+1/2, p

′) dp′ (5.236)

B
[5]
t2,l+1/2,i+1/2 = − 1

4γi+1/2p
2
i+1/2

(
γi+1/2 −

ζi+1/2

zi+1/2

)∫ ∞
i+1/2

p′2v′fM
(
ψl+1/2, p

′) dp′ (5.237)

Here,

J1,i+1/2 = −3γi+1/2 + ζi+1/2

(
3

zi+1/2
+ 2zi+1/2

)
(5.238)

J2,i+1/2 = γi+1/2 +
ζi+1/2

zi+1/2
− 2

3
γi+1/2z

2
i+1/2 (5.239)

with
zi+1/2 = β†2thpi+1/2 (5.240)

γi+1/2 =
√

1 + z2
i+1/2 (5.241)
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and
ζi+1/2 = sinh−1 zi+1/2 (5.242)

Coefficients A, Bt and F for the Beliaev-Budker relativistic collision operator need to
calculate accurately integrals of type

∫ pi
0 Xdp′∫ pi+1/2

0 Xdp′∫ pi+1

0 Xdp′
(5.243)

which require a special attention in the vicinity of p = 0, and also of type,
∫∞
pi
Xdp′∫∞

pi+1/2
Xdp′∫∞

pi+1
Xdp′

(5.244)

The goal is to ensure an acceptable numerical accuracy which preserves the conservative
nature of the equations to be solved by numerical method, without any use of ad-hoc
boundary conditions to compensate spurious particle leak arisinf from an improper flux
balance at each grid point. For this purpose, a new momentum grid called “super-grid”
is introduced, correponding to a refined mesh. Since no specific condition is required as
compared to the links between distribution and flux grids, the momentum super-grid is
simply defined as a sum of two different meshes for integrals of type

∫ pi+1/2

0 Xdp′{
psi′ ∈

[
p1/2

nsp
, p1/2

[
, i′ →

{
0, nsp − 1

}
psi′ ∈

[
p1/2, pi+1/2

]
, i′ →

{
0, nsp − 1

} (5.245)

one for very fine calculations below p1/2, and a second, less refined up to pi+1/2. For
integrals of type

∫ pi
0 Xdp′ and

∫ pi+1

0 Xdp′, the corresponding super-grids are defined in the
same way, {

psi′ ∈
[
p1/2

nsp
, p1

]
, i′ →

{
0, nsp − 1

}
psi′ ∈ [p1, pi] , i

′ →
{

0, nsp − 1
} (5.246)

and {
psi′ ∈

[
p1/2

nsp
, p1

]
, i′ →

{
0, nsp − 1

}
psi′ ∈ [p1, pi+1] , i′ →

{
0, nsp − 1

} (5.247)

It is important to note that p1 correponds to the second point of the grid pi while it is
the first one for the grid pi+1, so that numerical integration starts at the same momentum
value. Much in the same way, integrals of type

∫∞
pi
Xdp′ ,

∫∞
pi+1/2

Xdp′ and
∫∞
pi+1

Xdp′ are

simply defined on the following super-grids
psi′ ∈

[
pi, pmax −∆pnp

]
, i′ →

{
0, nsp − 1

}
psi′ ∈

[
pi+1/2, pmax −

∆pnp−1/2

2

]
, i′ →

{
0, nsp − 1

}
psi′ ∈ [pi+1, pmax] , i′ →

{
0, nsp − 1

} (5.248)

All integrals are performed by the trapezoidal method, even if any more accurate
technique like the Simpson method may be used in that case. A crucial point is that
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integrals exactly end or start at points pi, pi+1/2 or pi+1 so that no overlap between∫ pi+1/2

0 Xdp′ and
∫∞
pi+1/2

Xdp′ can take place. This is especially important to avoid spurious

numerical particle leak, that could break the conservative nature of the equations to be
solved.

Concerning the first order Legendre correction that ensures momentum conservation,
one must calculate

{C (fM , f)} ' −3

2

λ1,1,0

λ
ξ0I

(
fM , f

(0)(m=1)
0

)
(5.249)

on the distribution function grid, where

f
(0)(m=1)
0 (p, ξ0, ψ) =

∫ +1

−1
ξ0f

(0)
0 (p, ξ0, ψ) dξ0 (5.250)

as shown in Sec. 4.1.6.
Therefore, by definition,

{C (fM , f)}(k)
l+1/2,i+1/2,j+1/2 = −3

2

λ
l+1/2,j+1/2
1,1,0

λl+1/2,j+1/2
ξ0,j+1/2I

(
fM,, f

(0)(m=1)
0

)(k)

l+1/2,i+1/2,j+1/2

(5.251)
where for the Belaiev-Budker relativistic collision operator,

I
(
f0M,, f

(0)(m=1)
0

)(k)

l+1/2,i+1/2,j+1/2

=
4π

γi+1/2

(
f

(0)(k)
0,l=1,l+1/2,i+1/2,j+1/2

+
1

pi+1/2
I1

(
fM,, f

(0)(m=1)
0

)(k)

l+1/2,i+1/2,j+1/2

+pi+1/2I2

(
fM,, f

(0)(m=1)
0

)(k)

l+1/2,i+1/2,j+1/2

)
(5.252)

with

I1

(
fM,, f

(0)(m=1)
0

)(k)

l+1/2,i+1/2,j+1/2
=

10∑
n=1

I [n](k)
1,l+1/2,i+1/2,j+1/2 (5.253)

and

I2

(
fM,, f

(0)(m=1)
0

)(k)

l+1/2,i+1/2,j+1/2
=

7∑
n=1

I [n](k)
2,l+1/2,i+1/2,j+1/2 (5.254)

The set of coefficients I [n]
1 is

I [1](k)
1,l+1/2,i+1/2,j+1/2 =

1

3T e,l+1/2

i∑
i′=0

p3
i′+1/2

γi′+1/2
f

(0)(m=1)(k)
0,l+1/2,i′+1/2∆pi′+1/2 (5.255)

I [2](k)
1,l+1/2,i+1/2,j+1/2 = −

2γi+1/2

3T e,l+1/2

i∑
i′=0

p3
i′+1/2f

(0)(m=1)(k)
0,,l+1/2,i′+1/2∆pi′+1/2 (5.256)
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I [3](k)
1,l+1/2,i+1/2,j+1/2 =

γi+1/2

5T
2
e,l+1/2

i∑
i′=0

p5
i′+1/2

γi′+1/2
f

(0)(m=1)(k)
0,l+1/2,i′+1/2∆pi′+1/2 (5.257)

I [4](k)
1,l+1/2,i+1/2,j+1/2 =

i∑
i′=0

pi′+1/2

γi′+1/2

(
γi′+1/2 −

ζi′+1/2

zi′+1/2

)
f

(0)(m=1)(k)
0,l+1/2,i′+1/2∆pi′+1/2 (5.258)

I [5](k)
1,l+1/2,i+1/2,j+1/2 = −

γi+1/2

T e,l+1/2

i∑
i′=0

p3
i′+1/2

γi′+1/2

J2,i′+1/2

z2
i′+1/2

f
(0)(m=1)(k)
0,l+1/2,i′+1/2∆pi′+1/2 (5.259)

I [6](k)
1,l+1/2,i+1/2,j+1/2 =

γi+1/2p
2
i+1/2 − 5T e,l+1/2

6T
2
e,l+1/2

i∑
i′=0

p3
i′+1/2

γi′+1/2
f

(0)(m=1)(k)
0,l+1/2,i′+1/2∆pi′+1/2

×

(
1 +

3

z2
i′+1/2

−
3γi′+1/2ζi′+1/2

z3
i′+1/2

)
(5.260)

I [7](k)
1,l+1/2,i+1/2,j+1/2 =

γi+1/2

2β†2thT
2
e,l+1/2

i∑
i′=0

p3
i′+1/2

γi′+1/2

J3,i′+1/2

zi′+1/2
f

(0)(m=1)(k)
0,l+1/2,i′+1/2∆pi′+1/2 (5.261)

I [8](k)
1,l+1/2,i+1/2,j+1/2 =

γi+1/2

2T e,l+1/2

i∑
i′=0

p3
i′+1/2

γi′+1/2

J1,i′+1/2

z2
i′+1/2

f
(0)(m=1)(k)
0,l+1/2,i′+1/2∆pi′+1/2 (5.262)

I [9](k)
1,l+1/2,i+1/2,j+1/2 =

p2
i+1/2

T e,l+1/2

i∑
i′=0

pi′+1/2

γi′+1/2

(
γi′+1/2ζi′+1/2

zi′+1/2
− 1

)
f

(0)(m=1)(k)
0,l+1/2,i′+1/2∆pi′+1/2

(5.263)

I [10](k)
1,l+1/2,i+1/2,j+1/2 = −

γ2
i+1/2

12β†2thT
2
e,l+1/2

i∑
i′=0

p3
i′+1/2

γi′+1/2

J4,i′+1/2

zi′+1/2
f

(0)(m=1)(k)
0,l+1/2,i′+1/2∆pi′+1/2 (5.264)

and the coefficients I [n]
2 are

I [1](k)
2,l+1/2,i+1/2,j+1/2 =

1

3T e,l+1/2

np−1∑
i′=i

1

γi′+1/2
f

(0)(m=1)(k)
0,l+1/2,i′+1/2∆pi′+1/2 (5.265)

I2(k)
2,l+1/2,i+1/2,j+1/2 =

(
−

2γi+1/2

3T e,l+1/2

+
p2
i+1/2

5T
2
e,l+1/2

) np−1∑
i′=i

f
(0)(m=1)(k)
0,l+1/2,i′+1/2∆pi′+1/2 (5.266)

I [3](k)
2,l+1/2,i+1/2,j+1/2 =

(
γi+1/2 −

ζi+1/2

zi+1/2

)
1

p2
i+1/2

np−1∑
i′=i

1

γi′+1/2
f

(0)(m=1)(k)
0,l+1/2,i′+1/2∆pi′+1/2 (5.267)

I [4](k)
2,l+1/2,i+1/2,j+1/2 = −

J2,i+1/2

z2
i+1/2T e,l+1/2

np−1∑
i′=i

f
(0)(m=1)(k)
0,l+1/2,i′+1/2∆pi′+1/2 (5.268)
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I [5](k)
2,l+1/2,i+1/2,j+1/2 =

(
1 +

3

z2
i+1/2

−
3γi+1/2ζi+1/2

z3
i+1/2

)
1

6T
2
e,l+1/2

×
np−1∑
i′=i

(
γi′+1/2p

2
i′+1/2 − 5T e,l+1/2

γi′+1/2

)
f

(0)(m=1)(k)
0,l+1/2,i′+1/2∆pi′+1/2

(5.269)

I [6](k)
2,l+1/2,i+1/2,j+1/2 =

(
J3,i+1/2

2zi+1/2β
†2
thT

2
e,l+1/2

+
J1,i+1/2

2z2
i+1/2T e,l+1/2

−
J4,i+1/2

12zi+1/2β
†2
thT

2
e,l+1/2

)
×
np−1∑
i′=i

f
(0)(m=1)(k)
0,l+1/2,i′+1/2∆pi′+1/2

(5.270)

I [7](k)
2,l+1/2,i+1/2,j+1/2 =

1

p2
i+1/2T e,l+1/2

(
γi+1/2ζi+1/2

zi+1/2
− 1

)

×
np−1∑
i′=i

p2
i′+1/2

γi′+1/2
f

(0)(m=1)(k)
0,l+1/2,i′+1/2∆pi′+1/2 (5.271)

where

J3,i+1/2 = −
3γi+1/2ζi+1/2

zi+1/2
+

3

zi+1/2
+ zi+1/2 −

2

5
z3
i+1/2 (5.272)

J4,i+1/2 = γi+1/2ζi+1/2

(
15

z2
i+1/2

+ 6

)
− 15

zi+1/2
+ 11zi+1/2 (5.273)

and

f
(0)(l=1)(k)
0,l+1/2,i+1/2,j+1/2 =

nξ0−1∑
j′=0

ξ0,j′+1/2f
(0)(k)
0,l+1/2,i+1/2,j′+1/2∆ξ0,j′+1/2 (5.274)

For this case, integrals are simply calculated according to the rule{ ∫ pi+1/2

0 Xdp′ →
∑i

i′=0Xi′+1/2∆pi′+1/2∫∞
pi+1/2

Xdp′ →
∑np−1

i′=i Xi′+1/2∆pi′+1/2
(5.275)

so that f
(0)(l=1)(k)
0,l+1/2,i+1/2,j+1/2 must not be interpolated between 0 and pi+1/2 for refined cal-

culations as done for coefficients Aee, Bee
t and F ee. Even if by this techniqe, the numerical

accuracy is poor in the vicinity of p = 0, consequences are fairly negligible for the momen-
tum conservation and the current level, since first-order Legendre corrections are weighted
by p.

Relativistic Maxwellian background The relativistic Maxwellian background corre-
sponds to that case where the first order Legendre correction for momentum conservation
is neglected. Matrix coeffients Aee, Bee

t and F ee determined in the previous section are
used.
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Non-relativistic Maxwellian background For this case, matrix coefficients are

Aeel+1/2,i+1/2 =
ne,l+1/2

2vi+1/2u
2
l+1/2,i+1/2

[
erf

(
ul+1/2,i+1/2

)
− ul+1/2,i+1/2erf

′ (ul+1/2,i+1/2

)]
(5.276)

F eel+1/2,i+1/2 =
ne,l+1/2

v2
i+1/2

[
erf

(
ul+1/2,i+1/2

)
− ul+1/2,i+1/2erf

′ (ul+1/2,i+1/2

)]
(5.277)

and

Bee
t,l+1/2,i+1/2 =

ne,l+1/2

4vi+1/2u
2
l+1/2,i+1/2

[(
2u2

l+1/2,i+1/2 − 1
)
erf

(
ul+1/2,i+1/2

)
+ul+1/2,i+1/2erf

′ (ul+1/2,i+1/2

)]
(5.278)

where
ul+1/2,i+1/2 =

vi+1/2

2ne,l+1/2
(5.279)

For values of the matrix coefficients Aee, Bee
t and F ee on the momentum flux grids,

one just has to replace i+ 1/2 by i or i+ 1.

High velocity limit Though the high velocity limit corresponds to a restricted range
of application regarding the full collision operator, it can contribute to useful comparisons
with some theoretical calculations. Therefore, this possibility has been implemented in
the code. In that case, expressions of the coefficients are greatly simplified,

Aeel+1/2,i+1/2 =
1

v3
i+1/2

ne,l+1/2T e,l+1/2 (5.280)

and

F eel+1/2,i+1/2 =
1

v2
i+1/2

ne,l+1/2 (5.281)

while

Bee
t,l+1/2,i+1/2 =

1

2vi+1/2
ne,l+1/2 −

1

2v3
i+1/2

ne,l+1/2T e,l+1/2 (5.282)

Since no integrals appear in the coefficients, the expressions at momentum flux grid
points i and i+ 1 can be obtained in a straightforward manner, by just replacing i+ 1/2
by the corresponding index values. In that limit, the first-order Legendre correction is
neglected. In the calculations, both electron-electron and electron-ion collision model in
the high velocity limit are used for a consistent description of the collisions.

Non-relativistic Lorentz model This very simple case corresponds to

Aeel+1/2,i+1/2 = F eel+1/2,i+1/2 = Bee
t,l+1/2,i+1/2 = 0 (5.283)

and also on the momentum flux grid points i and i+1. Obviously, the first-order Legendre
correction is also neglected in that case.
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Electron-ion collision operator

Non-relativistic Maxwellian background In that case matrix coefficients are

Aeil+1/2,i+1/2 =
1

2vi+1/2

∑
s

∑
s′

1

uss
′2

l+1/2,i+1/2

[
erf

(
uss
′

l+1/2,i+1/2

)
−ul+1/2,i+1/2erf

′
(
uss
′

l+1/2,i+1/2

)]
Z2
ss′nss′,l+1/2 (5.284)

F eil+1/2,i+1/2 =
1

v2
i+1/2

∑
s

∑
s′

[
erf

(
uss
′

l+1/2,i+1/2

)
−uss′l+1/2,i+1/2erf

′
(
uss
′

l+1/2,i+1/2

)]
Z2
ss′
nss′,l+1/2

ms
(5.285)

and

Bei
t,l+1/2,i+1/2 =

1

4vi+1/2

∑
s

∑
s′

1

uss
′2

l+1/2,i+1/2

[(
2uss

′2
l+1/2,i+1/2 − 1

)
erf

(
uss
′

l+1/2,i+1/2

)
+uss

′

l+1/2,i+1/2erf
′
(
uss
′

l+1/2,i+1/2

)]
Z2
ss′nss′,l+1/2 (5.286)

where
uss
′

l+1/2,i+1/2 =
vi+1/2

2v†th,ss′,l+1/2

=
vi+1/2

2
√
T ss′,l+1/2/ms

In the case T ss′,l+1/2 = 0, to avoid a singularity,

Aeil+1/2,i+1/2 = Bei
t,l+1/2,i+1/2 = 0 (5.287)

while

F eil+1/2,i+1/2 =
1

v2
i+1/2

∑
s

∑
s′

Z2
ss′
nss′,l+1/2

ms
(5.288)

since erf (+∞) = 1 and erf ′ (+∞) = 0.
Finally, for values of the matrix coefficients Aei, F ei and Bei

t on the momentum flux
grids, one just has to replace i+ 1/2 by i or i+ 1.

High-velocity limit In this limit, matrix coefficients are

Aeil+1/2,i+1/2 =
1

v3
i+1/2

∑
s

∑
s′

Z2
ss′
nss′,l+1/2T ss′,l+1/2

ms
(5.289)

F eil+1/2,i+1/2 =
1

v2
i+1/2

∑
s

∑
s′

Z2
ss′
nss′,l+1/2

ms
(5.290)
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The double sum
∑

s

∑
s′ takes into account of all ions species s in ionization state s′. Here,

nss′,l+1/2 is the normalized ion density at ψl+1/2, as introduced in Sec. 6.3.1, and ms is
the ion rest mass normalized to the electron rest mass me.

Coefficients Aei and F ei must be also calculated on the flux grids and therefore, ac-
cording to the previous definition,

Aeil+1/2,i =
1

v3
i

∑
s

∑
s′

Z2
ss′
nss′,l+1/2T ss′,l+1/2

ms
(5.291)

and

F eil+1/2,i =
1

v2
i

∑
s

∑
s′

Z2
ss′
nss′,l+1/2

ms
(5.292)

for the grid points i, while for the grid points i + 1, one has just to replace i by i + 1 in
the set of above expressions.

Furthermore, the expression of coefficient Bei
t is

Bei
t,l+1/2,i+1/2 =

1

2vi+1/2

∑
s

∑
s′

Z2
ss′nss′,l+1/2

(
1− 1

v2
i+1/2

T ss′,l+1/2

ms

)
(5.293)

Non-relativistic Lorentz model In that limit

Aeil+1/2,i+1/2 = F eil+1/2,i+1/2 = 0 (5.294)

while

Bei
t,l+1/2,i+1/2 = 1/2 (5.295)

A straightforward extrapolation may be done for the momentum flux grid i by i+ 1.

5.4.6 Ohmic electric field

According to the bounce averaged expression,

D
E(0)

p →



D
E(0)
pp,l+1/2,i+1,j+1/2 = 0

D
E(0)
pp,l+1/2,i,j+1/2 = 0

D
E(0)
pξ,l+1/2,i+1,j+1/2 = 0

D
E(0)
ξp,l+1/2,i+1/2,j+1 = 0

D
E(0)
pξ,l+1/2,i+1/2,j+1/2 = 0

D
E(0)
ξp,l+1/2,i+1/2,j+1/2 = 0

D
E(0)
pξ,l+1/2,i,j+1/2 = 0

D
E(0)
ξp,l+1/2,i+1/2,j = 0

D
E(0)
ξξ,l+1/2,i+1/2,j+1 = 0

D
E(0)
ξξ,l+1/2,i+1/2,j = 0

(5.296)
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and

F
E(0)

p →



F
E(0)
p,l+1/2,i+1,j+1/2 =

(
λ
l+1/2,j+1/2
1,−1,2 /λl+1/2,j+1/2

)
ξ0,j+1/2E‖0,l+1/2

F
E(0)
p,l+1/2,i,j+1/2 =

(
λ
l+1/2,j+1/2
1,−1,2 /λl+1/2,j+1/2

)
ξ0,j+1/2E‖0,l+1/2

F
E(0)
ξ,l+1/2,i+1/2,j+1 = −

(
λ
l+1/2,j+1
1,−1,2 /λl+1/2,j+1

)√
1− ξ2

0,j+1E‖0,l+1/2

F
E(0)
ξ,l+1/2,i+1/2,j = −

(
λ
l+1/2,j
1,−1,2 /λ

l+1/2,j
)√

1− ξ2
0,jE‖0,l+1/2

(5.297)

where E‖0,l+1/2 is the parallel component of the Ohmic electric field along the magnetic
field line direction normalized to the Dreicer field taken at the poloidal position where the
magnetic field B is minimum, as explained in Sec.4.2.

It is important to recall that the Ohmic electric field operator has a cylindrical sym-
metry, while the description of the electron dynamics in momentum space is based on the
spherical symmetry of the collision operator. As a consequence, there is a fundamental
contradiction for the internal boundary at p = 0 where p2Sp = 0. Indeed, for large values

of E‖0, the maximum of the distribution function f
(0)
0 is no more at p = 0, but may be

significantly shifted along the axis p⊥ = 0. Since in that extrem case p2Sp 6= 0 at p = 0
while it is naturally enforced to be null by construction with the grid definition, the distri-
bution function has a wrong shape close to p = 0 and the conservative scheme is no more

preserved. It is also important to note that the external boundary ∂f
(0)
0 /∂ξ0 = 0 at ξ0 = 0

is also no more consistent with initial bounce averaged assumptions, which represents also
an important failure of the use of the code.

Consequently, in order to avoid a misuse of the code, the range of validity of E‖0 is
restricted so that condition ∣∣∣∣∣FE(0)

p

F
C(0)
p

∣∣∣∣∣� 1 (5.298)

is fullfiled at p/pth = 1. Using the high-velicity limit of the collision operator, this corre-
sponds roughly to

E‖0

ne
' E‖0 � 1 (5.299)

since ne ' 1 in normalized units, as defined in Sec.6.3.1. Consequently, flux surface aver-
aged value of the Ohmic electric field

〈
E
〉

should be restricted to 0.05, in Dreicer units.
A warning is indicated when this value is exceeded.
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Radio-frequency waves

From the expressions given in Sec. 4.3.7, the components of the tensor D
RF(0)

p are

D
RF(0)
pp,l+1/2,i+1,j+1/2 =

∑+∞
n=−∞

∑
b(1− ξ2

0,j+1/2)D
RF(0)
b,n,l+1/2,i+1,j+1/2

D
RF(0)
pp,l+1/2,i,j+1/2 =

∑+∞
n=−∞

∑
b(1− ξ2

0,j+1/2)D
RF(0)
b,n,l+1/2,i,j+1/2

D
RF(0)
pξ,l+1/2,i+1,j+1/2 =

∑+∞
n=−∞

∑
b−

√
1−ξ2

0,j+1/2

ξ0,j+1/2

[
1− ξ2

0,j+1/2 −
nΩ0,l+1/2,i+1

ωb

]
D

RF(0)
b,n,l+1/2,i+1,j+1/2

D
RF(0)
ξp,l+1/2,i+1/2,j+1 =

∑+∞
n=−∞

∑
b−

√
1−ξ2

0,j+1

ξ0,j+1

[
1− ξ2

0 −
nΩ0,l+1/2,i+1/2

ωb

]
D

RF(0)
b,n,l+1/2,i+1/2,j+1

D
RF(0)
pξ,l+1/2,i+1/2,j+1/2 =

∑+∞
n=−∞

∑
b−

√
1−ξ2

0,j+1/2

ξ0,j+1/2

[
1− ξ2

0 −
nΩ0,l+1/2,i+1/2

ωb

]
D

RF(0)
b,n,l+1/2,i+1/2,j+1/2

D
RF(0)
ξp,l+1/2,i+1/2,j+1/2 =

∑+∞
n=−∞

∑
b−

√
1−ξ2

0,j+1/2

ξ0,j+1/2

[
1− ξ2

0 −
nΩ0,l+1/2,i+1/2

ωb

]
D

RF(0)
b,n,l+1/2,i+1/2,j+1/2

D
RF(0)
pξ,l+1/2,i,j+1/2 =

∑+∞
n=−∞

∑
b−

√
1−ξ2

0,j+1/2

ξ0,j+1/2

[
1− ξ2

0 −
nΩ0,l+1/2,i

ωb

]
D

RF(0)
b,n,l+1/2,i,j+1/2

D
RF(0)
ξp,l+1/2,i+1/2,j =

∑+∞
n=−∞

∑
b−

√
1−ξ2

0,j

ξ0,j

[
1− ξ2

0,j −
nΩ0,l+1/2,i+1/2

ωb

]
D

RF(0)
b,n,l+1/2,i+1/2,j

D
RF(0)
ξξ,l+1/2,i+1/2,j+1 =

∑+∞
n=−∞

∑
b

1
ξ2
0,j+1

[
1− ξ2

0,j −
nΩ0,l+1/2,i+1/2

ωb

]2
D

RF(0)
b,n,l+1/2,i+1/2,j+1

D
RF(0)
ξξ,l+1/2,i+1/2,j =

∑+∞
n=−∞

∑
b

1
ξ2
0,j

[
1− ξ2

0,j −
nΩ0,l+1/2,i+1/2

ωb

]2
D

RF(0)
b,n,l+1/2,i+1/2,j

(5.300)
and

F
RF(0)

p →


F

RF(0)
p,l+1/2,i+1,j+1/2 = 0

F
RF(0)
p,l+1/2,i,j+1/2 = 0

F
RF(0)
ξ,l+1/2,i+1/2,j+1 = 0

F
RF(0)
ξ,l+1/2,i+1/2,j = 0

(5.301)

where Ω0,l+1/2,i+1/2 is the electron cyclotron frequency taken at the minimum B value

Ω0,l+1/2,i+1/2 =
Ωi+1/2

Ψl+1/2
(5.302)

Here the dependence of Ω0,l+1/2,i+1/2 with the index i arises from relativistic down-
shift. The indexes n and b correspond respectively to the wave harmonics and the narrow
beam label (for ray-tracing calculations). The discrete expression of the quasilinear diffu-

sion coefficient D
RF(0)
b,n,l+1/2,i+1/2,j+1/2 is

D
RF(0)
b,n,l+1/2,i+1/2,j+1/2 =

γi+1/2pTe

pi+1/2

∣∣ξ0,j+1/2

∣∣ 1

λl+1/2,j+1/2q̃l+1/2

rθb,l+1/2

Rp

Bθb
l+1/2

Bθb
P,l+1/2

ξ2
0,j+12

ξ2
θb,l+1/2,j+1/2

×Ψθb,l+1/2D
RF,θb
b,n,0,l+12H (θb − θmin)H (θmax − θb)

×

[
1

2

∑
σ

]
T

δ
(
Nb‖ −N θb

‖res,l+1/2,i+1/2,j+1/2

) ∣∣∣Θb,(n)
k,θb,l+1/2,i+1/2,j+1/2

∣∣∣2
(5.303)
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where

Θ
b,(n)
k,θb,l+1/2,i+1/2,j+1/2 =

1√
2
eb0,+e

−iαbJn−1

(
zθbb,l+1/2,i+1/2,j+1/2

)
+

1√
2
eb0,−e

+iαbJn+1

(
zθbb,l+1/2,i+1/2,j+1/2

)
+

ξθb,l+1/2√
Ψθb,l+1/2

(
1− ξ2

0,j+1/2

)eb0,‖Jn (zθbb,l+1/2,i+1/2,j+1/2

)
(5.304)

N θb
‖res,l+1/2,i+1/2,j+1/2 =

1

βTe

pTe
pi+1/2ξθb,l+1/2

(
γi+1/2 −

n′Ψθb,l+1/2ωce,0

ωb

)
(5.305)

D
RF,θb
b,n,0,l+1/2 =

1

rθb,l+1/2Rθb,l+1/2

1

me ln Λl+1/2

1

ωbω
2
pe,l+1/2

f
l+1/2
inc,b

|Φb|
Pb,inc (5.306)

with

zθbb,l+1/2,i+1/2,j+1/2 = −Nb⊥
ωb

ωce,0,l+1/2

pi+1/2

mec

√
1− ξ2

0,j+1/2√
Ψθb,l+1/2

(5.307)

and

ψ̂θb,l+1/2 = ψ̂(ψl+1/2, θb) (5.308)

rθb,l+1/2 = r
(
ψl+1/2, θb

)
(5.309)

Rθb,l+1/2 = R
(
ψl+1/2, θb

)
(5.310)

Bθb
l+1/2 = B

(
ψl+1/2, θb

)
(5.311)

Bθb
P,l+1/2 = BP

(
ψl+1/2, θb

)
(5.312)

Ψθb,l+1/2 =
B
(
ψl+1/2, θb

)
B0

(
ψl+1/2

) =
Bθb
l+1/2

B0,l+1/2
(5.313)

ξθb,l+1/2,j+1/2 = ξ
(
ψl+1/2, θb, ξ0,j+1/2

)
= σ

√
1−Ψθb,l+1/2

(
1− ξ2

0,j+1/2

)
(5.314)

All coefficients corresponding to different indexes may be obtained readily by perform-
ing the adequate index transformation, i+ 1/2→ (i, i+ 1) and j + 1/2→ (j, j + 1)

5.5 Up to first order term: the Drift Kinetic equation

5.5.1 Grid interpolation

Spatial grid interpolation for gradient calculation The first order drift kinetic
equation requires to calculate f̃ (0) defined as

f̃ (0)(p, ξ0, ψ) =
pξ0I (ψ)

qeB0 (ψ)

∂f
(0)
0 (p, ξ0, ψ)

∂ψ
(5.315)

192



5.5. Up to first order term: the Drift Kinetic equation 5. Numerical calculations

where |I (ψ)| = RBT . Here all quantities are determined on the poloidal position where
the magnetic field B is minimum.

The spatial grid being non-uniform, radial derivative requires a specific treatment, for
an accurate determination. Let ψ−, ψ et ψ+ the three neighbor radial positions where

are calculated the distribution function f
(0)
0 with ∆ψ− = ψ− − ψ, ∆ψ+ = ψ+ − ψ and

∆ψ = ψ+−ψ−. A parabolic interpolation of the form y = aψ2+bψ+c is used for calculating
the radial derivative dy/dψ = 2aψ + b. The coefficients a, b and c being determined by
values y−, y and y+ at grid points ψ−, ψ and ψ+, one can easily show that

dy

dψ

∣∣∣∣
ψ

=
1

detV

(
−∆ψ2

+y− + ∆ψ (∆ψ+ + ∆ψ−) y + ∆ψ2
−y+

)
(5.316)

where V is a Van der Monde matrix of order 3,

V =

 1 ψ− ψ2
−

1 ψ ψ2

1 ψ+ ψ2
+

 (5.317)

whose determinant is simply

detV = −∆ψ−∆ψ∆ψ+ (5.318)

Therefore
dy

dψ

∣∣∣∣
r

=
∆ψ+

∆ψ∆ψ−
y− −

(∆ψ+ + ∆ψ−)

∆ψ+∆ψ−
y − ∆ψ−

∆ψ∆ψ+
y+ (5.319)

and applying this result for f̃ (0),

f̃
(0)(k+1)
l+1/2,i+1/2,j+1/2 =

pi+1/2ξ0,j+1/2Il+1/2

qeB0,l+1/2
×[ (

ψl+3/2 − ψl+1/2

)(
ψl+3/2 − ψl−1/2

) (
ψl−1/2 − ψl+1/2

)f (0)(k+1)
0,l−1/2,i+1/2,j+1/2

−
(
ψl+3/2 − 2ψl+1/2 + ψl−1/2

)(
ψl+3/2 − ψl+1/2

) (
ψl−1/2 − ψl+1/2

)f (0)(k+1)
0,l+1/2,i+1/2,j+1/2

−
(
ψl−1/2 − ψl+1/2

)(
ψl+3/2 − ψl−1/2

) (
ψl+3/2 − ψl+1/2

)f (0)(k+1)
0,l+3/2,i+1/2,j+1/2

]
(5.320)

where Il+1/2 = I
(
ψl+1/2

)
. In a compact form,

f̃
(0)(k+1)
l+1/2,i+1/2,j+1/2 =

pi+1/2ξ0,j+1/2Il+1/2

qeB0,l+1/2
×[

α−l+1/2f
(0)(k+1)
0,l−1/2,i+1/2,j+1/2 + α0

l+1/2f
(0)(k+1)
0,l+1/2,i+1/2,j+1/2

+α+
l+1/2f

(0)(k+1)
0,l+3/2,i+1/2,j+1/2

]
(5.321)
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where coefficients are

α−l+1/2 =

(
ψl+3/2 − ψl+1/2

)(
ψl+3/2 − ψl−1/2

) (
ψl−1/2 − ψl+1/2

) (5.322)

α0
l+1/2 = −

(
ψl+3/2 − 2ψl+1/2 + ψl−1/2

)(
ψl+3/2 − ψl+1/2

) (
ψl−1/2 − ψl+1/2

) (5.323)

and

α+
l+1/2 = −

(
ψl−1/2 − ψl+1/2

)(
ψl+3/2 − ψl−1/2

) (
ψl+3/2 − ψl+1/2

) (5.324)

Momentum grid interpolation As indicated in Sec. 3.5.5, it is possible to keep
the conservative form for the first-order drift kinetic equation. The main advantage is
that the numerical differencing technique already used for the zero-order Fokker-Planck
equation may be also employed for determining the numerical solution of this equa-

tion. The determination of the momentum
∂
(
p2S̃

(0)
p

)
∂p

∣∣∣∣∣
(k)

l+1/2,i+1/2,j+1/2

and pitch-angle

∂
∂ξ0

(√
1− ξ2

0λS̃
(0)
ξ

)∣∣∣(k)

l+1/2,i+1/2,j+1/2
derivatives requires, as for f

(0)
0 , interpolation tech-

niques in order to evaluate f̃ (0) on flux grid at the radial position l+ 1/2. By analogy, one
have to determine f̃ (0) on the following grid points

f̃
(0)(k+1)
l+1/2,i+1,j+1/2 =

pi+1ξ0,j+1/2Il+1/2

qeB0,l+1/2

∂f
(0)
0

∂ψ

∣∣∣∣∣
(k+1)

l+1/2,i+1,j+1/2

(5.325)

f̃
(0)(k+1)
l+1/2,i,j+1/2 =

piξ0,j+1/2Il+1/2

qeB0,l+1/2

∂f
(0)
0

∂ψ

∣∣∣∣∣
(k+1)

l+1/2,i,j+1/2

(5.326)

f̃
(0)(k+1)
l+1/2,i+1/2,j+1 =

pi+1/2ξ0,j+1Il+1/2

qeB0,l+1/2

∂f
(0)
0

∂ψ

∣∣∣∣∣
(k+1)

l+1/2,i+1/2,j+1

(5.327)

and

f̃
(0)(k+1)
l+1/2,i+1/2,j =

pi+1/2ξ0,jIl+1/2

qeB0,l+1/2

∂f
(0)
0

∂ψ

∣∣∣∣∣
(k+1)

l+1/2,i+1/2,j

(5.328)

Using the weighting factors δ
(0)
p introduced for f

(0)
0 , as shown in Sec. 5.4.3 which both
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are functions of ψ, one obtains for the grid point (l + 1/2, i+ 1, j + 1/2)

∂f
(0)
0

∂ψ

∣∣∣∣∣
(k+1)

l+1/2,i+1,j+1/2

= α−l+1/2f
(0)(k+1)
0,l−1/2,i+1,j+1/2 + α0

l+1/2f
(0)(k+1)
0,l+1/2,i+1,j+1/2

+α+
l+1/2f

(0)(k+1)
0,l+3/2,i+1,j+1/2

= α−l+1/2

(
1− δ(0)

p,l−1/2,i+1,j+1/2

)
f

(0)(k+1)
0,l−1/2,i+3/2,j+1/2

+α−l+1/2δ
(0)
p,l−1/2,i+1,j+1/2f

(0)(k+1)
0,l−1/2,i+1/2,j+1/2

+α0
l+1/2

(
1− δ(0)

p,l+1/2,i+1,j+1/2

)
f

(0)(k+1)
0,l+1/2,i+3/2,j+1/2

+α0
l+1/2δ

(0)
p,l+1/2,i+1,j+1/2f

(0)(k+1)
0,l+1/2,i+1/2,j+1/2

+α+
l+1/2

(
1− δ(0)

p,l+3/2,i+1,j+1/2

)
f

(0)(k+1)
0,l+3/2,i+3/2,j+1/2

+α+
l+1/2δ

(0)
p,l+3/2,i+1,j+1/2f

(0)(k+1)
0,l+3/2,i+1/2,j+1/2 (5.329)

and

f̃
(0)(k+1)
l+1/2,i+1,j+1/2 =

pi+1ξ0,j+1/2Il+1/2

qeB0,l+1/2
α−l+1/2

(
1− δ(0)

p,l−1/2,i+1,j+1/2

)
f

(0)(k+1)
0,l−1/2,i+3/2,j+1/2

+
pi+1ξ0,j+1/2Il+1/2

qeB0,l+1/2
α−l+1/2δ

(0)
p,l−1/2,i+1,j+1/2f

(0)(k+1)
0,l−1/2,i+1/2,j+1/2

+
pi+1ξ0,j+1/2Il+1/2

qeB0,l+1/2
α0
l+1/2

(
1− δ(0)

p,l+1/2,i+1,j+1/2

)
f

(0)(k+1)
0,l+1/2,i+3/2,j+1/2

+
pi+1ξ0,j+1/2Il+1/2

qeB0,l+1/2
α0
l+1/2δ

(0)
p,l+1/2,i+1,j+1/2f

(0)(k+1)
0,l+1/2,i+1/2,j+1/2

+
pi+1ξ0,j+1/2Il+1/2

qeB0,l+1/2
α+
l+1/2

(
1− δ(0)

p,l+3/2,i+1,j+1/2

)
f

(0)(k+1)
0,l+3/2,i+3/2,j+1/2

+
pi+1ξ0,j+1/2Il+1/2

qeB0,l+1/2
α+
l+1/2δ

(0)
p,l+3/2,i+1,j+1/2f

(0)(k+1)
0,l+3/2,i+1/2,j+1/2 (5.330)
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which becomes

f̃
(0)(k+1)
l+1/2,i+1,j+1/2 =

pi+1

pi+3/2

pi+3/2ξ0,j+1/2Il+1/2

qeB0,l+1/2
α−l+1/2 ×(

1− δ(0)
p,l−1/2,i+1,j+1/2

)
f

(0)(k+1)
0,l−1/2,i+3/2,j+1/2

+
pi+1

pi+3/2

pi+3/2ξ0,j+1/2Il+1/2

qeB0,l+1/2
α0
l+1/2 ×(

1− δ(0)
p,l+1/2,i+1,j+1/2

)
f

(0)(k+1)
0,l+1/2,i+3/2,j+1/2

+
pi+1

pi+3/2

pi+3/2ξ0,j+1/2Il+1/2

qeB0,l+1/2
α+
l+1/2 ×(

1− δ(0)
p,l+3/2,i+1,j+1/2

)
f

(0)(k+1)
0,l+3/2,i+3/2,j+1/2

+
pi+1

pi+1/2

pi+1/2ξ0,j+1/2Il+1/2

qeB0,l+1/2
α−l+1/2 ×

δ
(0)
p,l−1/2,i+1,j+1/2f

(0)(k+1)
0,l−1/2,i+1/2,j+1/2

+
pi+1

pi+1/2

pi+1/2ξ0,j+1/2Il+1/2

qeB0,l+1/2
α0
l+1/2 ×

δ
(0)
p,l+1/2,i+1,j+1/2f

(0)(k+1)
0,l+1/2,i+1/2,j+1/2

+
pi+1

pi+1/2

pi+1/2ξ0,j+1/2Il+1/2

qeB0,l+1/2
α+
l+1/2 ×

δ
(0)
p,l+3/2,i+1,j+1/2f

(0)(k+1)
0,l+3/2,i+1/2,j+1/2 (5.331)

or

f̃
(0)(k+1)
l+1/2,i+1,j+1/2 =

pi+1

pi+3/2

(
1− δ(0)

p,l+1/2,i+1,j+1/2

)
f̃

(0)(k+1)
l+1/2,i+3/2,j+1/2

+
pi+1

pi+1/2
δ

(0)
p,l+1/2,i+1,j+1/2f̃

(0)(k+1)
l+1/2,i+1/2,j+1/2

+h̃
(0)(k+1)
l+1/2,i+1,j+1/2 (5.332)
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where

h̃
(0)(k+1)
l+1/2,i+1,j+1/2 = pi+1

ξ0,j+1/2Il+1/2

qeB0,l+1/2
α−l+1/2 ×(

δ
(0)
p,l+1/2,i+1,j+1/2 − δ

(0)
p,l−1/2,i+1,j+1/2

)
f

(0)(k+1)
0,l−1/2,i+3/2,j+1/2

+pi+1

ξ0,j+1/2Il+1/2

qeB0,l+1/2
α+
l+1/2 ×(

δ
(0)
p,l+1/2,i+1,j+1/2 − δ

(0)
p,l+3/2,i+1,j+1/2

)
f

(0)(k+1)
0,l+3/2,i+3/2,j+1/2

−pi+1

ξ0,j+1/2Il+1/2

qeB0,l+1/2
α−l+1/2 ×(

δ
(0)
p,l+1/2,i+1,j+1/2 − δ

(0)
p,l−1/2,i+1,j+1/2

)
f

(0)(k+1)
0,l−1/2,i+1/2,j+1/2

−pi+1

ξ0,j+1/2Il+1/2

qeB0,l+1/2
α+
l+1/2 ×(

δ
(0)
p,l+1/2,i+1,j+1/2 − δ

(0)
p,l+3/2,i+1,j+1/2

)
f

(0)(k+1)
0,l+3/2,i+1/2,j+1/2(5.333)

Reordering coefficients, one obtains,

h̃
(0)(k+1)
l+1/2,i+1,j+1/2 = pi+1

ξ0,j+1/2Il+1/2

qeB0,l+1/2
×[

α−l+1/2

(
δ

(0)
p,l+1/2,i+1,j+1/2 − δ

(0)
p,l−1/2,i+1,j+1/2

)
×(

f
(0)(k+1)
0,l−1/2,i+3/2,j+1/2 − f

(0)(k+1)
0,l−1/2,i+1/2,j+1/2

)
+α+

l+1/2

(
δ

(0)
p,l+1/2,i+1,j+1/2 − δ

(0)
p,l+3/2,i+1,j+1/2

)
×(

f
(0)(k+1)
0,l+3/2,i+3/2,j+1/2 − f

(0)(k+1)
0,l+3/2,i+1/2,j+1/2

)]
(5.334)

This double difference makes coefficient h̃
(0)
l+1/2,i+1,j+1/2 is second order correction, that

is almost negligible when spatial gradients are weak. However, for strong gradients, this
correction must be, in principle, considered.

A similar expression is obtained for the grid point (l + 1/2, i, j + 1/2) , by replacing
i+ 1→ i in all above relations.

f̃
(0)(k+1)
l+1/2,i,j+1/2 =

pi
pi+1/2

(
1− δ(0)

p,l+1/2,i,j+1/2

)
f̃

(0)(k+1)
l+1/2,i+1/2,j+1/2

+
pi

pi−1/2
δ

(0)
p,l+1/2,i,j+1/2f̃

(0)(k+1)
l+1/2,i−1/2,j+1/2

+h̃
(0)
l+1/2,i,j+1/2 (5.335)
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where

h̃
(0)(k+1)
l+1/2,i,j+1/2 = pi

ξ0,j+1/2Il+1/2

qeB0,l+1/2
×[

α−l+1/2

(
δ

(0)
p,l+1/2,i,j+1/2 − δ

(0)
p,l−1/2,i,j+1/2

)
×(

f
(0)(k+1)
0,l−1/2,i+1/2,j+1/2 − f

(0)(k+1)
0,l−1/2,i−1/2,j+1/2

)
+α+

l+1/2

(
δ

(0)
p,l+1/2,i,j+1/2 − δ

(0)
p,l+3/2,i,j+1/2

)
×(

f
(0)(k+1)
0,l+3/2,i+1/2,j+1/2 − f

(0)(k+1)
0,l+3/2,i−1/2,j+1/2

)]
(5.336)

Finally, a similar approach may be used for the pitch-angle grid interpolation. For grid
points (l + 1/2, i+ 1/2, j + 1),

f̃
(0)(k+1)
l+1/2,i+1/2,j+1 =

ξ0,j+1

ξ0,j+3/2

(
1− δ(0)

ξ,l+1/2,i+1/2,j+1

)
f̃

(0)(k+1)
l+1/2,i+1/2,j+3/2

+
ξ0,j+1

ξ0,j+1/2
δ

(0)
ξ,l+1/2,i+1/2,j+1f̃

(0)(k+1)
l+1/2,i+1/2,j+1/2

+h̃
(0)(k+1)
l+1/2,i+1/2,j+1 (5.337)

where

h̃
(0)(k+1)
l+1/2,i+1/2,j+1 = pi+1/2

ξ0,j+1Il+1/2

qeB0,l+1/2
×[

α−l+1/2

(
δ

(0)
ξ,l+1/2,i+1/2,j+1 − δ

(0)
ξ,l−1/2,i+1/2,j+1

)
×(

f
(0)(k+1)
0,l−1/2,i+1/2,j+3/2 − f

(0)(k+1)
0,l−1/2,i+1/2,j+1/2

)
+α+

l+1/2

(
δ

(0)
ξ,l+1/2,i+1/2,j+1 − δ

(0)
ξ,l+3/2,i+1/2,j+1

)
×(

f
(0)(k+1)
0,l+3/2,i+1/2,j+3/2 − f

(0)(k+1)
0,l+3/2,i+1/2,j+1/2

)]
(5.338)

However, since by definition, δ
(0)
ξ,l+1/2,i+1/2,j+1 = δ

(0)
ξ,l−1/2,i+1/2,j+1, and δ

(0)
ξ,l+1/2,i+1/2,j+1 =

δ
(0)
ξ,l+3/2,i+1/2,j+1, it turns out that

h̃
(0)(k+1)
l+1/2,i+1/2,j+1 = 0 (5.339)

and a similar result is obtained for grid points (l + 1/2, i+ 1/2, j), expressions are

f̃
(0)(k+1)
l+1/2,i+1/2,j =

ξ0,j

ξ0,j+1/2

(
1− δ(0)

ξ,l+1/2,i+1/2,j

)
f̃

(0)(k+1)
l+1/2,i+1/2,j+1/2

+
ξ0,j

ξ0,j−1/2
δ

(0)
ξ,l+1/2,i+1/2,j f̃

(0)(k+1)
l+1/2,i+1/2,j−1/2

+h̃
(0)
l+1/2,i+1/2,j (5.340)

where
h̃

(0)(k+1)
l+1/2,i+1/2,j = 0 (5.341)
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5.5.2 Momentum dynamics

The starting point of the discrete representation of the first order drift kinetic equation is
the conservative relation

∂
(
p2S

(0)
p

)
∂p

∣∣∣∣∣∣
(k)

l+1/2,i+1/2,j+1/2

−
pi+1/2

λl+1/2,j+1/2
×

∂

∂ξ0

(√
1− ξ2

0λS
(0)
ξ

)∣∣∣∣(k)

l+1/2,i+1/2,j+1/2

=
∂
(
p2S̃

(0)
p

)
∂p

∣∣∣∣∣∣
(k)

l+1/2,i+1/2,j+1/2

−
pi+1/2

λl+1/2,j+1/2
×

∂

∂ξ0

(√
1− ξ2

0λS̃
(0)
ξ

)∣∣∣∣(k)

l+1/2,i+1/2,j+1/2

(5.342)

where S
(0)
p and S

(0)
ξ are fluxes related to the function g(0) as introduced in Sec.3.5.5,

while S̃
(0)
p and S̃

(0)
ξ are fluxes related to the function f̃ (0). Since g(0) and f

(0)
0 have same

symmetries with respect to the pitch-angle ξ0, matrix coefficients are exactly identical for
both functions (see Sec. 5.4.1). However, calculations are slightly different for f̃ (0), though
a conservative form may still be kept. By analogy with zero order Fokker-Planck equation,

∂
(
p2S̃

(0)
p

)
∂p

=
∂

∂p

(
−p2D̃(0)

pp

∂f̃ (0)

∂p
+ p2F̃ (0)

p f̃ (0)

)

+
√

1− ξ2
0

∂

∂p

(
pD̃

(0)
pξ

) ∂f̃ (0)

∂ξ0

+
√

1− ξ2
0pD̃

(0)
pξ

∂2f̃ (0)

∂p∂ξ0
(5.343)

∂
(√

1− ξ2
0λ (ψ, ξ0) S̃

(0)
ξ

)
∂ξ0

=
∂

∂ξ0

(
D̃

(0)
ξξ

1− ξ2
0

p
λ (ψ, ξ0)

∂f̃ (0)

∂ξ0

+
√

1− ξ2
0λ (ψ, ξ0) F̃

(0)
ξ f̃ (0)

)
− ∂

∂ξ0

(√
1− ξ2

0λ (ψ, ξ0) D̃
(0)
ξp

)
∂f̃ (0)

∂p

−
√

1− ξ2
0λ (ψ, ξ0) D̃

(0)
ξp

∂2f̃ (0)

∂ξ0∂p
(5.344)
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one obtains

∂
(
p2S̃

(0)
p

)
∂p

∣∣∣∣∣∣
(k)

l+1/2,i+1/2,j+1/2

−
pi+1/2

λl+1/2,j+1/2
×

∂

∂ξ0

(√
1− ξ2

0λS̃
(0)
ξ

)∣∣∣∣(k)

l+1/2,i+1/2,j+1/2

=
m=8∑
m=1

T̃ [m] (5.345)

with

T̃ [1] =

−p2
i+1D̃

(0)
pp,l+1/2,i+1,j+1/2

∂f̃ (0)

∂p

∣∣∣(k+1)

l+1/2,i+1,j+1/2
+ p2

i+1F̃
(0)
p,l+1/2,i+1,j+1/2f̃

(0)(k+1)
l+1/2,i+1,j+1/2

∆pi+1/2

(5.346)

T̃ [2] =

p2
i D̃

(0)
pp,l+1/2,i,j+1/2

∂f̃ (0)

∂p

∣∣∣(k+1)

l+1/2,i,j+1/2
− p2

i F̃
(0)
p,l+1/2,i,j+1/2f̃

(0)(k+1)
l+1/2,i,j+1/2

∆pi+1/2
(5.347)

T̃ [3] = +
√

1− ξ2
0,j+1/2

∂
(
pD̃

(0)
pξ

)
∂p

∣∣∣∣∣∣
l+1/2,i+1/2,j+1/2

∂f̃ (0)

∂ξ

∣∣∣∣∣
(k+1)

l+1/2,i+1/2,j+1/2

(5.348)

T̃ [4] = +
√

1− ξ2
0,j+1/2pi+1/2D̃

(0)
pξ,l+1/2,i+1/2,j+1/2

∂2f̃ (0)

∂p∂ξ

∣∣∣∣∣
(k+1)

l+1/2,i+1/2,j+1/2

(5.349)

T̃ [5] = −
pi+1/2

λl+1/2,j+1/2

D̃
(0)
ξξ,l+1/2,i+1/2,j+1

(
1− ξ2
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)
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∂ξ

∣∣∣(k+1)
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+
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√
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∆ξj+1/2

 (5.350)

T̃ [6] =
pi+1/2

λl+1/2,j+1/2

D̃
(0)
ξξ,l+1/2,i+1/2,j

(
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)
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∂ξ

∣∣∣(k+1)
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pi+1/2∆ξj+1/2

+
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√
1− ξ2

0,jλ
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(0)
ξ,l+1/2,i+1/2,j f̃

(0)(k+1)
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∆ξj+1/2

 (5.351)
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T̃ [7] =
pi+1/2

λl+1/2,j+1/2

∂

∂ξ0

(√
1− ξ2

0λD̃
(0)
ξp

)∣∣∣∣
l+1/2,i+1/2,j+1/2

∂f̃ (0)

∂p

∣∣∣∣∣
(k+1)

l+1/2,i+1/2,j+1/2

(5.352)

T̃ [8] =
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j+1/2λ
l+1/2,j+1/2D̃

(0)
ξp,l+1/2,i+1/2,j+1/2

∂2f̃ (0)

∂ξ0∂p

∣∣∣∣∣
(k+1)

l+1/2,i+1/2,j+1/2

(5.353)
Discrete expressions of the partial derivatives are,

∂f̃ (0)

∂p

∣∣∣∣∣
(k+1)

l+1/2,i+1,j+1/2

=
f̃

(0)(k+1)
l+1/2,i+3/2,j+1/2 − f̃

(0)(k+1)
l+1/2,i+1/2,j+1/2

∆pi+1
(5.354)

∂f̃ (0)

∂p

∣∣∣∣∣
(k+1)

l+1/2,i+1/2,j+1/2

=
f̃

(0)(k+1)
l+1/2,i+3/2,j+1/2 − f̃

(0)(k+1)
l+1/2,i−1/2,j+1/2

∆pi+1 + ∆pi
(5.355)

∂f̃ (0)

∂p

∣∣∣∣∣
(k+1)

l+1/2,i,j+1/2

=
f̃

(0)(k+1)
l+1/2,i+1/2,j+1/2 − f̃

(0)(k+1)
l+1/2,i−1/2,j+1/2

∆pi
(5.356)

∂f̃ (0)

∂ξ0

∣∣∣∣∣
(k+1)

l+1/2,i+1/2,j+1

=
f̃

(0)(k+1)
l+1/2,i+1/2,j+3/2 − f̃

(0)(k+1)
l+1/2,i+1/2,j+1/2

∆ξ0,j+1
(5.357)

∂f̃ (0)

∂ξ0

∣∣∣∣∣
(k+1)

l+1/2,i+1/2,j+1/2

=
f̃

(0)(k+1)
l+1/2,i+1/2,j+3/2 − f̃

(0)(k+1)
l+1/2,i+1/2,j−1/2

∆ξ0,j+1 + ∆ξ0,j
(5.358)

∂f̃ (0)

∂ξ0

∣∣∣∣∣
(k+1)

l+1/2,i+1/2,j

=
f̃

(0)(k+1)
l+1/2,i+1/2,j+1/2 − f̃

(0)(k+1)
l+1/2,i+1/2,j−1/2

∆ξ0,j
(5.359)

and cross-derivatives

∂2f̃ (0)

∂p∂ξ0

∣∣∣∣∣
(k+1)

l+1/2,i+1/2,j+1/2

=
∂2f̃ (0)

∂ξ0∂p

∣∣∣∣∣
(k+1)

l+1/2,i+1/2,j+1/2

=
f̃

(0)(k+1)
l+1/2,i+3/2,j+3/2 + f̃

(0)(k+1)
l+1/2,i−1/2,j−1/2

(∆pi+1 + ∆pi) (∆ξ0,j+1 + ∆ξ0,j)

−
f̃

(0)(k+1)
l+1/2,i+3/2,j−1/2 + f̃

(0)(k+1)
l+1/2,i−1/2,j+3/2

(∆pi+1 + ∆pi) (∆ξ0,j+1 + ∆ξ0,j)
(5.360)

As for the zero-order Fokker-Planck equation, other derivatives in discrete form become

∂
(
pD̃

(0)
pξ

)
∂p

∣∣∣∣∣∣
l+1/2,i+1/2,j+1/2

=
pi+1D̃

(0)
pξ,l+1/2,i+1,j+1/2 − piD̃

(0)
pξ,l+1/2,i,j+1/2

∆pi+1/2
(5.361)
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∂

∂ξ0

(√
1− ξ2

0λD̃
(0)
ξp

)∣∣∣∣
l+1/2,i+1/2,j+1/2

=

√
1− ξ2

0,j+1λ
l+1/2,j+1D̃

(0)
ξp,l+1/2,i+1/2,j+1

∆ξ0,j+1/2

−

√
1− ξ2

0,jλ
l+1/2,jD̃

(0)
ξp,l+1/2,i+1/2,j

∆ξ0,j+1/2
(5.362)

Since the distribution function f̃ (0)is defined on the half grid, while fluxes on the full
grid, it is necessary to interpolate, because in some derivatives, values of are taken on the
full grid. As discussed in the previous section, interpolation procedure is more complex

for f̃ (0) than for f
(0)
0 . Therefore, for terms proportional to D̃

(0)
ξξ and F̃

(0)
ξ

f̃
(0)(k+1)
l+1/2,i+1,j+1/2 =

pi+1

pi+3/2

(
1− δ(0)

p,l+1/2,i+1,j+1/2

)
f̃

(0)(k+1)
l+1/2,i+3/2,j+1/2

+
pi+1

pi+1/2
δ

(0)
p,l+1/2,i+1,j+1/2f̃

(0)(k+1)
l+1/2,i+1/2,j+1/2

+h̃
(0)(k+1)
l+1/2,i+1,j+1/2 (5.363)

f̃
(0)(k+1)
l+1/2,i,j+1/2 =

pi
pi+1/2

(
1− δ(0)

p,l+1/2,i,j+1/2

)
f̃

(0)(k+1)
l+1/2,i+1/2,j+1/2

+
pi

pi−1/2
δ

(0)
p,l+1/2,i,j+1/2f̃

(0)(k+1)
l+1/2,i−1/2,j+1/2

+h̃
(0)(k+1)
l+1/2,i,j+1/2 (5.364)

and for terms proportional to D̃
(0)
ξξ and F̃

(0)
ξ

f̃
(0)(k+1)
l+1/2,i+1/2,j+1 =

ξ0,j+1

ξ0,j+3/2

(
1− δ(0)

ξ,l+1/2,i+1/2,j+1

)
f̃

(0)(k+1)
l+1/2,i+1/2,j+3/2

+
ξ0,j+1

ξ0,j+1/2
δ

(0)
ξ,l+1/2,i+1/2,j+1f̃

(0)(k+1)
l+1/2,i+1/2,j+1/2 (5.365)

f̃
(0)(k+1)
l+1/2,i+1/2,j =

ξ0,j

ξ0,j+1/2

(
1− δ(0)

ξ,l+1/2,i+1/2,j

)
f̃

(0)(k+1)
l+1/2,i+1/2,j+1/2

+
ξ0,j

ξ0,j−1/2
δ

(0)
ξ,l+1/2,i+1/2,j f̃

(0)(k+1)
l+1/2,i+1/2,j−1/2 (5.366)

since h̃
(0)
l+1/2,i+1/2,j+1 = h̃

(0)
l+1/2,i+1/2,j = 0.
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Gathering all terms in a matrix form

∂
(
p2S̃

(0)
p

)
∂p

∣∣∣∣∣∣
(k)

l+1/2,i+1/2,j+1/2

−
pi+1/2

λl+1/2,j+1/2
×

∂

∂ξ0

(√
1− ξ2

0λS̃
(0)
ξ

)∣∣∣∣(k)

l+1/2,i+1/2,j+1/2

=

i′=i+1∑
i′=i−1

j′=j+1∑
j′=j−1

M̃
(0)

p,l+1/2,i′+1/2,j′+1/2f̃
(0)(k+1)
l+1/2,i′+1/2,j′+1/2

+

i′=i+1∑
i′=i−1

l′=l+1∑
l′=l−1

H̃
(0)

ψ,l′+1/2,i′+1/2,j+1/2f
(0)(k+1)
0,l′+1/2,i′+1/2,j+1/2 (5.367)

where M̃
(0)

and M
(0)

have a very similar expressions, though slightly different because of

the ratios pi+1/pi+3/2, pi/pi+1/2, ξ0,j+1/ξ0,j+3/2 and ξ0,j/ξ0,j+1/2 but one matrix H̃
(0)

ψ that
results from the spatial variation of the Chang and Cooper coefficients as shown in Sec.

5.4.3. Starting from the expression of M
(0)

, one obtains

M̃
(0)

p,l+1/2,i+3/2,j+3/2 =
pi+1/2

∆pi+1 + ∆pi

√
1− ξ2

0,j+1/2

∆ξ0,j+1 + ∆ξ0,j
D̃

(0)
pξ,l+1/2,i+1/2,j+1/2

+
pi+1/2

∆pi+1 + ∆pi

√
1− ξ2

0,j+1/2

∆ξ0,j+1 + ∆ξ0,j
D̃

(0)
ξp,l+1/2,i+1/2,j+1/2

(5.368)

M̃
(0)

p,l+1/2,i+1/2,j+3/2 =
pi+1

∆pi+1/2

√
1− ξ2

0,j+1/2

∆ξ0,j+1 + ∆ξ0,j
D̃

(0)
pξ,l+1/2,i+1,j+1/2

− pi
∆pi+1/2

√
1− ξ2

0,j+1/2

∆ξ0,j+1 + ∆ξ0,j
D̃

(0)
pξ,l+1/2,i,j+1/2

−
1− ξ2

0,j+1

∆ξ0,j+1/2∆ξ0,j+1

λl+1/2,j+1

λl+1/2,j+1/2
D̃

(0)
ξξ,l+1/2,i+1/2,j+1

−pi+1/2

√
1− ξ2

0,j+1

∆ξ0,j+1/2

[
ξ0,j+1

ξ0,j+3/2

](
1− δ(0)

ξ,l+1/2,i+1/2,j+1

)
×

λl+1/2,j+1

λl+1/2,j+1/2
F̃

(0)
ξ,l+1/2,i+1/2,j+1

(5.369)

203



5.5. Up to first order term: the Drift Kinetic equation 5. Numerical calculations

M̃
(0)

p,l+1/2,i−1/2,j+3/2 = −
pi+1/2

∆pi+1 + ∆pi

√
1− ξ2

0,j+1/2

∆ξ0,j+1 + ∆ξ0,j
D̃

(0)
pξ,l+1/2,i+1/2,j+1/2

−
pi+1/2

∆pi+1 + ∆pi

√
1− ξ2

0,j+1/2

∆ξ0,j+1 + ∆ξ0,j
D̃

(0)
ξp,l+1/2,i+1/2,j+1/2

(5.370)

M̃
(0)

p,l+1/2,i+3/2,j+1/2 = −
p2
i+1

∆pi+1∆pi+1/2
D̃

(0)
pp,l+1/2,i+1,j+1/2

+
pi+1/2

∆pi+1 + ∆pi

√
1− ξ2

0,j+1

∆ξ0,j+1/2
×

λl+1/2,j+1

λl+1/2,j+1/2
D̃

(0)
ξp,l+1/2,i+1/2,j+1

−
pi+1/2

∆pi+1 + ∆pi

√
1− ξ2

0,j

∆ξ0,j+1/2
×

λl+1/2,j

λl+1/2,j+1/2
D̃

(0)
ξp,l+1/2,i+1/2,j

+
p2
i+1

∆pi+1/2

[
pi+1

pi+3/2

](
1− δ(0)

p,l+1/2,i+1,j+1/2

)
F̃

(0)
p,l+1/2,i+1,j+1/2

(5.371)
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M̃
(0)

p,i+1/2,j+1/2 =
p2
i+1

∆pi+1/2∆pi+1
D̃

(0)
pp,l+1/2,i+1,j+1/2

+
p2
i+1

∆pi+1/2
F̃p,l+1/2,i+1,j+1/2

[
pi+1

pi+1/2

]
δ

(0)
p,l+1/2,i+1,j+1/2

+
p2
i

∆pi+1/2∆pi
D̃

(0)
pp,l+1/2,i,j+1/2

− p2
i

∆pi+1/2

[
pi

pi+1/2

](
1− δ(0)

p,l+1/2,i,j+1/2

)
F̃

(0)
p,l+1/2,i,j+1/2

−
1− ξ2

0,j+1

∆ξ0,j+1/2∆ξ0,j+1

λl+1/2,j+1

λl+1/2,j+1/2
D̃

(0)
ξξ,l+1/2,i+1/2,j+1

−pi+1/2

√
1− ξ2

0,j+1

∆ξ0,j+1/2

[
ξ0,j+1

ξ0,j+1/2

]
δ

(0)
ξ,l+1/2,i+1/2,j+1 ×

λl+1/2,j+1

λl+1/2,j+1/2
F̃

(0)
ξ,l+1/2,i+1/2,j+1

+
1− ξ2

0,j

∆ξ0,j∆ξ0,j+1/2

λl+1/2,j

λl+1/2,j+1/2
D̃

(0)
ξξ,l+1/2,i+1/2,j

+pi+1/2

√
1− ξ2

0,j

∆ξ0,j+1/2

[
ξ0,j

ξ0,j+1/2

](
1− δ(0)

ξ,l+1/2,i+1/2,j

)
×

λl+1/2,j

λl+1/2,j+1/2
F

(0)
ξ,l+1/2,i+1/2,j

(5.372)

M̃
(0)

p,l+1/2,i−1/2,j+1/2 = − p2
i

∆pi+1/2∆pi
D̃

(0)
pp,l+1/2,i,j+1/2

−
pi+1/2

∆pi+1 + ∆pi

√
1− ξ2

0,j+1

∆ξ0,j+1/2
×

λl+1/2,j+1

λl+1/2,j+1/2
D̃

(0)
ξp,l+1/2,i+1/2,j+1

+
pi+1/2

∆pi+1 + ∆pi

√
1− ξ2

0,j

∆ξ0,j+1/2
×

λl+1/2,j

λl+1/2,j+1/2
D̃

(0)
ξp,l+1/2,i+1/2,j

− p2
i

∆pi+1/2

[
pi

pi−1/2

]
δ

(0)
p,i,j+1/2F̃

(0)
p,l+1/2,i,j+1/2

(5.373)
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M̃
(0)

p,l+1/2,i+3/2,j−1/2 = −
pi+1/2

∆pi+1 + ∆pi

√
1− ξ2

0,j+1/2

∆ξ0,j+1 + ∆ξ0,j
D̃

(0)
pξ,l+1/2,i+1/2,j+1/2

−
pi+1/2

∆pi+1 + ∆pi

√
1− ξ2

0,j+1/2

∆ξ0,j+1 + ∆ξ0,j
D̃

(0)
ξp,l+1/2,i+1/2,j+1/2

(5.374)

M̃
(0)

p,l+1/2,i+1/2,j−1/2 = − pi+1

∆pi+1/2

√
1− ξ2

0,j+1/2

∆ξ0,j+1 + ∆ξ0,j
D̃

(0)
pξ,l+1/2,i+1,j+1/2

+
pi

∆pi+1/2

√
1− ξ2

0,j+1/2

∆ξ0,j+1 + ∆ξ0,j
D̃

(0)
pξ,l+1/2,i,j+1/2

−
1− ξ2

0,j

∆ξ0,j+1/2∆ξ0,j

λl+1/2,j

λl+1/2,j+1/2
D̃

(0)
ξξ,l+1/2,i+1/2,j

+pi+1/2

√
1− ξ2

0,j

∆ξ0,j+1/2

[
ξ0,j

ξ0,j−1/2

]
δ

(0)
ξ,l+1/2,i+1/2,j ×

λl+1/2,j

λl+1/2,j+1/2
F̃

(0)
ξ,l+1/2,i+1/2,j

(5.375)

M̃
(0)

p,l+1/2,i−1/2,j−1/2 =
pi+1/2

∆pi+1 + ∆pi

√
1− ξ2

0,j+1/2

∆ξ0,j+1 + ∆ξ0,j
D̃

(0)
pξ,l+1/2,i+1/2,j+1/2

+
pi+1/2

∆pi+1 + ∆pi

√
1− ξ2

0,j+1/2

∆ξ0,j+1 + ∆ξ0,j
D̃

(0)
ξp,l+1/2,i+1/2,j+1/2

(5.376)

For the determination of matrix H̃
(0)

ψ , it is useful to start from terms T̃1 and T̃2 that

contain h̃
(0)(k+1)
l+1/2,i,j+1/2 and h̃

(0)(k+1)
l+1/2,i+1,j+1/2. coefficients. Because of the grid interpolation

i′=i+1∑
i′=i−1

l′=l+1∑
l′=l−1

H̃
(0)

ψ,l′+1/2,i′+1/2,j+1/2f
(0)(k+1)
0,l′+1/2,i′+1/2,j+1/2

=
p2
i+1F̃

(0)
p,l+1/2,i+1,j+1/2

∆pi+1/2
h̃

(0)(k+1)
l+1/2,i+1,j+1/2 −

p2
i F̃

(0)
p,l+1/2,i,j+1/2

∆pi+1/2
h̃

(0)(k+1)
l+1/2,i,j+1/2 (5.377)

and using relations (5.334) and (5.336), it comes
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H̃
(0)

ψ,l−1/2,i−1/2,j+1/2 =
p3
i F̃

(0)
p,l+1/2,i,j+1/2

∆pi+1/2

ξ0,j+1/2Il+1/2

qeB0,l+1/2
×

α−l+1/2

(
δ

(0)
p,l+1/2,i,j+1/2 − δ

(0)
p,l−1/2,i,j+1/2

)
(5.378)

H̃
(0)

ψ,l−1/2,i+1/2,j+1/2 = −
p3
i F̃

(0)
p,l+1/2,i,j+1/2

∆pi+1/2

ξ0,j+1/2Il+1/2

qeB0,l+1/2
×

α−l+1/2

(
δ

(0)
p,l+1/2,i,j+1/2 − δ

(0)
p,l−1/2,i,j+1/2

)
−
p3
i+1F̃

(0)
p,l+1/2,i+1,j+1/2

∆pi+1/2

ξ0,j+1/2Il+1/2

qeB0,l+1/2
×

α−l+1/2

(
δ

(0)
p,l+1/2,i+1,j+1/2 − δ

(0)
p,l−1/2,i+1,j+1/2

)
(5.379)

H̃
(0)

ψ,l−1/2,i+3/2,j+1/2 = +
p3
i+1F̃

(0)
p,l+1/2,i+1,j+1/2

∆pi+1/2

ξ0,j+1/2Il+1/2

qeB0,l+1/2
×

α−l+1/2

(
δ

(0)
p,l+1/2,i+1,j+1/2 − δ

(0)
p,l−1/2,i+1,j+1/2

)
(5.380)

H̃
(0)

ψ,l+1/2,i−1/2,j+1/2 = 0 (5.381)

H̃
(0)

ψ,l+1/2,i+1/2,j+1/2 = 0 (5.382)

H̃
(0)

ψ,l+1/2,i+3/2,j+1/2 = 0 (5.383)

H̃
(0)

ψ,l+3/2,i−1/2,j+1/2 =
p3
i F̃

(0)
p,l+1/2,i,j+1/2

∆pi+1/2

ξ0,j+1/2Il+1/2

qeB0,l+1/2
×

α+
l+1/2

(
δ

(0)
p,l+1/2,i,j+1/2 − δ

(0)
p,l+3/2,i,j+1/2

)
(5.384)

H̃
(0)

ψ,l+3/2,i+1/2,j+1/2 = −
p3
i F̃

(0)
p,l+1/2,i,j+1/2

∆pi+1/2

ξ0,j+1/2Il+1/2

qeB0,l+1/2
×

α+
l+1/2

(
δ

(0)
p,l+1/2,i,j+1/2 − δ

(0)
p,l+3/2,i,j+1/2

)
−
p3
i+1F̃

(0)
p,l+1/2,i+1,j+1/2

∆pi+1/2

ξ0,j+1/2Il+1/2

qeB0,l+1/2
×

α+
l+1/2

(
δ

(0)
p,l+1/2,i+1,j+1/2 − δ

(0)
p,l+3/2,i+1,j+1/2

)
(5.385)
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H̃
(0)

ψ,l+3/2,i+3/2,j+1/2 =
p3
i+1F̃

(0)
p,l+1/2,i+1,j+1/2

∆pi+1/2

ξ0,j+1/2Il+1/2

qeB0,l+1/2
×

α+
l+1/2

(
δ

(0)
p,l+1/2,i+1,j+1/2 − δ

(0)
p,l+3/2,i+1,j+1/2

)
(5.386)

5.5.3 Discrete description of physical processes

Collisions

Since first order drift kinetic terms may be expressed in a conservative form as for the
zero order Fokker-Planck equation, the determination of the matrix elements is therefore
straightforward. One obtains

D̃
C(0)

p →



D̃
C(0)
pp,l+1/2,i+1,j+1/2 =

(
λ
l+1/2,j+1/2
1,−1,0 /λl+1/2,j+1/2

)
Al+1/2,i+1

D̃
C(0)
pp,l+1/2,i,j+1/2 =

(
λ
l+1/2,j+1/2
1,−1,0 /λl+1/2,j+1/2

)
Al+1/2,i

D̃
C(0)
pξ,l+1/2,i+1,j+1/2 = 0

D̃
C(0)
ξp,l+1/2,i+1/2,j+1 = 0

D̃
C(0)
pξ,l+1/2,i+1/2,j+1/2 = 0

D̃
C(0)
ξp,l+1/2,i+1/2,j+1/2 = 0

D̃
C(0)
pξ,l+1/2,i,j+1/2 = 0

D̃
C(0)
ξp,l+1/2,i+1/2,j = 0

D̃
C(0)
ξξ,l+1/2,i+1/2,j+1 =

(
λ
l+1/2,j+1
3,−2,0 /λl+1/2,j+1

)
Bt,l+1/2,i+1/2

D̃
C(0)
ξξ,l+1/2,i+1/2,j =

(
λ
l+1/2,j
3,−2,0 /λ

l+1/2,j
)
Bt,l+1/2,i+1/2

(5.387)

and

F̃
C(0)

p →



F̃
C(0)
p,l+1/2,i+1,j+1/2 = −

(
λ
l+1/2,j+1/2
1,−1,0 /λl+1/2,j+1/2

)
Fl+1/2,i+1

F̃
C(0)
p,l+1/2,i,j+1/2 = −

(
λ
l+1/2,j+1/2
1,−1,0 /λl+1/2,j+1/2

)
Fl+1/2,i

F̃
C(0)
ξ,l+1/2,i+1/2,j+1 =

√
1−ξ2

0,j+1

pi+1/2ξ
3
0,j+1

(
λ
l+1/2,j+1
1,−1,0 −λl+1/2,j+1

1,−2,0

λl+1/2,j+1

)
Bt,l+1/2,i+1/2

F̃
C(0)
ξ,l+1/2,i+1/2,j =

√
1−ξ2

0,j

pi+1/2ξ
3
0,j

(
λ
l+1/2,j
1,−1,0 −λ

l+1/2,j
1,−2,0

λl+1/2,j

)
Bt,l+1/2,i+1/2

(5.388)

where coefficients of the collision operator A,F and Bt are the same as defined for the
zero order bounce averaged Fokker-Planck equation, in Sec. 5.4.4.

Concerning the first order Legendre correction for electron-electron collisions that en-
sures momentum conservation, one must calculate{

C
(
fM , f̃

)}
= −3

2

ξ0

λ
H (|ξ0| − ξ0T ) I

(
fM , f̃

(0)(m=1)
0

)
on the distribution function grid, where
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f̃
(0)(m=1)
0 (ψ, p, ξ0) =

∫ +1

−1
ξ0f̃

(0)
0 (ψ, p, ξ0)λ2,0,0dξ0 (5.389)

as shwon in Sec. 4.1.7.
Here, the collision integral I

(
f0, f̃

(0)(m=1)
0

)
has a similar form as for the zero order

Fokker-Planck equation except that f
(0)(m=1)
0 is just replaced by f̃

(0)(m=1)
0 in all corre-

sponding terms. Therefore, by definition, at the iteration number (k) ,{
C
(
fM , f̃

)}(k)

l+1/2,i+1/2,j+1/2
= −3

2

ξ0,j+1/2

λl+1/2,j+1/2
H
(∣∣ξ0,j+1/2

∣∣− ξ0T,l+1/2

)
× I

(
fM,, f̃

(0)(m=1)
0

)(k)

l+1/2,i+1/2,j+1/2
(5.390)

where

f̃
(0)(m=1)(k)
0,l+1/2,i+1/2,j+1/2 =

nξ0−1∑
j′=0

ξ0,j′+1/2f̃
(0)(k)
0,l+1/2,i+1/2,j′+1/2λ

l+1/2,j′+1/2
2,0,0 ∆ξ0,j′+1/2 (5.391)

Ohmic electric field

According to the bounce averaged expression,

D̃
E(0)

p →



D̃
E(0)
pp,l+1/2,i+1,j+1/2 = 0

D̃
E(0)
pp,l+1/2,i,j+1/2 = 0

D̃
E(0)
pξ,l+1/2,i+1,j+1/2 = 0

D̃
E(0)
ξp,l+1/2,i+1/2,j+1 = 0

D̃
E(0)
pξ,l+1/2,i+1/2,j+1/2 = 0

D̃
E(0)
ξp,l+1/2,i+1/2,j+1/2 = 0

D̃
E(0)
pξ,l+1/2,i,j+1/2 = 0

D̃
E(0)
ξp,l+1/2,i+1/2,j = 0

D̃
E(0)
ξξ,l+1/2,i+1/2,j+1 = 0

D̃
E(0)
ξξ,l+1/2,i+1/2,j = 0

(5.392)

and

F̃
E(0)

p →



F̃
E(0)
p,l+1/2,i+1,j+1/2 =

(
λ
l+1/2,j+1/2
2,−2,2 /λl+1/2,j+1/2

)
ξ0,j+1/2E‖0,l+1/2

F̃
E(0)
p,l+1/2,i,j+1/2 =

(
λ
l+1/2,j+1/2
2,−2,2 /λl+1/2,j+1/2

)
ξ0,j+1/2E‖0,l+1/2

F̃
E(0)
ξ,l+1/2,i+1/2,j+1 = −

(
λ
l+1/2,j+1
2,−2,2 /λl+1/2,j+1

)√
1− ξ2

0,j+1E‖0,l+1/2

F̃
E(0)
ξ,l+1/2,i+1/2,j = −

(
λ
l+1/2,j
2,−2,2 /λ

l+1/2,j
)√

1− ξ2
0,jE‖0,l+1/2

(5.393)

where E‖0,l+1/2 is the parallel component of the Ohmic electric field along the magnetic
field line direction normalized to the Dreicer field taken at the poloidal position where the
magnetic field B is minimum, as explained in Sec.4.2.
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Radio-frequency waves

From the expressions given in Sec. 4.3.8, the components of the tensor D̃
RF (0)
p are

D̃
RF(0)
pp,l+1/2,i+1,j+1/2 =

∑+∞
n=−∞

∑
b(1− ξ2

0,j+1/2)D̃
RF(0)D

b,n,l+1/2,i+1,j+1/2

D̃
RF(0)
pp,l+1/2,i,j+1/2 =

∑+∞
n=−∞

∑
b(1− ξ2

0,j+1/2)D̃
RF(0)D

b,n,l+1/2,i,j+1/2

D̃
RF(0)
pξ,l+1/2,i+1,j+1/2 =

∑+∞
n=−∞

∑
b−

√
1−ξ2

0,j+1/2

ξ0,j+1/2

[
1− ξ2

0,j+1/2 −
nΩ0l+1/2,i+1

ωb

]
D̃

RF(0)D

b,n,l+1/2,i+1,j+1/2

D̃
RF(0)
ξp,l+1/2,i+1/2,j+1 =

∑+∞
n=−∞

∑
b−

√
1−ξ2

0,j+1

ξ0,j+1

[
1− ξ2

0,j+1 −
nΩ0l+1/2,i+1/2

ωb

]
D̃

RF(0)D

b,n,l+1/2,i+1/2,j+1

D̃
RF(0)
pξ,l+1/2,i+1/2,j+1/2 =

∑+∞
n=−∞

∑
b−

√
1−ξ2

0,j+1/2

ξ0,j+1/2

[
1− ξ2

0,j+1/2 −
nΩ0l+1/2,i+1/2

ωb

]
D̃

RF(0)D

b,n,l+1/2,i+1/2,j+1/2

D̃
RF(0)
ξp,l+1/2,i+1/2,j+1/2 =

∑+∞
n=−∞

∑
b−

√
1−ξ2

0,j+1/2

ξ0,j+1/2

[
1− ξ2

0,j+1/2 −
nΩ0l+1/2,i+1/2

ωb

]
D̃

RF(0)D

b,n,l+1/2,i+1/2,j+1/2

D̃
RF(0)
pξ,l+1/2,i,j+1/2 =

∑+∞
n=−∞

∑
b−

√
1−ξ2

0,j+1/2

ξ0,j+1/2

[
1− ξ2

0,j+1/2 −
nΩ0l+1/2,i

ωb

]
D̃

RF(0)D

b,n,l+1/2,i,j+1/2

D̃
RF(0)
ξp,l+1/2,i+1/2,j =

∑+∞
n=−∞

∑
b−

√
1−ξ2

0,j

ξ0,j

[
1− ξ2

0,j −
nΩ0l+1/2,i+1/2

ωb

]
D̃

RF(0)D

b,n,l+1/2,i+1/2,j

D̃
RF(0)
ξξ,l+1/2,i+1/2,j+1 =

∑+∞
n=−∞

∑
b

1
ξ2
0,j+1

[
1− ξ2

0,j+1 −
nΩ0l+1/2,i+1/2

ωb

]2
D̃

RF(0)D

b,n,l+1/2,i+1/2,j+1

D̃
RF(0)
ξξ,l+1/2,i+1/2,j =

∑+∞
n=−∞

∑
b

1
ξ2
0,j+1

[
1− ξ2

0,j+1 −
nΩ0l+1/2,i+1/2

ωb

]2
D̃

RF(0)D

b,n,l+1/2,i+1/2,j

(5.394)

and the components of the vector F̃
RF(0)
p are

F̃
RF(0)
p,l+1/2,i+1,j+1/2 =

√
1−ξ2

0,j+1/2

pi+1ξ3
0,j+1/2

∑+∞
n=−∞

∑
b−

√
1−ξ2

0,j+1/2

ξ0,j+1/2

[
1− ξ2

0,j+1/2 −
nΩ0,l+1/2,i+1

ωb

]
D̃

RF(0)F

b,n,l+1/2,i+1,j+1/2

F̃
RF(0)
p,l+1/2,i,j+1/2 =

√
1−ξ2

0,j+1/2

piξ3
0,j+1/2

∑+∞
n=−∞

∑
b−

√
1−ξ2

0,j+1/2

ξ0,j+1/2

[
1− ξ2

0,j+1/2 −
nΩ0,l+1/2,i

ωb

]
D̃

RF(0)F

b,n,l+1/2,i,j+1/2

F̃
RF(0)
ξ,l+1/2,i+1/2,j+1 =

√
1−ξ2

0,j+1

pi+1/2ξ
3
0,j+1

∑+∞
n=−∞

∑
b

1
ξ2
0,j+1

[
1− ξ2

0,j+1 −
nΩ0,l+1/2,i+1/2

ωb

]2
D̃

RF(0)F

b,n,l+1/2,i+1/2,j+1

F̃
RF(0)
ξ,l+1/2,i+1/2,j =

√
1−ξ2

0,j

pi+1/2ξ
3
0,j

∑+∞
n=−∞

∑
b

1
ξ2
0,j

[
1− ξ2

0,j −
nΩ0,l+1/2,i+1/2

ωb

]2
D̃

RF(0)F

b,n,l+1/2,i+1/2,j

(5.395)

where quasilinear diffusion coefficients D̃
RF(0)D

b,n,l+1/2,i+1/2,j+1/2 and D̃
RF(0)F

b,n,l+1/2,i+1/2,j+1/2 are

D̃
RF(0)D

b,n,l+1/2,i+1/2,j+1/2 =
γi+1/2pTe

pi+1/2

∣∣ξ0,j+1/2

∣∣ 1

λl+1/2,j+1/2q̃l+1/2

rθb,l+1/2

Rp

Bθb
l+1/2

Bθb
P,l+1/2

ξ0,j+12

ξθb,l+1/2,j+1/2

×DRF,θb
b,n,0,l+12H (θb − θmin)H (θmax − θb)

×

[
1

2

∑
σ

]
T

δ
(
Nb‖ −N θb

‖res,l+1/2,i+1/2,j+1/2

) ∣∣∣Θb,(n)
k,θb,l+1/2,i+1/2,j+1/2

∣∣∣2
(5.396)
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D̃
RF(0)F

b,n,l+1/2,i+1/2,j+1/2 =
γi+1/2pTe

pi+1/2

∣∣ξ0,j+1/2

∣∣ 1

λl+1/2,j+1/2q̃l+1/2

rθb,l+1/2

Rp

Bθb
l+1/2

Bθb
P,l+1/2

ξ3
0,j+1/2

ξ3
θbl+1/2,j+1/2

×
(

Ψθb
l+1/2 − 1

)
D

RF,θb
b,n,0,l+12H (θb − θmin)H (θmax − θb)

×

[
1

2

∑
σ

]
T

δ
(
Nb‖ −N θb

‖res,l+1/2,i+1/2,j+1/2

) ∣∣∣Θb,(n)
k,θb,l+1/2,i+1/2,j+1/2

∣∣∣2
(5.397)

Here D
RF,θb
b,n,0,l+12, N θb

‖res,l+1/2,i+1/2,j+1/2, Θ
b,(n)
k,θb,l+1/2,i+1/2,j+1/2 are similar to the case of

the quasilinear diffusion coefficient for the zero-order Fokker-Planck equation, and are
therefore given in Sec. 5.4.6. The definition of coefficients Ω0,l+1/2,i+1/2, rθb,l+1/2

, Bθb
l+1/2,

Bθb
P,l+1/2, ξ2

θb,l+1/2 and Ψθb,l+1/2 are also given in the same section.
All coefficients corresponding to different indexes may be obtained readily by perform-

ing the adequate index transformation, i+ 1/2→ (i, i+ 1) and j + 1/2→ (j, j + 1)

5.6 Initial solution

5.6.1 Zero order term: the Fokker-Planck equation

Basically, the determination of the steady-state electron distribution function is an initial
value problem, where the initial guess corresponds usually to the unperturbed solution
of the linearized problem. For the zero-order Fokker-Planck equation, the Maxwellian
distribution function is therefore by definition an eigenfunction of the collision operator,
without external perturbation. Here the weakly relativistic solution corresponding to the
condition on the relativistic factor γ − 1� 1 is considered at time t = 0,

fM (ψ, p) ' ne (ψ)

[2πTe (ψ)]3/2
exp

[
− p2

(1 + γ)Te (ψ)

]
(5.398)

where Te (ψ) and ne (ψ) are the electron temperature and density respectively. Details
on the notation are given in Sec. 6.3.1. Projected on the numerical grids, as defined in
Sec.5.2, the discrete form is

fM,l+1/2,i+1/2,j+1/2 '
ne,l+1/2[

2πTe,l+1/2

]3/2 exp

[
−

p2
i+1/2(

1 + γi+1/2

)
Te,l+1/2

]
(5.399)

When the Lower Hybrid current drive problem is addressed, it is possible to start from
a guess that already incorporate the existence of a plateau region, using the formulation
given in Ref. [?] in the non-relativistic limit. When relativistic corrections must be
considered, the effective perpendicular temperature T⊥ in the resonance domain must be
usualy multipled by 2. Though this elegant approach seems attractive in order to reduce
the total number of iterations for reaching the steady-state solution, its effectiveness is
usualy poor when large time step ∆t are considered. Indeed, the total number of time steps
is merely determined by the relaxation time of the most energetic part of the fast electron
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tail prodiced by the wave. Since electrons are very weakly collisional, their relaxation
time is very long as compared to the thermal one. Therefore, the gain for the rate of
convergence is usually very small since the distribution model does not describe accurately
the region above the plateau of the momentum space. Consequently, even if this method
is implemented in the code, it is almost never used.

5.6.2 Up to first order term: the Drift Kinetic equation

First order distribution function The initial distribution function for the first order
drift kinetic equation is determined in the non-relativistic limit using the simplified Lorentz
collision model corresponding to Zi � 1 and Ti = 0, as introduced in Sec. 4.1.6. In that
case, the bounce-averaged collision operator reduces to

{∇p · Sp (f1)}L = −p
λ

∂

∂ξ0

(√
1− ξ2

0λS̃
(0)
ξ0,L

)
− p

λ

∂

∂ξ0

(√
1− ξ2

0λS
(0)
ξ0,L

)
(5.400)

and in the steady-state regime {∇p · Sp (f1)}L = 0 , so that the equation to be solved is
simply

∂

∂ξ0

(√
1− ξ2

0λS
(0)
ξ0,L

)
= − ∂

∂ξ0

(√
1− ξ2

0λS̃
(0)
ξ0,L

)
(5.401)

where

S̃
(0)
ξ0,L = σ

{
σξ√
Ψξ0

Sξ,L

(
f̃
)}

(5.402)

and

S
(0)
ξ0,L = σ

{
σξ√
Ψξ0

Sξ,L (g)

}
(5.403)

as defined in Sec.3.5.5.
Since only pitch-angle scattering takes place in this limit, S̃

(0)
ξ0,L may be expressed in a

very simple form

S̃
(0)
ξ0,L =

√
1− ξ2

0

p
D̃

C(0)
ξξ,L

∂f̃ (0)

∂ξ0
(5.404)

since FCξ = DC
ξp = 0 for collisions with

D̃
C(0)
ξξ,L = σ

{
σξ3

Ψ2ξ3
0

DC
ξξ,L

}
(5.405)

while

S
(0)
ξ0,L =

√
1− ξ2

0

p
D

C(0)
ξξ,L

∂g(0)

∂ξ0
(5.406)

with

D
C(0)
ξξ,L =

{
ξ2

Ψξ2
0

DC
ξξ,L

}
(5.407)

where DC
ξξ,L = BLt according usual notation given in Sec.4.1.6.
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The differential equation to be solved is then

∂

∂ξ0

((
1− ξ2

0

)
λD

C(0)
ξξ,L

∂g(0)

∂ξ0

)
= − ∂

∂ξ0

((
1− ξ2

0

)
λD̃

C(0)
ξξ,L

∂f̃ (0)

∂ξ0

)
(5.408)

starting from the known expression of ∂f̃ (0)/∂ξ0. In the Lorentz limit, since BLt is simply

set to 1/2, expressions of D
C(0)
ξξ,L and D̃

C(0)
ξξ,L are obtained in a straightforward manner,

D
C(0)
ξξ,L =

1

2

{
ξ2

Ψξ2
0

}
=

1

2

λ2,−1,0

λ
(5.409)

and

D̃
C(0)
ξξ,L =

1

2
σ

{
σξ3

Ψ2ξ3
0

}
=

1

2

λ3,−2,0

λ
(5.410)

and g(0) is given by the simple equation

∂

∂ξ0

((
1− ξ2

0

)
λ2,−1,0

∂g(0)

∂ξ0

)
= − ∂

∂ξ0

((
1− ξ2

0

)
λ3,−2,0

∂f̃ (0)

∂ξ0

)
(5.411)

If the solution of the zero-order Fokker-Planck equation is the Maxwellian

f
(0)
0 = fM '

ne

[2πTe]
3/2

exp

[
− p2

2Te

]
(5.412)

its spatial derivative is

∂f
(0)
0

∂ψ
=

[
d lnne
dψ

+

(
p2

2Te
− 3

2

)
d lnTe
dψ

]
fM (5.413)

and from the definition of f̃ (0) given in Sec.3.4,

f̃ (0) =
pξ0I (ψ)

qeB0

∂f
(0)
0 (ψ, p, ξ0)

∂ψ

=
pξ0I (ψ)

qeB0

[
d lnne
dψ

+

(
p2

2Te
− 3

2

)
d lnTe
dψ

]
fM (5.414)

Projected on the numerical grids, the discrete form of f̃ (0) is

f̃
(0)
l+1/2,i+1/2,j+1/2 =

pi+1/2ξ0,j+1/2Il+1/2

qeB0,l+1/2

[
d lnne
dψ

∣∣∣∣
l+1/2

+

(
p2
i+1/2

2Te,l+1/2
− 3

2

)
d lnTe
dψ

∣∣∣∣
l+1/2

]
fM,l+1/2,i+1/2,j+1/2 (5.415)

where radial derivatives are performed as discussed in Sec. 5.5.1.
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Since fM is by definition independent of ξ0,

∂f̃ (0)

∂ξ0
=

pI (ψ)

qeB0

[
d lnne
dψ

+

(
p2

2Te
− 3

2

)
d lnTe
dψ

]
fM

= Ξ (ψ, p) fM (5.416)

where

Ξ (ψ, p) =
pI (ψ)

qeB0

[
d lnne
dψ

+

(
p2

2Te
− 3

2

)
d lnTe
dψ

]
(5.417)

the equation becomes(
1− ξ2

0

)
λ2,−1,0

∂g(0)

∂ξ0
= −Ξ (ψ, p) fM

(
1− ξ2

0

)
λ3,−2,0 + C (5.418)

Assuming ∂g(0)/∂ξ0 is finite at |ξ0| = 1, C = 0, and

∂g(0)

∂ξ0
= −Ξ (ψ, p) fM

λ3,−2,0

λ2,−1,0

= −Ξ (ψ, p) fM
λ3,−2,0

λ2,−1,0
H (|ξ0| − ξ0T ) (5.419)

using the definition of λn,m,p given in Sec. 2.2.1. By definition, λ3,−2,0 is an even function
of ξ0, and therefore g(0) must be an odd function ξ0. Since furthermore g(0) is an even
function of ξ0, g(0) = 0 in the trapped region. Integrating in the region −ξ0 ≤ ξ0T ,

g(0) (ψ, p, ξ0) = −Ξ (ψ, p) fM

∫ ξ0

−ξ0T

λ3,−2,0

λ2,−1,0
dξ′0

= Ξ (ψ, p) fM

∫ −ξ0
ξ0T

λ3,−2,0

λ2,−1,0
dξ′′0 (5.420)

using the relation ξ′′0 = −ξ′0. Performing the same operation in the region ξ0 ≥ ξ0T , one
obtains

g(0) (ψ, p, ξ0) = −Ξ (ψ, p) fM

∫ ξ0

ξ0T

λ3,−2,0

λ2,−1,0
dξ′0 (5.421)

and gathering results

g(0) (ψ, p, ξ0) = −σH (|ξ0| − ξ0T ) Ξ (ψ, p) fM

∫ |ξ0|
ξ0T

λ3,−2,0

λ2,−1,0
dξ′0

= −σH (|ξ0| − ξ0T ) Ξ (ψ, p) IL (ψ, |ξ0|) fM (5.422)

where

IL (ψ, |ξ0|) =

∫ |ξ0|
ξ0T

λ3,−2,0 (ψ, ξ′0)

λ2,−1,0 (ψ, ξ′0)
dξ′0 (5.423)

The discrete form of g(0) (ψ, p, ξ0) is

g
(0)
l+1/2,i+1/2,j+1/2 = −σj+1/2H

(∣∣ξ0,j+1/2

∣∣− ξ0T,l+1/2

)
× Ξl+1/2,i+1/2IL

(
ψl+1/2,

∣∣ξ0,j+1/2

∣∣) fM,l+1/2,i+1/2,j+1/2 (5.424)
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with

IL
(
ψl+1/2,

∣∣ξ0,j+1/2

∣∣) =

j′=j−nξ0T,l+1/2∑
j′=j+

T,l+1/2
−nξ0T,l+1/2

λ
l+1/2,j′+1/2
3,−2,0

λ
l+1/2,j′+1/2
2,−1,0

∆ξ0,j′+1/2 (5.425)

and j > j+
T,l+1/2.

Case of circular concentric flux surfaces According to Sec. 4.1.7,

λ3,−2,0 =
H(|ξ0| − ξ0T )

(1 + ε) ξ2
0

(
ξ2

0 −
ε (1− ε/2)

(1 + ε)

)
(5.426)

and Sec. 4.1.6

λ2,−1,0 = λ

(
1− ∆b

ξ2
0

)
(5.427)

The integral IL (ψ, ξ0) then becomes

IL (ψ, |ξ0|) =

∫ |ξ0|
ξ0T

(
ξ′20 − ε (1− ε/2) / (1 + ε)

)
λ
(
1−∆b/ξ

′2
0

)
(1 + ε) ξ′20

dξ′0 (5.428)

and in the low inverse aspect ratio limit ε� 1, one finds

IL (ψ, |ξ0|) '
1

1 + ε

∫ |ξ0|
ξ0T

dξ′0
λ
(
1−∆b/ξ

′2
0

) (5.429)

the expression that was first given in Ref. [?].

Flux surface averaged bootstrap current According to Sec. 3.6, the flux-averaged
electron bootstrap current in the Lorentz model is given by the relation〈

J‖,L
〉

(ψ) =
〈
J̃‖,L

〉1

φ
(ψ) +

〈
J‖,L

〉1

φ
(ψ) (5.430)

where 〈
J̃‖,L

〉1

φ
(ψ) = 2πqe

q̃

q

Rp
R0

BT0

B0

∫ ∞
0

dp p3

∫ 1

−1
λ2,−2,2ξ0f̃

(0)dξ0 (5.431)

and

〈
J‖,L

〉1

φ
(ψ) = 2πqe

q

q

∫ ∞
0

dp p3

∫ 1

−1
H (|ξ0| − ξ0T ) ξ0g

(0)dξ0 (5.432)

in the non-relativistic limit γ → 1. Therefore,〈
J̃‖,L

〉1

φ
(ψ) = 2π

q̃

q

Rp
R0

BT0

B2
0

I (ψ)×∫ ∞
0

[
d lnne
dψ

+

(
p2

2Te
− 3

2

)
d lnTe
dψ

]
p4fMdp

∫ 1

−1
ξ2

0λ2,−2,2dξ0

(5.433)
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and 〈
J‖,L

〉1

φ
(ψ) = −2π

q

q

I (ψ)

B0
×
∫ ∞

0

[
d lnne
dψ

+

(
p2

2Te
− 3

2

)
d lnTe
dψ

]
p4fMdp∫ 1

−1
σH (|ξ0| − ξ0T ) ξ0IL (ψ, |ξ0|) dξ0 (5.434)

Using relation R0BT0 = I (ψ) , one obtains〈
J̃‖,L

〉1

φ
(ψ) = 2πRp

q̃

q

B2
T0

B2
0

×∫ ∞
0

[
d lnne
dψ

+

(
p2

2Te
− 3

2

)
d lnTe
dψ

]
p4fMdp

∫ 1

−1
ξ2

0λ2,−2,2dξ0

(5.435)

and 〈
J‖,L

〉1

φ
(ψ) = −2π

q

q
R0
BT0

B0
×
∫ ∞

0

[
d lnne
dψ

+

(
p2

2Te
− 3

2

)
d lnTe
dψ

]
p4fMdp∫ 1

−1
σH (|ξ0| − ξ0T ) ξ0IL (ψ, |ξ0|) dξ0 (5.436)

Since

2π

∫ ∞
0

[
d lnne
dψ

+

(
p2

2Te
− 3

2

)
d lnTe
dψ

]
p4fMdp =

3

2
neTe

(
d lnne
dψ

+
d lnTe
dψ

)
(5.437)

using the definite integral relation in Ref. [?],∫ ∞
0

x2n exp
(
−px2

)
=

(2n− 1)!!

2 (2p)n

√
π

p
(5.438)

where (2n− 1)!! = 1.3.5...× (2n− 1) ,〈
J̃‖,L

〉1

φ
(ψ) =

q̃

q
Rp

B2
T0

B2
0

3

2
neTe

(
d lnne
dψ

+
d lnTe
dψ

)
×∫ 1

−1
ξ2

0λ2,−2,2dξ0 (5.439)

and 〈
J‖,L

〉1

φ
(ψ) = −q

q
R0
BT0

B0

3

2
neTe

(
d lnne
dψ

+
d lnTe
dψ

)
×∫ 1

−1
σH (|ξ0| − ξ0T ) ξ0IL (ψ, |ξ0|) dξ0 (5.440)

Finally, 〈
J̃‖,L

〉
(ψ) = Feff.t (ψ)neTeRp

(
d lnne
dψ

+
d lnTe
dψ

)
(5.441)
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where the flux surface function usualy named “effective trapped fraction” Feff.t (ψ) is

Feff.t (ψ) =
3

2

BT0

B0
×[

q̃

q

BT0

B0

∫ 1

−1
ξ2

0λ2,−2,2dξ0 −
q

q

R0

Rp

∫ 1

−1
σH (|ξ0| − ξ0T ) ξ0IL (ψ, |ξ0|) dξ0

]
(5.442)

In the case of circular concentric flux surfaces,

R0

Rp
= 1 + ε (5.443)

q̃

q
= 1 + ε (5.444)

and
q

q
=
BT0

B0

√
1 + ε

1− ε
(5.445)

as shown in Sec. 3.6. Therefore,〈
J̃‖,L

〉
(r) = Feff.t (r)neTe

Rp
|∇ψ|0

(
d lnne
dr

+
d lnTe
dr

)
(5.446)

and using the relations R0BP0 = |∇ψ|0 , and R0BT0 = I (r) ,〈
J̃‖,L

〉
(r) =

Feff.t (r)

BT
neTe

BT0

BP0

(
d lnne
dr

+
d lnTe
dr

)
(5.447)

where RpBT = I (r) . Hence,

Feff.t (r) =
3

2
(1 + ε)

(
BT0

B0

)2

[∫ 1

−1
ξ2

0λ2,0,0dξ0 −
√

1 + ε

1− ε

∫ 1

−1
σH (|ξ0| − ξ0T ) ξ0IL (r, |ξ0|) dξ0

]
(5.448)

and since R0/R = Ψ, λ2,−2,2 = λ2,0,0, as shown in Sec. 3.6. In the limit Bp � BT , further
simplifications may be carried out and

lim
ε→0
Feff.t (r) ' 3

2
(1 + ε)

[∫ 1

−1
ξ2

0λ2,0,0dξ0 −
√

1 + ε

1− ε

∫ 1

−1
σH (|ξ0| − ξ0T ) ξ0IL (r, |ξ0|) dξ0

]
(5.449)

The first term in the square bracket may be evaluated analyticaly. Indeed∫ 1

−1
ξ2

0λ2,0,0dξ0 =
1

q̃

∫ 1

−1
ξ2

0dξ0

[
1

2

∑
σ

]
T

∫ 2π

0

dθ

2π
ε
B

BP

ξ0

ξ

ξ2

ξ2
0

=

∫ 1

−1
dξ0

[
1

2

∑
σ

]
T

∫ 2π

0

dθ

2π
ξ0ξ (5.450)
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since B/BP is only function of r and q̃ = εB/BP . The sum over trapped electrons may be
dropped, since ξ0ξ is independent of σ. Therefore,∫ 1

−1
ξ2

0λ2,0,0dξ0 =

∫ 1

−1
dξ0

∫ 2π

0

dθ

2π
ξ0ξ

=

∫ 2π

0

dθ

2π

∫ 1

−1
ξ0ξH

(
|ξ0| −

√
1− 1

Ψ

)
dξ0 (5.451)

which means that only particles who reach the position θ must be considered. Since∫ 1

−1
ξ0ξH

(
|ξ0| −

√
1− 1

Ψ

)
dξ0 = 2

∫ 1√
1− 1

Ψ

ξ0ξdξ0

= 2

∫ 1√
1− 1

Ψ

ξ0

√
1−Ψ

(
1− ξ2

0

)
dξ0

=
2

3

1

Ψ
(5.452)

and ∫ 2π

0

dθ

2π

2

3

1

Ψ
=

2

3

∫ 2π

0

dθ

2π

2

3

1 + ε cos θ

1 + ε

=
2

3

1

1 + ε
(5.453)

Consequently, ∫ 1

−1
ξ2

0λ2,0,0dξ0 =
2

3

1

1 + ε
(5.454)

and using the

lim
ε→0
Feff.t (r) ' 1− 3

2

√
1

1− ε2

∫ 1

−1
σH (|ξ0| − ξ0T ) ξ0IL (r, |ξ0|) dξ0

' 1− 3

2

∫ 1

−1
σH (|ξ0| − ξ0T ) ξ0IL (r, |ξ0|) dξ0 (5.455)

It can be shown in Appendix C after lengthly calculations, that

lim
ε→0
Feff.t (r) ' K

√
ε+O (ε) (5.456)

where

K =
3
√

2

2

[
1−

∞∑
m

∞∑
i1

∞∑
i2

...

∞∑
im

Ci1Ci2 ...Cim
2i1+i2+...+im [2 (i1 + i2 + ...+ im)− 1]

]
(5.457)

with

Cn =
[(2n)!]2

(2n− 1) 23n (n!)4 (5.458)

A rather fast convergence is obtained with m, and for m = n = 6, K ' 1.467, the
usual value found in the litterature on neoclassical theory.
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5.7 Boundary conditions

5.7.1 Zero order term: the Fokker-Planck equation

Momentum dynamics

Internal boundaries Momentum dynamics is described in spherical coordinates, be-
cause collisions is the dominant physical process for current drive and matrices are there-
fore expected to be well conditionned. Consequently, internal boundaries must be specified
at p = 0 and |ξ0| = 1 which correspond to the condition

f
(0)
0 (ψ,−p, ξ0) = f

(0)
0 (ψ, p,−ξ0) (5.459)

Here Neumann type boundary conditions are used, and therefore only gradients must
be specified at the internal boundaries4. One must thus determine (∆p,∆ξ0) at p = 0
and |ξ0| = 1 for the flux grid only, since the distribution and flux grids are interlaced by
definition. Therefore, starting from grids definition given in Sec. 5.2,

∆ξ0,0 =
∆ξ0,1/2 + ∆ξ0,−1/2

2
= ∆ξ0,1/2 = ξ0,1 − ξ0,0 = 2

(
ξ0,1/2 + 1

)
(5.460)

as ∆ξ0,1/2 = ∆ξ0,−1/2, ξ0,1/2 =
ξ0,1+ξ0,0

2 et ξ0,0 = −1.
Much in the same way,

∆ξ0,nξ =
∆ξ0,nξ+1/2 + ∆ξ0,nξ−1/2

2
= ∆ξ0,nξ−1/2 = ξ0,nξ − ξ0,nξ−1 = 1− ξ0,nξ−1 (5.461)

since ∆ξ0,nξ+1/2 = ∆ξ0,nξ−1/2. Furthermore, since by definition,

ξ0,nξ−1/2 =
ξ0,nξ + ξ0,nξ−1

2
=

1 + ξ0,nξ−1

2
(5.462)

one obtains finally

∆ξ0,nξ = 2
(

1− ξ0,nξ−1/2

)
(5.463)

A similar technique may be used for the momentum grid p. Hence

∆p0 =
1

2

(
∆p1/2 + ∆p−1/2

)
= ∆p1/2 (5.464)

using ∆p−1/2 = ∆p1/2. Since ∆p1/2 = p1 − p0, and p1/2 = p1+p0

2 one obtains finally,

∆p0 = 2p1/2 (5.465)

because p0 = 0.

4In some specific cases, it is possible to consider Dirichlet type boundary conditions, espcially at p = 0.
In that case, the Maxwellian distribution function is enforced. However, in most cases, this type of condition
must avoided, to keep the most general approach, and in particular to cross-check that the conservative
nature of the code is well satisfied
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It is important to note that internal boundary conditions are only needed in the evalua-
tion of the cross-derivative terms, since in the discrete form of the Fokker-Planck equation
using two grids, as shown, in Sec. 5.4.1, they are automatically fullfiled for other terms.
Indeed, at fixed ψl+1/2,

q̃ (ψ)

B0 (ψ)
p2∇p · S(0)

p

∣∣∣∣(k+1)

l+1/2,1/2,j+1/2

=
q̃l+1/2

B0,l+1/2

∂
(
p2S

(0)
p

)
∂p

∣∣∣∣∣∣
(k+1)

l+1/2,1/2,j+1/2

−
q̃l+1/2

B0,l+1/2

p1/2

λl+1/2,j+1/2
×

∂

∂ξ0

(√
1− ξ2

0λ (ψ, ξ0) S
(0)
ξ

)∣∣∣∣(k+1)

l+1/2,1/2,j+1/2

(5.466)

gives

q̃ (ψ)

B0 (ψ)
p2∇p · S(0)

p

∣∣∣∣(k+1)

l+1/2,1/2,j+1/2

=
q̃l+1/2

B0,l+1/2

p2
1S

(0)(k+1)
p,l+1/2,1,j+1/2

∆p1/2

−
q̃l+1/2

B0,l+1/2

p1/2

λl+1/2,j+1/2
×

∂

∂ξ0

(√
1− ξ2

0λ (ψ, ξ0) S
(0)
ξ

)∣∣∣∣(k+1)

l+1/2,1/2,j+1/2

(5.467)

since p2
0S

(0)(k+1)
p,l+1/2,0,j+1/2 = 0 with the flux grid here considered, at p0 = 0. In a similar way,

q̃ (ψ)

B0 (ψ)
p2∇p · S(0)

p

∣∣∣∣(k+1)

l+1/2,i+1/2,1/2

=
q̃l+1/2

B0,l+1/2

∂
(
p2S

(0)
p

)
∂p

∣∣∣∣∣∣
(k+1)

l+1/2,i+1/2,1/2

(5.468)

−
q̃l+1/2

B0,l+1/2

pi+1/2

λl+1/2,j+1/2
×√

1− ξ2
0,1λ (ψ, ξ0,1) S

(0)(k+1)
ξ,l+1/2,i+1/2,1

∆ξ0,1/2
(5.469)
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and

q̃ (ψ)

B0 (ψ)
p2∇p · S(0)

p

∣∣∣∣(k+1)

l+1/2,i+1/2,nξ0−1/2

=
q̃l+1/2

B0,l+1/2

∂
(
p2S

(0)
p

)
∂p

∣∣∣∣∣∣
(k+1)

l+1/2,i+1/2,nξ0−1/2

+
q̃l+1/2

B0,l+1/2

pi+1/2

λl+1/2,j+1/2
×√

1− ξ2
0,nξ0−1λ

l+1/2,nξ0−1S
(0)(k+1)
ξ,l+1/2,i+1/2,nξ0−1

∆ξ0,nξ0−1/2
(5.470)

as 
√

1− ξ2
0,0λ

l+1/2,0S
(0)
ξ,l+1/2,i+1/2,0 = 0√

1− ξ2
0,nξ0

λl+1/2,nξ0 S
(0)
ξ,l+1/2,i+1/2,nξ0

= 0
(5.471)

with ξ2
0,0 = ξ2

0,nξ0
= 1

External boundaries The other boundaries are inserted into the problem in violation
of the true physical picture, mainly because the momentum domain extends off to infinity,
while only a subspace is considered in computations. The upper limit of the domain is
therefore chosen so that the interesting physics may be accurately described, i.e. pmax �
pth for studying the Maxwellian distribution function, pmax � γ (ω/k)max for the RF
waves and pmax � pDreicer for the runaway electrons. These conditions must ensure the
conservative nature of the problem here addressed, i.e. that plasma cannot enter or leave
the domain of integration. This corresponds to the local condition

Sp · n̂ = 0 (5.472)

where n̂ is the normal to the external boundary. Because of the symmetry of the collision
operator, the subspace considered for computations is a sphere of radius pmax, n̂ = p̂. When
the condition (5.472) is fullfiled, external boundary conditions have almost a negligible
influence, and the numerical solution in the subspace is usually close to the theoretical
one. It is usually the case for most RF problems except for the Lower Hybrid wave in very
hot plasmas, since the range of resonant interaction between the wave and the electrons
is well localized in momentum space, far enough from the boundary so that no electron
can leave the domain of integration.

The Fokker-Planck equation reduces to an hyperbolic equation in the vicinity of pmax

(high velocity limit), and therefore no boundary condition must be specified. In this

condition, the standard upstream differencing applies. Since for collisions, D
C(0)
pp /v ∼ 1/v4

and F
C(0)
p ∼ 1/v2, one can consider that D

C(0)
pp ≈ 0 at p = pmax. Here, the pitch-angle

scattering term D
C(0)
ξξ requires no special handling, because it causes diffusion in a direction

which is parallel to the boundary.
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Nevertheless, since cross-derivative terms potentially involves points outside the com-
putational domain, the following rule is used, even if the exact value of ∆pmax has no
specific importance,

∆pnp = ∆pmax =
1

2

(
∆pnp+1/2 + ∆pnp−1/2

)
= ∆pnp−1/2 = pnp − pnp−1 (5.473)

As by definition pnp+1/2 =
pnp+pnp−1

2 =
pmax+pnp−1

2 , it results

∆pnp = 2
(
pnp − pnp−1/2

)
(5.474)

or in equivalent manner,
∆pmax = 2

(
pmax − pnp−1/2

)
(5.475)

Runaway electron problem If an electric field is present, then in the real prob-
lem, some electrons will runaway and leave the domain of integration. In that case, the
condition Sp · p̂ = 0 is no more fullfiled, leading to an effective loss of electrons. Since the
Fokker-planck differential equation is of hyperbolic type, no specific modification must be
applied to the limit of the integration domain. However, one must ensure that the total
number of electrons is kept constant. Several techniques may be used to avoid a decay of

the number of electrons at the runaway rate Γ
(0)
R , as defined in Sec. 3.6.

A possibility is to perform the following substitution

f
(0)
0 (t, ψ, p, ξ0)→ f

(0)
0 (ψ, p, ξ0) exp

[
−
∫ t

0

Γ
(0)
R (ψ, t′)

ne (ψ)
dt′

]
(5.476)

in the Fokker-Planck equation, so that f
(0)
0 (t→∞) is independent of t. In that case,

the momentum matrix coefficients M
(0)

p,l+1/2,i+1/2,j+1/2 must be modified according to the
prescription

M
(0)(k)

p,l+1/2,i+1/2,j+1/2 →M
(0)

p,l+1/2,i+1/2,j+1/2 − Γ
(0)(k)
R,l+1/2 (5.477)

where Γ
(0)(k)
R,l+1/2 is the runaway rate calculated at ψl+1/2 and time step k as defined in

Sec. 5.2. As a consequence, the Fokker-Planck equation becomes slightly non-linear, since

Γ
(0)(k)
R,l+1/2 is an integral over the distribution function f

(0)(k)
0 determined at time step k.

However, since the runaway population is usually very small as compared to the bulk, the
non-linearity remains fairly weak. Nevertheless, this approach has two major drawbacks:
the Fokker-Planck equation has no more an intrinsic conservative form, and in addition

matrix M
(0)

p must be recalculated at each time step, since it is time dependent. All the
advantages of the numerical implicit time scheme for a fast and stable rate of convergence
are therefore lost. For this reason, this method is not considered in the code.

Another technique is to inject cold electrons at p = 0, in order to compensate runaway
losses and keep the electron density constant at ψl+1/2. Such an approach has the main
advantage to have a clear physical meaning. Indeed, the loss of electrons will generate
locally an electric field which in turn will force a flux of particles to compensate this local
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depletion. By definition, the number of electrons leaving the integration domain is simply

Γ
(0)
R . In principle, without particle losses, p2

0S
(0)
p,l+1/2,0,j+1/2 = 0, though S

(0)
p,l+1/2,0,j+1/2 is

infinite at p = 0, since, by definition, the Maxwellian distribution is an exact eigenfunction
of the Fokker-Planck operator. Compensation of hot electron losses by cold ones leads to
the relation

2π

nξ0−1∑
j=0

p2
0S

(0)(k+1)
p,l+1/2,0,j+1/2∆ξ0,j+1/2 = Γ

(0)(k+1)
R,l+1/2 (5.478)

By definition, S
(0)(k+1)
p,l+1/2,0,j+1/2 is assumed uniform in pitch-angle, since no specific di-

rection can be physicaly priviledged. Therefore,

2πp2
0S

(0)(k+1)
p,l+1/2,0,j+1/2

nξ0−1∑
j=0

∆ξ0,j+1/2 = 4πp2
0S

(0)(k+1)
p,l+1/2,0,j+1/2 = Γ

(0)(k+1)
R,l+1/2 (5.479)

and

p2
0S

(0)(k+1)
p,l+1/2,0,j+1/2 =

Γ
(0)(k+1)
R,l+1/2

4π
(5.480)

for all j values.
Expression (5.467) is then modified according to the relation

q̃

B0
p2∇p · S(0)

p

∣∣∣∣(k+1)

l+1/2,1/2,j+1/2

=
q̃l+1/2

B0,l+1/2

p2
1S

(0)(k+1)
p,l+1/2,1,j+1/2

∆p1/2
−
p2

0S
(0)(k+1)
p,l+1/2,0,j+1/2

∆p1/2


−

q̃l+1/2

B0,l+1/2

p1/2

λl+1/2,j+1/2
×

∂

∂ξ0

(√
1− ξ2

0λS
(0)
ξ

)∣∣∣∣(k+1)

l+1/2,1/2,j+1/2

(5.481)

or

q̃

B0
p2∇p · S(0)

p

∣∣∣∣(k+1)

l+1/2,1/2,j+1/2

=
q̃l+1/2

B0,l+1/2

p2
1S

(0)(k+1)
p,l+1/2,1,j+1/2

∆p1/2
−

Γ
(0)(k+1)
R,l+1/2

4π∆p1/2


−

q̃l+1/2

B0,l+1/2

p1/2

λl+1/2,j+1/2
×

∂

∂ξ0

(√
1− ξ2

0λS
(0)
ξ

)∣∣∣∣(k+1)

l+1/2,1/2,j+1/2

(5.482)

Since Γ
(0)(k+1)
R,l+1/2 is a weak function of f

(0)
0 , it is possible to replace Γ

(0)(k+1)
R,l+1/2 by its

explicit form Γ
(0)(k)
R,l+1/2, so that one may avoid to recalculate matrix M

(0)

p,l+1/2,i+1/2,j+1/2 at
each iteration, an extremely time consuming procedure. Consequently, with this scheme,
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the zero order Fokker-Planck equation becomes simply

q̃l+1/2

B0,l+1/2
p2
i+1/2

f
(0)(k+1)
0,l+1/2,i+1/2,j+1/2 − f

(0)(k)
0,l+1/2,i+1/2,j+1/2

∆t

+
q̃

B0
p2∇p · S(0)

p

∣∣∣∣(k+1)

l+1/2,i+1/2,j+1/2

+
q̃

B0
p2∇ψ · S

(0)
ψ

∣∣∣∣(k+1)

l+1/2,i+1/2,j+1/2

−
q̃l+1/2

B0,l+1/2

Γ
(0)(k)
R,l+1/2

4π∆p1/2

= 0 (5.483)

The condition to maintain density constant at each radial location ψl+1/2 leads there-
fore to an additional term, that adds to the operator which describes damping of Maxwellian
electrons on suprathermal ones. With this approach, the Fokker-Planck equation is slightly
non-linear, provided the fraction of runaway electrons remain small as compared to the
bulk one.

Furthermore, the electron distribution function is not a Maxwellian in the vicinity of
p = 0, since an ad-hoc source term of particle with no velocity is added. This approach is
therefore questionable for its validity, owing to the basic assumptions that are used to de-
rive the linearized Fokker-Planck equation around a Maxwellian bulk. Therefore, in order
to avoid this singularity, an alternative approach may be to add a source term normalized

to Γ
(0)(k)
R,l+1/2 but, whose distribution function is an exact Maxwellian corresponding to the

electron temperature at ψl+1/2.

In that case, in steady-state regime, the flux divergence ∇p · S(0)
p is no more null at

each plasma location, but is given by the relation

p2∇p · S(0)
p

∣∣∣(k+1)

l+1/2,i+1/2,j+1/2
= p2

i+1/2

Γ
(0)(k)
R,l+1/2[

2πTe,l+1/2

]3/2 exp

[
−

p2
i+1/2(

1 + γl+1/2,i+1/2

)
Te,l+1/2

]
(5.484)

where Te
(
ψl+1/2

)
= Te,l+1/2, which corresponds to the existence of an external Maxwellian

source term. By definition,

2π

nξ0−1∑
j=0

np−1∑
i=0

Γ
(0)(k)
R,l+1/2[

2πTe,l+1/2

]3/2 exp

[
−

p2
i+1/2(

1 + γl+1/2,i+1/2

)
Te,l+1/2

]
× p2

i+1/2∆pi+1/2∆ξ0,j+1/2 = Γ
(0)(k)
R,l+1/2 (5.485)
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and the Fokker-Planck equation becomes simply

q̃l+1/2

B0,l+1/2
p2
i+1/2

f
(0)(k+1)
0,l+1/2,i+1/2,j+1/2 − f

(0)(k)
0,l+1/2,i+1/2,j+1/2

∆t

+
q̃

B0
p2∇p · S(0)

p

∣∣∣∣(k+1)

l+1/2,i+1/2,j+1/2

+
q̃

B0
p2∇ψ · S

(0)
ψ

∣∣∣∣(k+1)

l+1/2,i+1/2,j+1/2

−
q̃l+1/2

B0,l+1/2

p2
i+1/2Γ

(0)(k)
R,l+1/2[

2πTe,l+1/2

]3/2 exp

[
−

p2
i+1/2(

1 + γl+1/2,i+1/2

)
Te,l+1/2

]
= 0 (5.486)

Though this technique is in principle the most consistent with the underlying physics,
it has also still some numerical drawbacks, because of the forward time differencing. It
is well known that such terms put strong limitations on the time step value ∆t, in order
to preserve numerical stability. A coarse estimate of its level can be deduced from the
condition

Γ
(0)(k)
R,l+1/2[

2πTe,l+1/2

]3/2 exp

[
−

p2
i+1/2(

1 + γl+1/2,i+1/2

)
Te,l+1/2

]
�

f
(0)(k)
0,l+1/2,i+1/2,j+1/2

∆t
(5.487)

Assuming f
(0)(k)
0,l+1/2,i+1/2,j+1/2 ' f

(0)
0M,l+1/2,i+1/2,j+1/2, it turns out that

∆tΓ
(0)(k)
R,l+1/2

ne,l+1/2
� 1 (5.488)

where ne,l+1/2 = ne
(
ψl+1/2

)
is the local electron density. In normalized units, as defined

in Sec.6.3, time step of the order of ∆t ∼ 10+3 − 10+4 are used to reach in few iterations

the steady-state solution. Therefore, Γ
(0)(k)
R,l+1/2/ne,l+1/2 must be lower than 10−5 − 10−6 in

order to avoid onset of numerical instabilities, which corresponds usually to normalized
Ohmic electric field less than 0.05.

Finally, the ultimate and most simple approach to deal with the loss of runaway elec-
trons is to enforce the electron distribution function at each time step. Defining a numerical

density n
(k)
e,l+1/2 at time step k ,

2π

nξ0−1∑
j=0

np−1∑
i=0

f
(0)(k)
0,l+1/2,i+1/2,j+1/2p

2
i+1/2∆pi+1/2∆ξ0,j+1/2 = n

(k)
e,l+1/2 (5.489)

this procedure corresponds to the following replacement

f
(0)(k)
0,l+1/2,i+1/2,j+1/2 →

ne,l+1/2

n
(k)
e,l+1/2

f
(0)(k)
0,l+1/2,i+1/2,j+1/2 (5.490)
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This procedure is equivalent to reinject electrons in the plasma so that local density is
steadily maintained. The main advantage of this method is that it preserves the implicit
or backward numerical time advancing. Furthermore, it avoids flux calculations in order
to determine the runaway rate at ech time step, a procedure which slows down the rate
of convergence. Finally, the normalization procedure is general and may be applied for
any process that leads to local electron losses, like radial transport, magnetic ripple losses.
For this reason, this method is chosen, if needed, for the code. However, even if this
technique is numericaly very powerful, and physicaly justified, it may hinder some artificial
numerical electron losses resulting from an improper numerical flux balance in each cell.
Consequently, it is crucial to benchmark the Fokker-Planck code without this option, in
order to verify that the conservative scheme is well satisfied and that electron losses remain
always small.

Lower hybrid wave and very high temperature plasmas For the Lower Hybrid
current drive problem, difficulties similar to the runaway problem may take place in the
core region of the plasma, when the electron temperature is very high. For this quasi-
electrostatic wave, the resonant interaction with the plasma takes place along the magnetic
field line, as discussed in Sec. 4.3.2, and therefore, a tail of very energetic electrons is pulled
out from the bulk in the parallel direction p‖ as for the Ohmic electric field. Unlike the
Ohmic case, the domain of interaction for the Lower Hybrid wave is bounded in momentum
space, and is given by the well known wave-particle resonance condition

vLH‖min ≤
p‖

γ
≤ vLH‖max (5.491)

where the relativistic factor γ =
√

1 + (βthp)
2, βth = vth/c and p2 = p2

‖ + p2
⊥. On the axis

p⊥ = 0, the resonance domain is given by the relation

pLH,0‖min ≤ p
0
‖ ≤ p

LH,0
‖max (5.492)

where

pLH,0‖min =
vLH‖min√

1−
(
βthv

LH
‖min

)2
(5.493)

and

pLH,0‖max =
vLH‖max√

1−
(
βthv

LH
‖max

)2
(5.494)

When p⊥ 6= 0, the lower bound of the resonance condition becomespLH‖min

pLH,0‖min

2

− β2
thp

2
⊥ = 1 (5.495)

while the upper limit is
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Figure 5.3: Lower Hybrid boundary problem

pLH‖max

pLH,0‖max

2

− β2
thp

2
⊥ = 1 (5.496)

For very cold plasmas, i.e. when β2
thp

2
max � 1 since p⊥ ≤ pmax,{

pLH‖min ' p
LH,0
‖min

pLH‖max ' p
LH,0
‖max

(5.497)

and resonance domain boundaries are straight lines parallel to p‖ = 0 axis. In that
case, electron losses are naturally very weak, since at the intersection of the resonance
and integration domains, the wave-induced flux is nearly tangent to the boundary of the
integration domain. Since pmax ranges usualy between 20−30, βth must be much less than
0.01, which corresponds to electron temperatures less than 0.06keV . Such a condition is
never encountered in tokamak plasmas, except close to the very edge.

Because of relativistic corrections, lower and upper boundaries of the Lower Hybrid
resonance domain are hyperbolic functions of p⊥, which indicates that the wave induced
particle flux always crosses the integration domain. The curvature of the resonance domain
boundaries as a function of p⊥ depends directly of βth as shown in Fig. 5.3 and therefore,
one may expect that particle flux induced by the wave may be nearly perpendicular to the
integration domain boundary. This is the worst situation, for which important losses of
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electrons may take place if the quasilinear diffusion is very large between pLH‖min and pLH‖max,
as for the runaway problem. In such a regime, a tail of very energetic electrons is pulled
out from the bulk up to the integration domain, and the accuracy of the current driven
by the wave as calculated by the code is highly questionable, when a significant fraction
of this population leaves the integration domain.

This difficulty becomes rapidly important when βth increases as a consequence of the
forward peaking of the electron dynamic because of the relativistic corrections. In that
case, the total kinetic energy comes into play, and therefore electrons with a high p⊥ com-
ponent will interact resonantly with the wave at larger p values because of their increasing
mass.

It is difficult to introduce an unambiguous criterion which defines limits beyond which
electron losses become important, since there is an interplay between the shape of the
resonant domain, and also the absolute level of the quasilinear diffusion rate. As discussed
in Sec. 4.3.2, its value is given by the relation

D
RF(0)
b,n (p, ξ0) =

γpTe
p |ξ0|

1

λq̃

rθb
R0

Bθb

Bθb
P

ξ2
0

ξ2
θb

ΨθbD
RF,θb
b,n,0

∣∣∣Θb,n
k,θb

(kb)
∣∣∣2 ×

H (θb − θmin)H (θmax − θb)

[
1

2

∑
σ

]
T

δ
(
N‖b −N θb

‖res

)
(5.498)

which roughly decreases as p−1
‖ . This dependence, usually neglected since the shape of the

plateau in the distribution function is independent of the value of D
RF(0)
b,n when the quasi-

linear diffusion rate is very large, is however very important when the 2 −D momentum
dynamics is fully taken into account. This is in fact the only way to avoid unacceptable

electrons losses, and pmax must determined so that D
RF(0)
b,n � 1 at the boundary of the in-

tegration domain. Indeed, curvatures of the resonance domain boundaries as p‖ increases
are not favorable for a reduction of the losses, since at high energy, the flux of particles in-
duced by the Lower Hybrid wave becomes more and more perpendicular to the integration
domain.

As shown in Fig. 5.3, the only possibility for particle losses to remain at an acceptable
small level whatever the quasilinear diffusion level, is that the upper boundary of the
Lower Hybrid resonance domain crosses the integration domain at p⊥/pmax > 1/

√
2. This

purely geometrical effect put very strong limitations on the lowest level of the parallel
refractive index nLH‖min that can be studied. Indeed, , pLH,0‖max (p⊥ = 0) is therefore given by
the relation,

pLH,0‖max = 1/

√
2

p2
max

+ β2
th (5.499)

or

vLH‖max =
1√
2

pmax√
1 + β2

thp
2
max

(5.500)

In term of parallel refractive wave index, the previous condition is equivalent to the
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simple relation

nLH‖min =
√

2

√
1 + β2

thp
2
max

βthpmax
(5.501)

where the usual resonance relation

vLH‖max =
1

βth

1

nLH‖min

(5.502)

is used. In the limit β2
thp

2
max � 1, vLH‖max becomes independent of pmax

vLH‖max '
1√
2

1

βth
(5.503)

which equivalent to
nLH‖min &

√
2 ' 1.4 (5.504)

This result confirms that increasing pmax is useless in order to reduce particle losses,

if the quasilinear diffusion coefficient D
LH(0)
b,n remains very large over all the quasilinear

resonance domain, except if the parallel refractive index is small. In most calculations,
pmax ' 20 − 30, and since in the core of the plasma βth ranges between 0.14 and 0.17,
β2
thp

2
max ' 7.8− 26, which fully justify this approximation.

As discussed for the runaway problem, particle losses are compensated by the nor-
malization of the electron distribution function at each time step. However, when nLH‖min

exceeds
√

2, a warning is send by the code, in order to indicate that strong particle losses
may take place if the quasilinear diffusion coefficient is large at the boundary of the inte-
gration domain.

Treatment of the trapped region Since characteristic times for collision, RF quasilin-
ear diffusion and Ohmic electric field acceleration are all much larger than the bounce time

in the weak collision “banana” regime, f
(0)
0 (ψ, p, ξ0) = f

(0)
0 (ψ, p,−ξ0) when |ξ0| ≤ ξ0T .

Therefore, symmetrically place points around ξ0 = 0 are equivalent in the trapped region,
a physical property that is described by the term

[
1
2

∑
σ

]
T

in the bounce averaging pro-
cedure in Sec. 2.2.1. This effect introduces a new internal boundary corresponding to the
trapped-passing transition, and an external one at ξ0 = 0, since by symmetry,

∂f
(0)
0

∂ξ0
(ξ0 = 0) = 0 (5.505)

The Fokker-Planck equation is then solved in a reduced domain of integration, where
the momentum phase space corresponding to −ξ0T ≤ ξ0 ≤ 0 is removed. Once determined
in this reduced domain, the distribution function is recovered on the whole space, by

enforcing the condition f
(0)
0 (ψ, p,−ξ0) = f

(0)
0 (ψ, p, ξ0) in the interval |ξ0| ≤ ξ0T .

A specific treatment of the new internal boundary must be considered, so that flux
continuity is correctly described between co- and counter-passing regions, despite the
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Figure 5.4: Trapped domain and related flux connections

reduction of the phase space domain. Let define grid points

1 :
(
l + 1/2, i+ 1/2, j+

T,l+1/2 − 1/2
)

2 :
(
l + 1/2, i+ 1/2, j+

T,l+1/2 + 1/2
)

3 :
(
l + 1/2, i+ 1/2, j−T,l+1/2 + 1/2

)
4 :
(
l + 1/2, i+ 1/2, j−T,l+1/2 − 1/2

)
5 : (l + 1/2, i+ 1/2, jT0 + 1/2)

(5.506)

where jT0 = (nξ0 + 1) /2 =
(
j+
T,l+1/2 + j−T,l+1/2

)
/2, as indicated in Fig.5.4. Here j−T,l+1/2

is the index that corresponds to the trapped/passing boundary ξ0 = −ξ0T , while j+
T,l+1/2

corresponds to the symmetric boundary with respect to the axis ξ0 = 0, i.e. ξ0 = ξ0T .
By definition, grid points 1 and 3 are in the trapped region, just placed below and above

co- and counter-passing boundaries respectively at opposite sides of the axis ξ0 = 0 and
with the same distance to this axis, while grid points 2 and 4 have a similar arrangement
but are placed in the co- and counter-passing regions respectively right after the trapped-
passing boundary. The grid point 5 is placed on the right side of the axis ξ0 = 0, in the
trapped sub-domain 0 ≤ ξ0 ≤ ξ0T .

Before performing the reduction of the domain of integration, the symmetry inside the
trapped region must be enforced according to the relation

M
(0)

p,l+1/2,i+1/2,j++1/2 =

(
M

(0)

p,l+1/2,i+1/2,j++1/2 +M
(0)

p,l+1/2,i+1/2,j−+1/2

)
/2 (5.507)

where jT0 = (j+ + j−) /2, with j−T,l+1/2 < j− < jT0 or an in equivalent manner jT0 <
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Figure 5.5: Momentum flux connections for grid point 1 in the trapped region

j+ < j+
T,l+1/2. This procedure allows to correctly account for some processes that are not

symmetric in p‖, like wave-particle interaction.
The reduction of the domain of integration in the momentum phase space leads to

introduce a new matrix, M̂
(0)

p whose coefficients are defined as follows

M̂
(0)

p,l+1/2,i+1/2,j′+1/2 = M
(0)

p,l+1/2,i+1/2,j+1/2 (5.508)

with j′ = j, when 0 ≤ j < j−T,l+1/2, and j′ = j − nξ0T,l+1/2
, when jT0 ≤ j ≤ nξ0 − 1. Here,

nξ0T,l+1/2
=
(
j+
T,l+1/2 − j

−
T,l+1/2

)
/2 corresponds to the number of grid points removed

in the pitch-angle direction, and with this definition, it can be easily cross-checked that
jT0 − nξ0T,l+1/2

= j−T,l+1/2.
Furthermore, since grid point 3 is no more considered in the calculations while grid

points 3 and 1 are equivalent, flux relations between neighboring grid points 4 and 3 must
then be replaced by new relations wich link grid points 4 and 1. Much in the same way,
flux relations between grid points 2 and 3 no more exist, and therefore, the flux relation
between grid points 2 and 1 must be modified accordingly. This procedure leads to add

six new set of coefficients to the matrix M̂
(0)

p , namely
M̂

(0)

p,l+1/2,i−1/2,
[
j′−
T,l+1/2

−1/2
]
+nξ0T,l+1/2

M̂
(0)

p,l+1/2,i+1/2,
[
j′−
T,l+1/2

−1/2
]
+nξ0T,l+1/2

M̂
(0)

p,l+1/2,i+3/2,
[
j′−
T,l+1/2

−1/2
]
+nξ0T,l+1/2

(5.509)
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cmcm
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Figure 5.6: Momentum flux connections for grid point 4 in the counter-passing region

and 
M̂

(0)

p,l+1/2,i−1/2,
[
j′+
T,l+1/2

−1/2
]
−nξ0T,l+1/2

M̂
(0)

p,l+1/2,i+1/2,
[
j′+
T,l+1/2

−1/2
]
−nξ0T,l+1/2

M̂
(0)

p,l+1/2,i+3/2,
[
j′+
T,l+1/2

−1/2
]
−nξ0T,l+1/2

(5.510)

while matrix coefficients 
M̂

(0)

p,l+1/2,i−1/2,
[
j′−
T,l+1/2

−1/2
]
+1

M̂
(0)

p,l+1/2,i+1/2,
[
j′−
T,l+1/2

−1/2
]
+1

M̂
(0)

p,l+1/2,i+3/2,
[
j′−
T,l+1/2

−1/2
]
+1

(5.511)

and 
M̂

(0)

p,l+1/2,i−1/2,
[
j′+
T,l+1/2

−1/2
]
+1

M̂
(0)

p,l+1/2,i+1/2,
[
j′+
T,l+1/2

−1/2
]
+1

M̂
(0)

p,l+1/2,i+3/2,
[
j′+
T,l+1/2

−1/2
]
+1

(5.512)

where j′−T,l+1/2 = j−T,l+1/2 and j′+T,l+1/2 = j+
T,l+1/2 − nξ0T,l+1/2

must be modified accordingly.
As shown in a graphic form in Figs. 5.5 and 5.6,
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
M̂

(0)

p,l+1/2,i−1/2,
[
j′−
T,l+1/2

−1/2
]
+1 = 0

M̂
(0)

p,l+1/2,i+1/2,
[
j′−
T,l+1/2

−1/2
]
+1 = 0

M̂
(0)

p,l+1/2,i+3/2,
[
j′−
T,l+1/2

−1/2
]
+1 = 0

(5.513)

since the distribution function at grid 4 is no more connected with the one at grid point 3
or 5, but to the grid point 1 only. Furthermore, since grid points 1 and 3 are equivalent,
their clockwise flux links with grid point 2 are only half in order to avoid counting them
twice. Therefore,

M̂
(0)

p,l+1/2,i−1/2,
[
j′+
T,l+1/2

−1/2
]
+1 = M

(0)

p,l+1/2,i−1/2,
[
j′+
T,l+1/2

−1/2
]
+1+nξ0T,l+1/2

/2

M̂
(0)

p,l+1/2,i+1/2,
[
j′+
T,l+1/2

−1/2
]
+1 = M

(0)

p,l+1/2,i+1/2,
[
j+
T,l+1/2

−1/2
]
+1+nξ0T,l+1/2

/2

M̂
(0)

p,l+1/2,i+3/2,
[
j′+
T,l+1/2

−1/2
]
+1 = M

(0)

p,l+1/2,i+3/2,
[
j+
T,l+1/2

−1/2
]
+1+nξ0T,l+1/2

/2

(5.514)

Moreover, since counterclockwise flux that links grid points 3 and 4 is equivalent by
symmetry with clockwise flux that links grid points 1 and 2 , one obtains,

M̂
(0)

p,l+1/2,i−1/2,
[
j′−
T,l+1/2

−1/2
]
+nξ0T,l+1/2

= M
(0)

p,l+1/2,i−1/2,
[
j′+
T,l+1/2

−1/2
]
+1+nξ0T,l+1/2

M̂
(0)

p,l+1/2,i+1/2,
[
j′−
T,l+1/2

−1/2
]
+nξ0T,l+1/2

= M
(0)

p,l+1/2,i+1/2,
[
j′+
T,l+1/2

−1/2
]
+1+nξ0T,l+1/2

M̂
(0)

p,l+1/2,i+3/2,
[
j′−
T,l+1/2

−1/2
]
+nξ0T,l+1/2

= M
(0)

p,l+1/2,i+3/2,
[
j′+
T,l+1/2

−1/2
]
+1+nξ0T,l+1/2

(5.515)

and

M̂
(0)

p,l+1/2,i−1/2,
[
j′+
T,l+1/2

−1/2
]
−nξ0T,l+1/2

= M
(0)

p,l+1/2,i−1/2,
[
j′+
T,l+1/2

−1/2
]
+1+nξ0T,l+1/2

/2

M̂
(0)

p,l+1/2,i+1/2,
[
j′+
T,l+1/2

−1/2
]
−nξ0T,l+1/2

= M
(0)

p,l+1/2,i+1/2,
[
j′+
T,l+1/2

−1/2
]
+1+nξ0T,l+1/2

/2

M̂
(0)

p,l+1/2,i+3/2,
[
j′+
T,l+1/2

−1/2
]
−nξ0T,l+1/2

= M
(0)

p,l+1/2,i+3/2,
[
j′+
T,l+1/2

−1/2
]
+1+nξ0T,l+1/2

/2

(5.516)

Finally, for the external boundary at ξ0 = 0, all matrix coefficients at grid point
jT0 + 1/2 are forced to zero, except two,

M̂
(0)

p,l+1/2,i−1/2,

[
j′−T,l+1/2

+1/2

]
+nξ0T,l+1/2

= 1

M̂
(0)

p,l+1/2,i−1/2,

[
j′−T,l+1/2

+3/2

]
+nξ0T,l+1/2

= −1 (5.517)
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Figure 5.7: Heuristic magnetic ripple modeling. The trapped/supertrapped boundary
varies as well as the collision detrapping threshold are both functions of the radial location

since j′−T,l+1/2
= jT0 − nξ0T,l+1/2

= j′T0
.

Magnetic ripple losses Super-trapped electrons with p‖/p⊥ � 1 are very sensitive
to all the details of the magnetic configuration, and may be lossed in the local magnetic
wells because of the finite number of toroidal magnetic field coils. This effect requires in
principle a full 3−D spatial calculation, that is beyond the present theoretical frame here
described, as for the stellarator magnetic configuration. Nevertheless, some interesting
results may be obtained, by considering that super-trapped electrons whose banana tips
fall in the magnetic well drift vertically in an irreversible manner and leave therefore the
plasma. This process takes place provided their kinetic energy is large enough so that the
detrapping probability by collisions remain negligible.

Describing this effect is consequently equivalent to introduce new external boundaries
in the trapped region, in order to describe in an ad-hoc manner this physical effect. This
approach is justified because the drifting time across the plasma is short enough for the
locally trapped electrons in the magnetic ripple to neglect their contributions to the overall
momentum dynamics.

For this purpose, an Krook term is introduced in the Fokker-Planck equation

∂f
(0)
0

∂t

∣∣∣∣∣
(k+1)

l+1/2,i+1/2,j+1/2

= νMR,l+1/2,i+1/2,j′+1/2f
(0)(k+1)
0,l+1/2,i+1/2,j′+1/2 (5.518)

where νMR,l+1/2,i+1/2,j′+1/2 is an effective loss frequency, whose value is a function of the
super-trapped domain as shown in Fig. 5.7. This loss frequency varies therefore with the
radial location ψl+1/2, but also with momentum pi+1/2 and pitch-angle ξ0,j′+1/2. Outside
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this domain, νMR,l+1/2,i+1/2,j′+1/2 is set to a zero so that losses are always negligible on
the time scale for the steady-state distribution function to build-up. Conversely, inside
the domain characterized by the pitch-angle boundary 0 ≤ ξ0,j′+1/2 ≤ ξ0,j′+

MR,l+1/2
+1/2

and pi+1/2 ≥ pMR,l+1/2, where j′+MR,l+1/2 is the index below which particle are lossed in
the magnetic ripple, and pMR,l+1/2 is the momentum detrapping threshold by collisions,

νMR,l+1/2,i+1/2,j′+1/2 is usually taken constant and much larger than τ−1
t which is the

smallest time scale here considered, namely the transit time. The matrix is then simply
modified according to the following rule

M̂
(0)

p,l+1/2,i+1/2,j′+1/2 → M̂
(0)

p,l+1/2,i+1/2,j′+1/2 − νMR,l+1/2,i+1/2,j′+1/2 (5.519)

With this method, it is not necessary to introduce additional specific conditions and
moreover the implicit time scheme is fully preserved. By definition, the Fokker-Planck
equation is no more conservative, but particle losses are compensated by the normalization
technique at each time step, as for the runaway problem. This is an acceptable technique,
provided level of losses due to magnetic ripple is small as compared to the electron bulk
density.

Spatial dynamics

Internal boundary For the dynamics in configuration space, since the problem has
only one dimension, the internal boundary must be only specified at ψ = ψ0 = 0, which
corresponds to the condition

f
(0)
0 (ψ, p, ξ0) = f

(0)
0 (−ψ, p, ξ0) (5.520)

Using the same approach as for the momentum dynamics, ∆ψ must be defined at this
location. Hence

∆ψ0 =
1

2

(
∆ψ1/2 + ∆ψ−1/2

)
= ∆ψ1/2 (5.521)

using ∆ψ−1/2 = ∆ψ1/2. Since ∆ψ1/2 = ψ1 − ψ0, and ψ1/2 = ψ1+ψ0

2 one obtains finally,

∆ψ0 = 2ψ1/2 (5.522)

because ψ0 = 0.
It is important to note that internal boundary conditions are also only needed for

the evaluation of cross-derivative terms, since in the discrete form of the Fokker-Planck
equation using two grids, as shown, in Sec. 5.4.2, it is automatically fullfiled for other
terms. Indeed, at fixed pi+1/2, ξ0,j+1/2,

q̃

B0
p2∇ψ · S

(0)
ψ

∣∣∣∣(k+1)

1/2,i+1/2,j+1/2

=
p2
i+1/2

λ1/2,j+1/2
× ∂

∂ψ

(
R0q̃

BP0

B0
λS

(0)
ψ

)∣∣∣∣(k+1)

1/2,i+1/2,j+1/2

(5.523)
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or

q̃

B0
p2∇ψ · S

(0)
ψ

∣∣∣∣(k+1)

1/2,i+1/2,j+1/2

=
p2
i+1/2

λ1/2,j+1/2
× R0,1q̃1

BP0,1

B0,1
λ1,j+1/2S

(0)(k+1)
ψ1,i+1/2,j+1/2

(5.524)

since R0,0BP0,0S
(0)(k+1)
ψ0,i+1/2,j+1/2

= 0. Indeed, BP0,0 = 0 on the magnetic axis.

External boundary As discussed for the momentum dynamics, a primary condition
of the code is that electron density profile is preserved. As for the particle losses in
momentum space, this can be performed by injecting an equivalent number of particles at
p = 0, in order to compensate the particle flux leaving the integration domain because of
diffusion across magnetic flux surfaces. It corresponds to a reaction of the bulk, because
of the occurence of a small electric field, generated by the electron transport so that the
overall electron density profile is kept constant. By this method, a steady state regime
may be achieved, and it is not necessary to specify which type of mechanism is at play,
diffusion or convection.

Let define the local variation of the electron density ∆n
(k)
e,l+1/2 at time step k because

of spatial transport by the simple relation

∆n(k)
e (ψ) =

∫∫ [
f

(0)(k)
0 (ψ, p, ξ0)− f (0)(k−1)

0 (ψ, p, ξ0)
]
λ (ψ, ξ0) p2dpdξ0 (5.525)

It can be expressed in term of a loss rate

Γ
(0)(k)
T (ψ) = ∆n(k)

e (ψ) /∆t

by introducing the integration time step ∆t and the flux balance gives on the discrete
mesh is

2πp2
0S

(0)
p,l+1/2,0,j+1/2

nξ0−1∑
j=0

∆ξ0,j+1/2 = 4πp2
0S

(0)
p,l+1/2,0,j+1/2 = Γ

(0)
T,l+1/2 (5.526)

assuming like for losses in momentum space that the flux has no pitch-angle dependence
at p0. The zero order Fokker-Planck equation becomes simply

q̃l+1/2

B0,l+1/2
p2
i+1/2

f
(0)(k+1)
0,l+1/2,i+1/2,j+1/2 − f

(0)(k)
0,l+1/2,i+1/2,j+1/2

∆t

+
q̃

B0
p2∇p · S(0)

p

∣∣∣∣(k+1)

l+1/2,i+1/2,j+1/2

+
q̃

B0
p2∇ψ · S

(0)
ψ

∣∣∣∣(k+1)

l+1/2,i+1/2,j+1/2

−
q̃l+1/2

B0,l+1/2

Γ
(0)(k)
R,l+1/2 + Γ

(0)(k)
T,l+1/2

4π∆p1/2

= 0 (5.527)
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in order to maintain electron density at each time step. By definition, radial transport or
runaway play a similar role, and as a result their respective contributions are equivalent
in the Fokker-Planck equation. If the electrons that are reinjected have a Maxwellian
distribution function corresponding to the electron temperature at ψl+1/2, one may obtain,
as for the runaway problem,

q̃l+1/2

B0,l+1/2
p2
i+1/2

f
(0)(k+1)
0,l+1/2,i+1/2,j+1/2 − f

(0)(k)
0,l+1/2,i+1/2,j+1/2

∆t

+
q̃

B0
p2∇p · S(0)

p

∣∣∣∣(k+1)

l+1/2,i+1/2,j+1/2

+
q̃

B0
p2∇ψ · S

(0)
ψ

∣∣∣∣(k+1)

l+1/2,i+1/2,j+1/2

−
q̃l+1/2

B0,l+1/2
p2
i+1/2

Γ
(0)(k)
R,l+1/2 + Γ

(0)(k)
T,l+1/2[

2πTe,l+1/2

]3/2 exp

[
−

p2
i+1/2(

1 + γl+1/2,i+1/2

)
Te,l+1/2

]
= 0 (5.528)

Finally, for cross-derivative terms, one have to determine ∆ψnψ at the boundary of the
integration domain. It is readily given by relation,

∆ψnψ = 2
(
ψnψ − ψnψ−1/2

)
= 2

(
ψa − ψnψ−1/2

)
(5.529)

as done for p, since ψnψ = ψa.

Treatment of the trapped region The radial transport equation is greatly com-
plicated by the presence of trapped electrons, since the diffusion across magnetic field
lines may contribute to trap or detrap particles who are in the close vicinity of the
trapped/passing boundary, because of the radial dependence of this boundary, as shown
in Fig. 5.8. By definition, this process takes place intrinsically at fixed magnetic mo-
ment, a fundamental assumption of the flux conservative form of the bounce averaged
Fokker-Planck equation, as shown in Sec.3.5.1.

The matrix build-up is therefore quite complex, since one has to take into account
that counter-passing electrons may be trapped when they diffuse towards lower magnetic
regions of the plasma, while conversely, trapped electrons may be detrapped by crossing
magnetic flux surfaces in the high magnetic field side direction.

Let define three neighboring grid points at radial locations ψl−1/2, ψl+1/2 and ψl+3/2

and corresponding trapped/passing boundaries ξ0T,j±
T,l−1/2

, ξ0T,j±
T,l+1/2

, and ξ0T,j±
T,l+3/2

, since

non-uniform pitch-angle grid mesh is designed so that each boundary is exactly placed on
the flux grid. By definition, since

−ξ0T,j−
T,l+3/2

< −ξ0T,j−
T,l+1/2

< −ξ0T,j−
T,l−1/2

< ξ0T,j+
T,l−1/2

< ξ0T,j+
T,l+1/2

< ξ0T,j+
T,l+3/2

(5.530)
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Figure 5.8: Trapping and detrapping process induced by radial transport

the following relation holds

j−T,l+3/2 < j−T,l+1/2 < j−T,l−1/2 < jT0 < j+
T,l−1/2 < j+

T,l+1/2 < j+
T,l+3/2 (5.531)

Here jT0 is the index of the grid point corresponding to the axis ξ0 = 0 in the trapped region
at ψl+1/2. This defines naturaly eight different regions in momentum space at ψl+1/2, where
spatial fluxes must be considered. Since matrix is reduced in momentum space, because
the region j−l+1/2 < j−l−1/2 < jT0,l+1/2

is not considered in the calculations, one has therefore
to consider effectively only six regions, namely corresponding to

j−T,l+3/2 < j−T,l+1/2 (5.532)

and
jT0 < j+

T,l−1/2 < j+
T,l+1/2 < j+

T,l+3/2 (5.533)

or using relations j′−T,l+1/2 = j−T,l+1/2 and j′+T,l+1/2 = j+
T,l+1/2 − nξ0T,l+1/2

j′−T,l+3/2 < j′−T,l+1/2 < j′+T,l−1/2 < j′+T,l+1/2 < j′+T,l+3/2 (5.534)

As for the momentum dynamics, the reduction of the domain of integration in the mo-

mentum phase space leads to introduce a new matrix, M̂
(0)

ψ . Obviously, the main diagonal
is fully preserved, and therefore

M̂
(0)

ψ,l+1/2,i+1/2,j′+1/2 = M
(0)

ψ,l+1/2,i+1/2,j′+1/2 (5.535)
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provided j′ < j′−T,l+1/2, while

M̂
(0)

ψ,l+1/2,i+1/2,j′+1/2 = M
(0)

ψ,l+1/2,i+1/2,[j′+1/2]+nξ0T,l+1/2
(5.536)

when for j′ > j′+T,l+1/2. Only off-diagonal matrix coefficients have to be modified, because
of the presence of trapped and circulating electrons. Indeed, these coefficients reflect the
particle flux transfer between different location.

If j′ < j′−T,l+3/2, matrix coefficients are given by M̂
(0)

ψ,l−1/2,i+1/2,j′+1/2 = M
(0)

ψ,l−1/2,i+1/2,j′+1/2

M̂
(0)

ψ,l+3/2,i+1/2,j′+1/2 = M
(0)

ψ,l+3/2,i+1/2,j′+1/2

(5.537)

and for j′−T,l+3/2 < j′ < j′−T,l+1/2, the simple relation still holds for one matrix coefficient
only

M̂
(0)

ψ,l−1/2,i+1/2,j′+1/2 = M
(0)

ψ,l−1/2,i+1/2,j′+1/2 (5.538)

since the trapped region is narrower at ψl−1/2 as compared to ψl+1/2. But since counter-
circulating electrons become trapped by diffusion from ψl+1/2 → ψl+3/2 and electron

dynamics in the domain j−T,l+3/2 < j < jT0 is removed and replaced by its counterpart in

the positive pitch-angle region jT0 < j < j+
T,l+3/2, it turns out that

M̂
(0)

ψ,l+3/2,i+1/2,j′+1/2 = 0 (5.539)

and the flux link must be replaced by

M̂
(0)

ψ,l+3/2,i+1/2,[j′+1/2]+2(jT0
−(j′+1/2))−nξ0T,l+3/2

= M
(0)

ψ,l+3/2,i+1/2,j′+1/2 (5.540)

taking into account of the mirror indexing around the axis ξ0 = 0, and the fact that matrix
blocks corresponding to different radii have different sizes.

In a general way, when j′ > j′−T,l+1/2, the following rule applies M̂
(0)

ψ,l−1/2,i+1/2,j′+1/2 = 0

M̂
(0)

ψ,l+3/2,i+1/2,j′+1/2 = 0
(5.541)

all corresponding matrix coefficients being replaced by new ones according to the relations
M̂

(0)

ψ,l−1/2,i+1/2,[j′+1/2]+
(
nξ0T,l+1/2

−nξ0T,l−1/2

)
= M

(0)

ψ,l−1/2,i+1/2,[j′+1/2]+nξ0T,l+1/2

M̂
(0)

ψ,l+3/2,i+1/2,[j′+1/2]+
(
nξ0T,l+1/2

−nξ0T,l+3/2

)
= M

(0)

ψ,l+3/2,i+1/2,[j′+1/2]+nξ0T,l+1/2

(5.542)
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wether electrons remains trapped or co-passing, or become trapped by the outward radial
transport or detrapped by the inward cross-field diffusion. Since nξ0T,l+1/2

− nξ0T,l−1/2
> 0

and nξ0T,l+1/2
− nξ0T,l+3/2

< 0, [j′ + 1/2] +
(
nξ0T,l+1/2

− nξ0T,l−1/2

)
> j′ + 1/2

[j′ + 1/2] +
(
nξ0T,l+1/2

− nξ0T,l+3/2

)
< j′ + 1/2

(5.543)

which indicates that diagonals shrink when trapped/passing boundary is crossed, i.e. j′ >

j′−T,l+1/2. Therefore, matrix M̂
(0)

ψ contains much more diagonals than M
(0)

ψ which has only
three ones.

At ψ = 0, there is no need to specify the spatial flux S
(0)
ψ , with the two grids technique.

Since by construction Rmin,0BP min,0S
(0)(k+1)
ψ0,i+1/2,j+1/2

= 0, no particle accumulation occurs

naturaly at ψ , and at this singular point f
(0)(k+1)
0,1/2,i+1/2,j+1/2 = f

(0)(k+1)
0,−1/2,i+1/2,j+1/2 is well

fullfiled.
At the plasma edge ψa, i.e. at the boundary of the integration domain, there is also no

need to specify any condition on the flux of fast particles are leaving the plasma definitively,
as for the runaway problem. Consequently, even without any external perturbation, the
fact that radial transport of fast transport leads to strong departure from the Maxwellian
momentum dependence at all radius.

As for the dynamics in momentum space, ∆ψ must be specified at the boundaries of
the domain of integration. One finds that

∆ψ0 = 2ψ1/2 (5.544)

since ψ0 = 0, and

∆ψnψ = 2
(
ψnψ − ψnψ−1/2

)
= 2

(
ψa − ψnψ−1/2

)
(5.545)

noting that ψnψ = ψa.

5.7.2 Up to first order term: the Drift Kinetic equation

Since the first order bounce-averaged drift kinetic equation may be expressed in the same
conservative form as for zero order Fokker-Planck bounce-averaged equation, most of the
boundary conditions apply in a natural way without additional specifications, in particular
at p = 0 and |ξ0| = 1, as a consequence of the two grids technique, one for the fluxes and
the other for the distribution function.

In matrix form, the general expression of the first order bounce averaged drift kinetic
equation

{C (g)}+ {Q (g)}+ {E (g)} = −
{
C
(
f̃
)}
−
{
Q
(
f̃
)}
−
{
E
(
f̃
)}

(5.546)
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becomes

i′=i+1∑
i′=i−1

j′′=j+1∑
j′′=j−1

M
(0)

p,l+1/2,i′+1/2,j′′+1/2g
(0)(k)
0,l+1/2,i′+1/2,j′′+1/2

+p2
i+1/2C

(0)

(
fM,l+1/2,i+1/2,j+1/2,

3

2
ξ0,j+1/2g

(0)(m=1)(k)
l+1/2,i+1/2,j+1/2

)

= −
i′=i+1∑
i′=i−1

j′′=j+1∑
j′′=j−1

M̃
(0)

p,l+1/2,i′+1/2,j′′+1/2f̃
(0)
l+1/2,i′+1/2,j′′+1/2

−
i′=i+1∑
i′=i−1

l′=l+1∑
l′=l−1

H̃
(0)

ψ,l′+1/2,i′+1/2,j+1/2f
(0)
0,l′+1/2,i′+1/2,j+1/2

−p2
i+1/2C̃

(0)

(
fM,l+1/2,i+1/2,j+1/2,

3

2
ξ0,j+1/2f̃

(0)(m=1)
l+1/2,i+1/2,j+1/2

)
(5.547)

or

i′=i+1∑
i′=i−1

j′′=j+1∑
j′′=j−1

M
(0)

p,l+1/2,i′+1/2,j′′+1/2g
(0)(k)
0,l+1/2,i′+1/2,j′′+1/2

+p2
i+1/2C

(0)

(
fM,l+1/2,i+1/2,j+1/2,

3

2
ξ0,j+1/2g

(0)(m=1)(k)
l+1/2,i+1/2,j+1/2

)
= W̃

(0)
l+1/2,i+1/2,j+1/2 (5.548)

where

W̃
(0)
l+1/2,i+1/2,j+1/2 = −

i′=i+1∑
i′=i−1

j′′=j+1∑
j′′=j−1

M̃
(0)

p,l+1/2,i′+1/2,j′′+1/2f̃
(0)(k)
l+1/2,i′+1/2,j′′+1/2

−
i′=i+1∑
i′=i−1

l′=l+1∑
l′=l−1

H̃
(0)

ψ,l′+1/2,i′+1/2,j+1/2f
(0)(k)
0,l′+1/2,i′+1/2,j+1/2

−p2
i+1/2C̃

(0)

(
fM,l+1/2,i+1/2,j+1/2,

3

2
ξ0,j+1/2f̃

(0)(m=1)
l+1/2,i+1/2,j+1/2

)
(5.549)

Here, (k) is the iteration index number, while C(0) and C̃(0) are the electron-electron
self-collision operators that make the equation non-linear.

Internal boundaries for function g(0)

In the weak collision “banana” regime, it is shown in Sec.3.4 that g(0) (ψ, p, ξ0) = 0 for
trapped electrons. Therefore, the drift kinetic equation must be solved in a reduced domain

of integration, as for f
(0)
0 (ψ, p, ξ0) , but with different and more simple internal boundary

conditions. Indeed, the only constraint is to enforce the condition g(0) (ψ, p, ξ0) = 0 for
|ξ0| ≤ ξ0T .
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Figure 5.9: Trapped domain for the first order distribution g

Let define grid points

1 :
(
l + 1/2, i+ 1/2, j+

T,l+1/2 − 1/2
)

2 :
(
l + 1/2, i+ 1/2, j+

T,l+1/2 + 1/2
)

3 :
(
l + 1/2, i+ 1/2, j−T,l+1/2 + 1/2

)
4 :
(
l + 1/2, i+ 1/2, j−T,l+1/2 − 1/2

) (5.550)

as indicated in Fig.5.9. Here j−T,l+1/2 is the index that corresponds to the trapped/passing

boundary ξ0 = −ξ0T , while j+
T,l+1/2 corresponds to the symmetric boundary with respect

to the axis ξ0 = 0, i.e. ξ0 = ξ0T .
Since g(0) is prescribed in the trapped domain, all the region may be removed from

the calculations, and the reduction of the domain of integration in the momentum phase

space leads to introduce a new matrix
̂̂
M

(0)

p whose coefficients are defined as follows

̂̂
M

(0)

p,l+1/2,i+1/2,j′+1/2 = M
(0)

p,l+1/2,i+1/2,j+1/2 (5.551)

with j′ = j, when 0 ≤ j < j−T,l+1/2, and j′ = j − mξ0T,l+1/2
, when j+

T,l+1/2 < j ≤ nξ0 .

Here, mξ0T,l+1/2
= j+

T,l+1/2 − j
−
T,l+1/2 corresponds to the number of grid points removed in

the pitch-angle direction, and with this definition, it is easy to cross-check that j′+T,l+1/2 −
j′−T,l+1/2 = j+

T,l+1/2 − j
−
T,l+1/2 −mξ0T,l+1/2

= 0. Since grid points 2 and 4 are not connected,
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the following condition applies

̂̂
M

(0)

p,l+1/2,i−1/2,
[
j′
T,l+1/2

−1/2
]
+1 = 0̂̂

M
(0)

p,l+1/2,i+1/2,
[
j′
T,l+1/2

−1/2
]
+1 = 0̂̂

M
(0)

p,l+1/2,i+3/2,
[
j′
T,l+1/2

−1/2
]
+1 = 0

(5.552)

and conversely 

̂̂
M

(0)

p,l+1/2,i−1/2,
[
j′
T,l+1/2

+1/2
]
−1 = 0̂̂

M
(0)

p,l+1/2,i+1/2,
[
j′
T,l+1/2

+1/2
]
−1 = 0̂̂

M
(0)

p,l+1/2,i+3/2,
[
j′
T,l+1/2

+1/2
]
−1 = 0

(5.553)

where j′−T,l+1/2 = j′+T,l+1/2 = j′T,l+1/2. As internal boundaries match already existing diago-

nals of the matrix M
(0)

p,l+1/2,i+1/2,j+1/2,
̂̂
M

(0)

p,l+1/2,i+1/2,j′+1/2 remains a simple nine diagonal

matrix, and is therefore less complex than the 15 diagonals matrix M̂
(0)

p,l+1/2,i+1/2,j′+1/2

corresponding to the Fokker-Planck equation.

Internal boundaries for f̃

Since no inversion is required for calculating the vector W̃
(0)
l+1/2,i+1/2,j+1/2, it is consequently

evaluated at all grid points, including those corresponding to trapped electron domain.
Consequently, the reduction along the pitch-angle direction that results from the condition
g(0) (ψ, p, ξ0) = 0 is only performed after the calculation of W̃l+1/2,i+1/2,j+1/2 over the full
ξ0 grid. Once done, the prescription on the index number j′ that holds for the matrix
conversion

M
(0)

p,l+1/2,i+1/2,j+1/2 →
̂̂
M

(0)

l+1/2,i+1/2,j+1/2p,l+1/2,i+1/2,j′+1/2 (5.554)

may be then applied in a similar way for W̃l+1/2,i+1/2,j+1/2, which leads to define a new

vector
̂̃
W

(0)

p,l+1/2,i+1/2,j′+1/2 whose size is reduced

W̃
(0)
l+1/2,i+1/2,j+1/2 →

̂̃
W

(0)

p,l+1/2,i+1/2,j′+1/2 (5.555)

and finally the drift kinetic equation on the reduced grid is simply given by the relation

i′=i+1∑
i′=i−1

j′′=j′+1∑
j′′=j′−1

̂̂
M

(0)

p,l+1/2,i+1/2,j′′+1/2g
(0)(k)
0,l+1/2,i′+1/2,j′′+1/2 =

̂̃
W

(0)

p,l+1/2,i+1/2,j′+1/2 (5.556)

where all the trapped electron domain is removed.
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External boundaries

The problem of external boundaries discussed in Sec. 5.7.1 for the zero-order Fokker-
Planck equation may be applied in a straightforward manner to the first-order drift kinetic
ones, since it may be expressed in a similar conservative form. Consequently, if the zero-
order Fokker-Planck equation conserves the total number of particles without specific
conditions, the solution g may be found without additional constraints at the boundaries
of the integration domain. Conversely, if Dirichlet conditions are considered for the Fokker-
Planck equation, like enforcing the Maxwellian solution at p = 0, similar and consistent
conditions must be also applied for the drift kinetic equation.

5.8 Moments of the Distribution Function

5.8.1 Flux discretization for moment calculations

The calculation of momentum-space moments of the distribution function, such as the den-
sity of power absorbed or the stream function, requires to calculate the bounce-averaged

momentum space fluxes S
(0)
p associated with a distribution function. Considering a given

distribution function f (0) (which could be f
(0)
0 , f̃ (0) or g(0)) and given momentum-space dif-

fusion D(0)O
p and convection F

(0)O
p coefficients, associated with a particular physical mech-

anism O (such as collisions, RF waves and DC electric field) and calculated in chapter 4,
these fluxes are given by (3.187) or equivalently (3.216) and their components are

S(0)
p = −D(0)O

pp

∂f (0)

∂p
+

√
1− ξ2

0

p
D

(0)O
pξ

∂f (0)

∂ξ0
+ F (0)O

p f (0) (5.557)

S
(0)
ξ0

= −D(0)O
ξp

∂f (0)

∂p
+

√
1− ξ2

0

p
D

(0)O
ξξ

∂f (0)

∂ξ0
+ F

(0)O
ξ f (0) (5.558)

• First, both for power density (5.580) and stream function calculations (5.583), we

need to calculate the discretized flux S
(0)
p at the flux grid point (l + 1/2, i, j + 1/2)

S
(0)O
p,l+1/2,i,j+1/2 = −D(0)O

pp,l+1/2,i,j+1/2

∂f (0)

∂p

∣∣∣∣∣
l+1/2,i,j+1/2

(5.559)

+

√
1− ξ2

0,j+1/2

pi
D

(0)O
pξ,l+1/2,i,j+1/2

∂f (0)

∂ξ0

∣∣∣∣∣
l+1/2,i,j+1/2

+ F
(0)O
p,l+1/2,i,j+1/2f

(0)
l+1/2,i,j+1/2

The first derivative is straightforward (5.58)

∂f (0)

∂p

∣∣∣∣∣
l+1/2,i,j+1/2

=
f

(0)
l+1/2,i+1/2,j+1/2 − f

(0)
l+1/2,i−1/2,j+1/2

∆pi
(5.560)

244



5.8. Moments of the Distribution Function 5. Numerical calculations

while the second derivative, similar to (5.60)

∂f (0)

∂ξ0

∣∣∣∣∣
l+1/2,i,j+1/2

=
f

(0)
l+1/2,i,j+3/2 − f

(0)
l+1/2,i,j−1/2

∆ξ0,j+1 + ∆ξ0,j
(5.561)

and the convective term both requires further interpolation (5.67)

f
(0)
l+1/2,i,j+3/2 =

(
1− δ(0)

p,l+1/2,i,j+3/2

)
f

(0)
l+1/2,i+1/2,j+3/2 + δ

(0)
p,l+1/2,i,j+3/2f

(0)
l+1/2,i−1/2,j+3/2

(5.562)

f
(0)
l+1/2,i,j+1/2 =

(
1− δ(0)

p,l+1/2,i,j+1/2

)
f

(0)
l+1/2,i+1/2,j+1/2 + δ

(0)
p,l+1/2,i,j+3/2f

(0)
l+1/2,i−1/2,j+1/2

(5.563)

f
(0)
l+1/2,i,j−1/2 =

(
1− δ(0)

p,l+1/2,i,j−1/2

)
f

(0)
l+1/2,i+1/2,j−1/2 + δ

(0)
p,l+1/2,i,j−1/2f

(0)
l+1/2,i−1/2,j−1/2

(5.564)

The expanded expression is then

S
(0)O
p,l+1/2,i,j+1/2 =

−D(0)O
pp,l+1/2,i,j+1/2

∆pi

+F
(0)O
p,l+1/2,i,j+1/2

(
1− δ(0)

p,l+1/2,i,j+1/2

)]
f

(0)
l+1/2,i+1/2,j+1/2 (5.565)

+

D(0)O
pp,l+1/2,i,j+1/2

∆pi
+ F

(0)O
p,l+1/2,i,j+1/2δ

(0)
p,l+1/2,i,j+3/2

 f (0)
l+1/2,i−1/2,j+1/2

+

√
1− ξ2

0,j+1/2

pi

D
(0)O
pξ,l+1/2,i,j+1/2

∆ξ0,j+1 + ∆ξ0,j

(
1− δ(0)

p,l+1/2,i,j+3/2

)
f

(0)
l+1/2,i+1/2,j+3/2

+

√
1− ξ2

0,j+1/2

pi

D
(0)O
pξ,l+1/2,i,j+1/2

∆ξ0,j+1 + ∆ξ0,j
δ

(0)
p,l+1/2,i,j+3/2f

(0)
l+1/2,i−1/2,j+3/2

−

√
1− ξ2

0,j+1/2

pi

D
(0)O
pξ,l+1/2,i,j+1/2

∆ξ0,j+1 + ∆ξ0,j

(
1− δ(0)

p,l+1/2,i,j−1/2

)
f

(0)
l+1/2,i+1/2,j−1/2

−

√
1− ξ2

0,j+1/2

pi

D
(0)O
pξ,l+1/2,i,j+1/2

∆ξ0,j+1 + ∆ξ0,j
δ

(0)
p,l+1/2,i,j−1/2f

(0)
l+1/2,i−1/2,j−1/2

• For Stream function calculations (5.585), we also need to calculate the discretized
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flux S
(0)
ξ at the flux grid point (l + 1/2, i+ 1/2, j)

S
(0)O
ξ,l+1/2,i+1/2,j = −D(0)O

ξp,l+1/2,i+1/2,j

∂f (0)

∂p

∣∣∣∣∣
l+1/2,i+1/2,j

(5.566)

+

√
1− ξ2

0,j

pi+1/2
D

(0)O
ξξ,l+1/2,i+1/2,j

∂f (0)

∂ξ0

∣∣∣∣∣
l+1/2,i+1/2,j

+ F
(0)O
ξ,l+1/2,i+1/2,jf

(0)
l+1/2,i+1/2,j

The first derivative is similar to (5.57)

∂f (0)

∂p

∣∣∣∣∣
l+1/2,i+1/2,j

=
f

(0)
l+1/2,i+3/2,j − f

(0)
l+1/2,i−1/2,j

∆pi+1 + ∆pi
(5.567)

while the second is given by (5.61)

∂f (0)

∂ξ0

∣∣∣∣∣
l+1/2,i+1/2,j

=
f

(0)
l+1/2,i+1/2,j+1/2 − f

(0)
l+1/2,i+1/2,j−1/2

∆ξ0,j
(5.568)

The first diffusion term and the convective term both requires further interpolation
(5.69)

f
(0)
l+1/2,i+3/2,j =

(
1− δ(0)

ξ,l+1/2,i+3/2,j

)
f

(0)
l+1/2,i+3/2,j+1/2 + δ

(0)
ξ,l+1/2,i+3/2,jf

(0)
l+1/2,i+3/2,j−1/2

(5.569)

f
(0)
l+1/2,i+1/2,j =

(
1− δ(0)

ξ,l+1/2,i+1/2,j

)
f

(0)
l+1/2,i+1/2,j+1/2 + δ

(0)
ξ,l+1/2,i+1/2,jf

(0)
l+1/2,i+1/2,j−1/2

(5.570)

f
(0)
l+1/2,i−1/2,j =

(
1− δ(0)

ξ,l+1/2,i−1/2,j

)
f

(0)
l+1/2,i−1/2,j+1/2 + δ

(0)
ξ,l+1/2,i−1/2,jf

(0)
l+1/2,i−1/2,j−1/2

(5.571)
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The expanded expression is then

S
(0)O
ξ,l+1/2,i+1/2,j =


√

1− ξ2
0,j

pi+1/2

D
(0)O
ξξ,l+1/2,i+1/2,j

∆ξ0,j

+F
(0)O
ξ,l+1/2,i+1/2,j

(
1− δ(0)

ξ,l+1/2,i+1/2,j

)]
f

(0)
l+1/2,i+1/2,j+1/2 (5.572)

+

−
√

1− ξ2
0,j

pi+1/2

D
(0)O
ξξ,l+1/2,i+1/2,j

∆ξ0,j

+F
(0)O
ξ,l+1/2,i+1/2,jδ

(0)
ξ,l+1/2,i+1/2,j

]
f

(0)
l+1/2,i+1/2,j−1/2

−
D

(0)O
ξp,l+1/2,i+1/2,j

∆pi+1 + ∆pi

(
1− δ(0)

ξ,l+1/2,i+3/2,j

)
f

(0)
l+1/2,i+3/2,j+1/2

−
D

(0)O
ξp,l+1/2,i+1/2,j

∆pi+1 + ∆pi
δ

(0)
ξ,l+1/2,i+3/2,jf

(0)
l+1/2,i+3/2,j−1/2

+
D

(0)O
ξp,l+1/2,i+1/2,j

∆pi+1 + ∆pi

(
1− δ(0)

ξ,l+1/2,i−1/2,j

)
f

(0)
l+1/2,i−1/2,j+1/2

+
D

(0)O
ξp,l+1/2,i+1/2,j

∆pi+1 + ∆pi
δ

(0)
ξ,l+1/2,i−1/2,jf

(0)
l+1/2,i−1/2,j−1/2

5.8.2 Numerical integrals for moment calculations

Density

From calculations in Sec.3.6, the flux surface averaged density 〈ne〉V,l+1/2 at ψl+1/2 may
be expressed as a sum of three terms

〈ne〉V,l+1/2 = 〈ne〉0V,l+1/2 + 〈ne〉1V,l+1/2 + 〈ñe〉1V,l+1/2

the first one corresponding to the zero order Fokker-Planck equation

〈ne〉0V,l+1/2 = 2π
q̃l+1/2

q̂l+1/2

np−1∑
i=0

nξ0−1∑
j=0

p2
i+1/2λ

l+1/2,j+1/2f
(0)
0,l+1/2,i+1/2,j+1/2∆pi+1/2∆ξ0,j+1/2

(5.573)
while the two others result from the solution of the electron drift kinetic equation

〈ne〉1V,l+1/2 = 2π
q̃l+1/2

q̂l+1/2

np−1∑
i=0

nξ0−1∑
j=0

p2
i+1/2λ

l+1/2,j+1/2g
(0)
l+1/2,i+1/2,j+1/2∆pi+1/2∆ξ0,j+1/2

(5.574)
and
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〈ñe〉1V,l+1/2 = 2π
q̃l+1/2

q̂l+1/2

np−1∑
i=0

nξ0−1∑
j=0

p2
i+1/2λ

l+1/2,j+1/2
1,−1,0 f̃

(0)
l+1/2,i+1/2,j+1/2∆pi+1/2∆ξ0,j+1/2

(5.575)

Current Density

In a similar way, the flux surface averaged parallel current
〈
J‖
〉
φ,l+1/2

at ψl+1/2 may be

expressed as a sum of three terms〈
J‖
〉
φ,l+1/2

=
〈
J‖
〉0

φ,l+1/2
+
〈
J‖
〉1

φ,l+1/2
+
〈
J̃‖

〉1

φ,l+1/2
(5.576)

where the zero order term is

〈
J‖
〉0

φ,l+1/2
=

2πqe
me

ql+1/2

ql+1/2

np−1∑
i=0

nξ0−1∑
j=0

p3
i+1/2

γi+1/2
H
(∣∣ξ0,j+1/2

∣∣− ξ0T,l+1/2

)
× ξ0,j+1/2f

(0)
0,l+1/2,i+1/2,j+1/2∆pi+1/2∆ξ0,j+1/2 (5.577)

The first order term arising from function g is

〈
J‖
〉1

φ,l+1/2
=

2πqe
me

ql+1/2

ql+1/2

np−1∑
i=0

nξ0−1∑
j=0

p3
i+1/2

γi+1/2
H
(∣∣ξ0,j+1/2

∣∣− ξ0T,l+1/2

)
× ξ0,j+1/2g

(0)
l+1/2,i+1/2,j+1/2∆pi+1/2∆ξ0,j+1/2 (5.578)

while the other one which results from f̃ is more complex and

〈
J̃‖

〉1

φ,l+1/2
=

2πqe
me

q̃l+1/2

ql+1/2

Rp
R0,l+1/2

BT0,l+1/2

B0,l+1/2

np−1∑
i=0

nξ0−1∑
j=0

p3
i+1/2

γi+1/2
λ
l+1/2,j+1/2
2,−2,2

× ξ0,j+1/2f̃
(0)
l+1/2,i+1/2,j+1/2∆pi+1/2∆ξ0,j+1/2. (5.579)

Power Density Associated with a Flux

The density of power absorbed by the plasma through a particular mechanism is the sum〈
POabs

〉0

V,l+1/2
=
〈
POabs

〉0

V,l+1/2
+
〈
POabs

〉1

V,l+1/2
+
〈
P̃Oabs

〉1

V,l+1/2
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where the respective contributions are given by the equations (3.322) and (3.324-3.325)
and discretized as

〈
POabs

〉0

V,l+1/2
=

2π

me

q̃l+1/2

q̂l+1/2

np∑
i=1

nξ0−1∑
j=0

p3
i

γi
λl+1/2,j+1/2S

(0)O
p,l+1/2,i,j+1/2

(
f

(0)
0

)
∆pi∆ξ0,j+1/2

(5.580)

〈
POabs

〉1

V,l+1/2
=

2π

me

q̃l+1/2

q̂l+1/2

np∑
i=1

nξ0−1∑
j=0

p3
i

γi
λl+1/2,j+1/2S

(0)O
p,l+1/2,i,j+1/2

(
g(0)
)

∆pi∆ξ0,j+1/2

(5.581)〈
P̃Oabs

〉1

V,l+1/2
=

2π

me

q̃l+1/2

q̂l+1/2

np∑
i=1

nξ0−1∑
j=0

p3
i

γi
λl+1/2,j+1/2S̃

(0)O
p,l+1/2,i,j+1/2

(
f̃ (0)

)
∆pi∆ξ0,j+1/2

(5.582)

The discretization of the momentum-space flux components S
(0)O
p,l+1/2,i,j+1/2 and S̃

(0)O
p,l+1/2,i,j+1/2

is done in (5.565).

Stream Function for Momentum Space fluxes

The stream function gives the local direction of the momentum-space fluxes, and its gra-
dient is an indication of the flux intensity. Because it is a flux function, it is naturally
defined on the momentum-space flux grid. According to the three equivalent expressions
for the stream function (3.352-3.353), we have the following discretizations, for 1 ≤ i ≤ np
and 1 ≤ j ≤ nξ − 1

A
(0)
l+1/2,i,j =

2πp2
i

ne,l+1/2

j−1∑
m=0

∆ξ0,m+1/2 S
(0)
p,l+1/2,i,m+1/2 (5.583)

A
(0)
l+1/2,i,j =

2πp2
i

ne,l+1/2

nξ−1∑
m=j

∆ξ0,m+1/2 S
(0)
p,l+1/2,i,m+1/2 (5.584)

and

A
(0)
l+1/2,i,j =

2π
√

1− ξ2
0,j

ne,l+1/2

i−1∑
m=0

pm+1/2∆pm+1/2 S
(0)
ξ,l+1/2,m+1/2,j (5.585)

where the boundary conditions are

A
(0)
l+1/2,0,j = A

(0)
l+1/2,i,0 = A

(0)
l+1/2,i,nξ

= 0 (5.586)

The discretization of the momentum-space flux components S
(0)O
p,l+1/2,i,j+1/2 and S

(0)O
ξ,l+1/2,i+1/2,j

is done in (5.565) and (5.572).
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Ohmic electric field

As shown in Sec. 4.2, the flux surface averaged parallel Ohmic electrid field
〈
E‖
〉
φ

(ψ)

may be expressed as a function of its local value E‖0 (ψ) taken at the poloidal position
where the magnetic field B is minimum, and〈

E‖
〉
φ,l+1/2

= E‖0,l+1/2

q̃l+1/2

ql+1/2

Rp
R0,l+1/2

BT0,l+1/2

B0,l+1/2
λ
l+1/2,j+1/2
1,−3,4 (5.587)

Exact and effective fractions of trapped electrons

The exact fraction of trapped electrons is given by relation,

Ft,l+1/2 =

np−1∑
i=0

nξ0−1∑
j=0

p2
i+1/2H

(∣∣ξ0,j+1/2

∣∣− ξ0T,l+1/2

)
λl+1/2,j+1/2

×
(
f̃

(0)
l+1/2,i+1/2,j+1/2 + g

(0)
l+1/2,i+1/2,j+1/2

)
∆pi+1/2∆ξ0,j+1/2

]
×

np−1∑
i=0

nξ0−1∑
j=0

p2
i+1/2λ

l+1/2,j+1/2

×
(
f

(0)
0,l+1/2,i+1/2,j+1/2 + f̃

(0)
l+1/2,i+1/2,j+1/2 + g

(0)
l+1/2,i+1/2,j+1/2

)
∆pi+1/2∆ξ0,j+1/2

]−1

(5.588)

according to calculations given in Sec. 3.6.
The effective fraction of trapped electrons, as deduced from the Lorentz model in Sec.

5.6.2 is

Feff.t,l+1/2 =
3

2

BT0,l+1/2

B0,l+1/2
× q̃l+1/2

ql+1/2

BT0,l+1/2

B0,l+1/2

nξ0−1∑
j=0

ξ2
0,j+1/2λ

l+1/2,j+1/2
2,−2,2 ∆ξ0,j+1/2

−
ql+1/2

ql+1/2

R0,l+1/2

Rp

nξ0−1∑
j=0

σj+1/2H
(∣∣ξ0,j+1/2

∣∣− ξ0T,l+1/2

)
× ξ0,j+1/2IL

(
ψl+1/2,

∣∣ξ0,j+1/2

∣∣)∆ξ0,j+1/2

]
(5.589)

Runaway loss rate

As shown in Sec. 3.6, the runaway loss rate 〈ΓR〉V (ψ) is given

〈ΓR〉V,l+1/2 =
q̃l+1/2

q̂l+1/2
2πp2

np−1

nξ0−1∑
j=0

λl+1/2,j+1/2S
(0)
p,l+1/2,np−1,j+1/2∆ξ0,j+1/2 (5.590)
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Magnetic ripple losses

In a similar way, the magnetic ripple loss rate Γ
(0)
ST (ψ) is given by

Γ
(0)
ST,l+1/2 = 2πp2

ic

nξ0−1∑
j=0

λl+1/2,j+1/2
(
1−H

(∣∣ξ0,j+1/2

∣∣− ξ0ST,l+1/2

))
S

(0)
p,l+1/2,ic,j+1/2∆ξ0,j+1/2

+ 4πλl+1/2,jST
√

1− ξ2
0ST,j

np−1∑
i=0

pi+1/2H
(
pi+1/2 − pic+1/2

)
S

(0)
ξ0,l+1/2,i+1/2,jST

∆pi+1/2

(5.591)

and the second formulation given in Sec.3.6 is

Γ
(0)
ST,l+1/2 = 2π

np−1∑
i=0

nξ0−1∑
j=0

(
1−H

(∣∣ξ0,j+1/2

∣∣− ξ0ST,l+1/2

))
H
(
pi+1/2 − pic+1/2

)
× νdST,l+1/2,i+1/2,j+1/2

f
(0)
0,l+1/2,i+1/2,j+1/2∆ξ0,j+1/2∆pi+1/2 (5.592)

where ic is the index number that corresponds to the detrapping threshold by collisions,
and ξ0ST,l+1/2 is the picth-angle boundary value between super-trapped and trapped elec-
trons.

Non-thermal bremsstrahlung

For the bremsstrahlung emission, it is necessary to calculate numericaly all coefficients of
the Legendre series. Since Legendre polynomials Pm strongly oscillate between −1 and
+1, as their order m increases, it is not possible to evaluate accurately integrals of the
type

h(m) =

∫ +1

−1
h (x)Pm (x) dx (5.593)

by standard integration techniques, like trapezoidal or Simpson rules. The only possibility
is to replace integral (5.593) by a discrete sum, namely a Gaussian quadrature,

h(m) =
N∑
n=1

wnh (xn)Pm (xn) (5.594)

where weights wn and abscissas xn are determined independently. Here, the use of Leg-
endre polynomials lead to consider the fast ans accurate Gauss-Legendre algorithm as
derived by G. B. Ribicki in Ref. [?], where xn are N zeros of the Legendre polynomial of
degree N , the weights being given by the relation

wn =
2

(1− x2
n)
[
P ′N (xn)

]2 (5.595)

Very accurate determination of h(m) may be obtained by this method, which requires
a value of N = 50.
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Chapter 6

Algorithm

6.1 Matrix representation

6.1.1 Zero order term: the Fokker-Planck equation

Implicit time scheme

Projected on the numerical distribution function grid, and taking into account of the
internal and external boundaries, the 3 − D electron Fokker-Planck equation may be
expressed as

q̃l+1/2

B0,l+1/2
p2
i+1/2

f
(0)(k+1)
0,l+1/2,i+1/2,j′+1/2 − f

(0)(k)
0,l+1/2,i+1/2,j′+1/2

∆t

+
q̃l+1/2

B0,l+1/2

i′=i+1∑
i′=i−1

j′′=j′+1∑
j′′=j′−1

M̂
(0)

p,l+1/2,i′+1/2,j′′+1/2f
(0)(k+1)
0,l+1/2,i′+1/2,j′′+1/2

+
p2
i+1/2

λl+1/2,j′+1/2

l′=l+1∑
l′=l−1

M̂
(0)

ψ,l′+1/2,i+1/2,j′+1/2f
(0)(k+1)
0,l′+1/2,i+1/2,j′+1/2

+
q̃l+1/2

B0,l+1/2
p2
i+1/2C

(0)

(
fM,l+1/2,i+1/2,j′+1/2,

3

2
ξ0,j+1/2f

(0)(m=1)(k)
0,l+1/2,i+1/2,j′+1/2

)
= +

q̃l+1/2

B0,l+1/2
p2
i+1/2

(
S(0)
R,l+1/2,i+1/2,j+1/2 − S

(0)
th,l+1/2,i+1/2,j+1/2

)
(6.1)

where C(0) is the first order Legendre electron-electron self-collision term that ensures
momentum conservation, as discussed in Sec.4.1.1 , a contribution that introduces a weak

non-linear dependence, S(0)
R,l+1/2,i+1/2,j+1/2 is the runaway avalanche source term as intro-

duced in Sec.3.6 and S(0)
th,l+1/2,i+1/2,j+1/2 is the source of thermal that must be removed

from the bulk since they have been knock-on to much higher energies. Here, the Fokker-
Planck equation (6.1) is evaluated on the reduced pitch-angle grid which is described by
the index number j′.

Upwind differencing corresponding to the fully implicit time scheme is used, since it
is usually numerically stable for arbitrary values of ∆t. Therefore, with this method, a
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fast rate of convergence towards the steady-state solution limk→∞ f
(0)(k+1)
0,l+1/2,i+1/2,j′+1/2 =

f
(0)(∞)
0,l+1/2,i+1/2,j′+1/2 may be achieved, using extremely large time step ∆t, with respect to

the usual collision reference time τ †c as discussed in Sec. 6.3. The fact that both momentum
and spatial dynamics are considered simultaneously represents a considerable progress as
compared to the standard operator splitting technique1, where alternatively, dynamics in
each space are considered explicitely, a procedure which puts strong limitations on the
time step ∆t/τ †c ≈ 1.

In compact matrix form, the differential equation in the reduced momentum phase
space has the following symbolic form(

Â
∆t

+ B̂

)
X(k+1) =

(
Â
∆t

)
X(k) + Ĉ

(
XM , X

(k)
)

+ Ŝ
(k)
R (6.2)

where Â is a single diagonal matrix associated to time differencing, B̂ corresponds to
the flux divergence and Ĉ is the first order Legendre correction, and ŜR is the runaway
avalanche source term. Here X(k) is a vector whose components are the discrete values of

the distribution function f
(0)
0 at time step (k) , organized as follows

X(k) →


l = 0→


i = 0→


j′ = 0
j′ = . . .
j′ = nξ0 − nξ0T,l+1/2

− 1

i = . . .
i = np − 1

l = . . .
l = nψ − 1

(6.3)

while XM corresponds to the Maxwellian distribution function.
Without radial transport, B̂ is a block diagonal matrix. Each block, which describes

the momentum dynamics at location ψl+1/2, is a square matrice of 15 diagonals whose size(
nξ0 − nξ0T,l+1/2

)
np×

(
nξ0 − nξ0T,l+1/2

)
np progressively decreases from ψ1/2 to ψnξ0−1/2

because of the trapped/passing boundary enlarges from the center to the plasma edge, as
shown in Fig. 6.1. The main diagonal of B̂ is dominant because collisions predominate
over other physical processes at each plasma radius.

The introduction of the radial dynamics adds several extra off-diagonals, which connect
neighboring blocks corresponding to different radial positions, in addition to the main
diagonal which is also modified accordingly. The complexity arises from the fact that
trapped electrons may become passing as a result of the radial transport process, and
conversely. However, matrix B̂ keeps a global banded structure and is still highly sparce,
a property that is extensively used for reducing memory storage requirement. Indeed, size
of B̂ is roughly given by relation

size
(
B̂
)

= n2
p

l=nψ−1∑
l=0

(
nξ0 − nξ0T,l+1/2

)2

≤ n2
ψn

2
pn

2
ξ0 (6.4)

1The Alternative Direction Implicit (ADI) belongs also to the operator splitting method, but with a
slightly different twist. The limitation on the time step is therefore similar
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cmcm

  ψ
1/2

  ψ
3/2

  ψ
5/2

  ψ
7/2

  ψ
9/2

  ψ
11/2

Radial dynamics

Momentum dynamics

Figure 6.1: Qualitative shape of matrix B̂bbB for the Fokker-Planck equation
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For tokamak with very large aspect ratio, size
(
B̂
)
≈ n2

ψn
2
pn

2
ξ0

since trapped particle

contribution is fairly negligible. In this limit, an upper boundary of the memory size
requirement may be estimated. For the reference case, nψ = 20, np = 200 and nξ0 = 200,
the total number of coefficients reaches 64 × 10+10, and the needed memory capacity2

is 5.12TBytes ! Hopefully, this huge number may be drastically reduced down to 11 ×
nψnpnξ0 , since Â becomes in that limit a simple banded matrix with exactly 11 diagonals.
The required memory falls down therefore to 70.4MBytes3, a level which can be easily
handled by most computers today.

Crank-Nicholson time scheme

The Crank-Nicholson time scheme is used for time evolution studies of the distribu-
tion function f

(0)
0 . It is second order accurate in time, but this scheme requires usualy

∆t/τ †c ≈ 1, in order to avoid spurious numerical oscillations towards the steady-state so-

lution f
(0)(∞)
0 . From Eq.6.2, it is straightforward to derive the new matrix form of the

Fokker-Planck equation(
Â
∆t

+
B̂
2

)
X(k+1) =

(
Â
∆t
− B̂

2

)
X(k) + Ĉ

(
XM , X

(k)
)

+ Ŝ
(k)
R (6.5)

by just replacing

B̂X(k+1) → B̂

(
X(k) +X(k+1)

2

)
(6.6)

since B̂ is a linear operator.

6.1.2 Up to first order term: the Drift Kinetic equation

Projected on the numerical distribution function grid, and taking into account of the
internal and external boundaries, the 3−D electron drift kinetic equation may be expressed
as

i′=i+1∑
i′=i−1

j′′=j′+1∑
j′′=j′−1

M̂
(0)

p,l+1/2,i′+1/2,j′+1/2g
(0)(k)
l+1/2,i′+1/2,j′′+1/2 =

̂̃
W

(0)

p,l+1/2,i+1/2,j′+1/2 − p2
i+1/2C

(0)

(
fM,l+1/2,i+1/2,j′+1/2,

3

2
ξ0,j+1/2g

(0)(m=1)(k)
l+1/2,i+1/2,j′+1/2

)
(6.7)

2On a basis that a double precision real number is described by 8 Bytes.
3This number is usualy slightly larger, in order to store index values of all non-zero coefficients. However,

the order of magnitude is not modified
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where

̂̃
W

(0)

p,l+1/2,i+1/2,j+1/2 = −
i′=i+1∑
i′=i−1

j′′=j+1∑
j′′=j−1

M̃
(0)

p,l+1/2,i′+1/2,j′′+1/2f̃
(0)
l+1/2,i′+1/2,j′′+1/2

−
i′=i+1∑
i′=i−1

j′′=j+1∑
j′′=j−1

H̃
(0)

ψ,l+1/2,i′+1/2,j′′+1/2f̃
(0)
l+1/2,i′+1/2,j′′+1/2

−p2
i+1/2C̃

(0)

(
fM,l+1/2,i+1/2,j+1/2,

3

2
ξ0,j+1/2f̃

(0)(m=1)
l+1/2,i+1/2,j+1/2

)
(6.8)

As mentioned in Sec.5.7.2, j → {0, nξ0 − 1} , while j′ →
{

0, nξ0 −mξ0T,l+1/2
− 1
}

corresponds to the reduced pitch-angle grid which depends of the radial position ψl+1/2,
since all the trapped region has been removed. In Eq.6.7, time evolution is not considered,
since function g(0) is only determined for steady-state value of f̃ (0). Therefore, iterations
to reach the solution only result from the non-linear electron self-collision operator C(0),
that ensures momentum conservation, in order to find a self-consistent solution.

In compact matrix form, the differential equation in the reduced momentum phase
space has the following symbolic form

ĜY (k+1) = ĜY (k) + Ĉ
(
XM , Y

(k)
)

+
̂̃
W (6.9)

where Ĝ corresponds to the flux divergence, Ĉ is the first order Legendre correction and̂̃
W to the contribution of the radial gradient of the distribution function f

(0)
0 . Here Y (k)

is a vector whose components are the discrete values of the distribution function g(0)(k) at
iteration step (k) , organized as follows

Y (k) →


l = 0→


i = 0→


j′ = 0
j′ = . . .
j′ = nξ0 −mξ0T,l+1/2

− 1

i = . . .
i = np − 1

l = . . .
l = nψ − 1

(6.10)

and vector XM is corresponding to the Maxwellian distribution function, as defined in
Sec. 6.1.1.

By construction, Ĝ is simply a block diagonal matrix. Each block, which describes
the momentum dynamics at location ψl+1/2, is a square matrice of 9 diagonals whose size(
nξ0 −mξ0T,l+1/2

)
np×

(
nξ0 −mξ0T,l+1/2

)
np progressively decreases from ψ1/2 to ψnξ0−1/2

because of the trapped/passing boundary enlarges from the center to the plasma edge, as
shown in Fig. 6.2. The main diagonal of Ĝ is also dominant because collisions predominate
over other physical processes at each plasma radius.
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Figure 6.2: Qualitative shape of matrix Ĝ for the drift kinetic equation

The matrix Ĝ has a global banded structure with an extremely high sparcity, a property
that is also extensively used for memory storage, like for the Fokker-Planck equation (see
Sec. 6.1.1). Indeed, the size of Ĝ is roughlu given by relation

size
(
Ĝ
)

= n2
p

l=nψ−1∑
l=0

(
nξ0 −mξ0T,l+1/2

)2

≤ n2
ψn

2
pn

2
ξ0 (6.11)

For tokamak with very large aspect ratio, size
(
Ĝ
)
≈ n2

ψn
2
pn

2
ξ0

since trapped particle

contribution is fairly negligible. In this limit, size
(
Ĝ
)
' size

(
B̂
)
, where B̂ is the flux

matrix of the Fokker-Planck equation. For the values of nψ, np and nξ0 taken in Sec. 6.1.1,
the required memory is approximately 57.6MBytes, a lower level than for the Fokker-
Planck equation, since the trapped region is completely removed in the calculations.

6.2 Inversion procedure

6.2.1 Incomplete matrix factorization

According to Sec. 6.1.1, the electron Fokker-Planck equation may be expressed in a general
symbolic matrix form

N̂Z(k+1) = Υ(k) (6.12)

where Z = X with

N̂ =
Â
∆t

+ B̂ (6.13)

Υ(k) =

(
Â
∆t

)
X(k) + Ĉ

(
XM , X

(k)
)

+ Ŝ
(k)
R (6.14)
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Figure 6.3: Typical arrangement of non-zero matrix coefficients in the first 2000 columns
and rows in matrix N̂ corresponding to the Fokker-Planck equation

for the fully implicit time difference scheme, and

N̂ =
Â
∆t

+
B̂
2

(6.15)

Υ(k) =

(
Â
∆t
− B̂

2

)
X(k) + Ĉ

(
XM , X

(k)
)

+ Ŝ
(k)
R (6.16)

for the the Crank-Nicholson time scheme.
The formal expression (6.12) may be also used for the electron drift kinetic equation

as shown in Sec. 6.1.2, and in this case, Z = Y with

N̂ = Ĝ (6.17)

Υ(k) = ĜY (k) + Ĉ
(
XM , Y

(k)
)

+
̂̃
W (6.18)

In all cases, matrices are square with similar structures, i.e. non-zero elements are
aligned along a reduced number of diagonals which are roughly symmetricaly placed
around the main one4, as shown in Fig.6.3. Consequently, the method for determining the
asymptotic solution

Z(∞) = lim
k→∞

Z(k) (6.19)

of the system of equations (6.12) will be the same, either for the Fokker-Planck or the
drift kinetic equations.

4The lack of symmetry between upper and lower diagonals arises usually from boundary conditions.

258



6.2. Inversion procedure 6. Algorithm

cmcm
0 200 400 600 800 1000 1200 1400 1600 1800 2000

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

Matrix column index number

N
o

n
-z

e
ro

 m
a

tr
ix

 c
o

e
ff

ic
ie

n
t

Fokker-Planck matrix structure

Figure 6.4: Values of the non-zero matrix coefficients after diagonal preconditionning for
matrix N̂′ corresponding to the Fokker-Planck equation. Dot points correspond to pitch-
angle process at constant p, while full line for slowing-down process at constant ξ0. By
definition values of all coefficients on the main diagonal are one

In order to avoid manipulation of large matrix coefficients that may reduce the nu-
merical accuracy and also leads often to numerical instabilities, main diagonal matrix
preconditioning is first performed. The modified system of equation to solve is then(

P̂−1
N N̂

)
Z(k+1) = P̂−1

N Υ(k) (6.20)

where all the coefficients of the main diagonal of matrix N̂′

N̂′ = P̂−1
N N̂ (6.21)

are one by definition. Here P̂N is a diagonal matrix whose coefficients are those of the main
diagonal of N̂. Since collision is the dominant physics process, all off-diagonal coefficients
are usualy less than one, as shown in Fig.6.4, except when specific internal boundary
conditions apply, like at ξ0 = 0 in the trapped region.

The determination of Z(k+1) requires to invert the system of equation (6.12). The usual
method based on a direct inversion by the well known Gaussian elimination is immediately
ruled out, since the number of operations for each direction is O

(
N3
)
, where N is the

number of rows (or columns) of matrix N̂. For the example nψ = 20, np = 200 and
nξ0 = 200 discussed in Sec. 6.1.1, N = nψnpnξ0 = 800000, O

(
N3
)
' 10+17, corresponding

to a prohibitive number of operations. In addition, since memory requirements grow as
O
(
N2
)

unacceptable storage constraints take also place.
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Figure 6.5: Matrix factorization principle. Dashed areas correspond to non-zero coeffi-
cients.

Consequently, alternative methods must be used, in order to perform a fast matrix
inversion without the need of a large memory storage requirement. The basic principle is
to factorize N̂′ into upper and lower triangular matrices Û and L̂ respectively

N̂′ = L̂Û (6.22)

as shown in Fig. 6.5, that are themselves highly sparse matrices. A strong reduction of
the computational effort may then be foreseen, since the number of coefficients that are
considered in the calculations is considerably lower. Indeed, aside from the time required to
perform the matrix factorization itself which represents a computational effort equivalent
to a direct matrix inversion, each further inversion needs only O

(
N2
)

operations for each
triangular system of equations as shown in the next sections. Therefore, for large values of
N, a substantial gain may be expected, as soon as the number of iterations for an accurate
estimate of the solution Z(∞) is greater than unity. This is usually the case for the
time dependent problem where all time steps must be evaluated, but also when only the
steady-state solution Z(∞) is seeked, since the non-linearity resulting form self-collision
operators Ĉ requires several iterations either for the Fokker-Planck or the drift kinetic
equations. This elegant approach has been first considered for Fokker-Planck calculations
for a five diagonals operator as presented in Ref. [?], since in that case Û and L̂ are both
triangular and tridiagonal matrices. However, as discussed in Ref. [?], the fact that cross-
derivatives are considered explicitely with respect to the time differencing scheme puts
strong limitations. Indeed, the integration time step ∆t must be much lower than one for
an accurate determination of the solution of the set of linear equations. Consequently, the
overall time duration for calculating the steady-state solution is very long, an important
drawback when the kinetic solver must be incorporated in a chain of codes for realistic
tokamak simulations.

For this purpose, this method has been succesfully extended to the nine diagonals op-
erator case, allowing the use of much larger ∆t values while the numerical scheme remains
stable, as shown in Ref. [?]. However, this approach is only useful for local kinetic calcu-
lations, where trapped particle contribution is negligible, i.e. close to the plasma center.
When off-axis electron dynamics must be described, one must in that case fully consider
both circulating and trapped electron dynamics which leads to a number of diagonals with
non-zero elements that is much larger, fifteen diagonals at each radial location as shown
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in Fig. 6.1. Therefore, the method developped for nine diagonal operators may no more
be used, since the number of operations to determine Û and L̂ increases dramaticaly. The
fully 3 − D approach with radial transport makes also this method unusable, since the
matrix that must be inverted has no more the nine diagonal structure.

However, an equivalent form of the approximate matrix factorization may still be
employed, noting that exact Û and L̂ matrices are made of a large number of very small
coefficients, close to zero. This indicates that information on the electron dynamics is fully
contained in a few set of coefficients, whose number is several order of magnitude lower than
the total one. Such a structure results in fact from the well conditionning of the matrix
N̂′, a physical consequence that collisions predominate over all other physical processes.
Consequently, the general approach is to introduce a non-negative scalar named as the drop
tolerance parameter δlu, below which small coefficients of exact Û and L̂ matrices are forced
to zero. By this way, an approximation of the exact matrix factorization is performed.
The only exception to the dropping rule is the diagonal of the upper triangular matrix
which is preserved even if coefficients are too small, in order to avoid singular factors.
Since coefficients of N̂′ lie between 0 and 1 in the limit where the model holds, because of
the main diagonal preconditioning, the drop tolerance parameter δlu may be arbitrarily
chosen in the same interval, i.e.

0 ≤ δlu ≤ 1 (6.23)

and when δlu is close to 0, approximate and exact matrices Û and L̂ are roughly equivalent,
while they differ strongly when δlu tends to one. In the latter case, considerable saving may
be foreseen for the memory requirement, as well as a significant reduction of the computer
time consumption, since less non-zero coefficients must be considered. An example is
shown in Fig. 6.6, where δlu varies from zero to 10−2. Consequently, from the exact
matrix factorization to the approximate one, the number of non-zero elements drops by a
factor around 30.

The rule is therefore to find the largest δlu value that is compatible with a stable in-
version procedure, even in presence of a large Ohmic electric field or a high RF power.
However too large δlu values will remove important physical informations, leading to spu-
rious solutions. However, it turns out that margins are usually considerable, making the
method very effective. An example is given in Fig. 6.7, which illustrates the effectiveness of
the method, for the Lower Hybrid current drive local problem. For δlu ' 2×10−3, memory
size requirement to store matrices Û and L̂ does not exceed 2.2MBytes, while it reaches
66MBytes when δlu = 0. It is interesting to observe that the convergence rate towards the
steady-state solution Z(∞) is reduced by 50%, and that the result is moreover independent
of δlu. For larger δlu values, the inversion scheme becomes progressively unstable, and the
benefit gains on the memory storage requirement is therefore cancelled by a reduced rate
of convergence. For this reason, the upper value used in the code is usually δlu ' 2×10−3.
More refined methods may be used to optimized the choice of δlu. The trade-off that must
be found between memory saving and stability of the inversion procedure requires exten-
sive investigations that are beyond the scope of this document. Hopefully, it turns out
that the domain 1 × 10−4 ≤ δlu ≤ 2 × 10−3 covers must of the parameter range for the
current drive problem in tokamaks, even in presence of radial transport. Since the local
problems needs only 2.2MBytes, it is therefore possible to extrapolate that the full 3−D
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Figure 6.6: Reduction of the non-zero elements for the L̂ and Û matrices, by increasing
δlu. Values of δlu are indicated on the top of each subfigure. For δlu = 10−2, the inversion
becomes instable.

problem with 20 radial positions will only require approximately 44MBytes. This result
has justified the development of this new approach.

6.2.2 Zero order term: the Fokker-Planck equation

The matrix inversion procedure is based on the possibility of matrix factorization as dis-
cussed in Sec.6.2.1. Formally, the iterative method may be expressed in the simple form

N̂′Z(k+1) = N̂′Z(k) − βC
(
N̂′Z(k) − P̂−1

N Υ(k)
)

(6.24)

where βC is the iteration parameter that may be adjusted for an improvement of the rate
of convergence, using a Chebyshev acceleration technique as shown in Ref. [?]. Here P̂
is used for the main diagonal precondiotiong as explained in Sec.6.2.1 . However, it has
been shown that values of βC other than unity do not give much better results in general
for implicit methods ([?]), and therefore, only the case βC = 1 is considered. Then Eq.
6.24 is equivalent to Eq. 6.12 given in Sec. 6.2.1. Replacing N̂′ by L̂Û, one obtains

L̂ÛZ(k+1) = P̂−1
N Υ(k) (6.25)

If we introduce the increment ∆
(k+1)
Z

∆
(k+1)
Z = Z(k+1) − Z(k) (6.26)

and the residual R
(k)
Z

R
(k)
Z = P̂−1

N Υ(k) − N̂′Z(k) (6.27)
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Eq.6.25 becomes simply

L̂Û∆
(k+1)
Z = R

(k)
Z (6.28)

which can be solved by two successive inversion steps, evaluating respectively forward and
backward solutions from triangular systems of equations

L̂V (k+1)
Z = R

(k)
Z (6.29)

Û∆
(k+1)
Z = V

(k+1)
Z (6.30)

For achieving convergence towards the steady state solution Z(∞), various iterative
methods may be used, like the Conjugate Gradient Squared (CGS), the BiConjigate Gra-
dient (BICG) or the Quasi-Minimal Residual (QMR) methods. These methods, which
both give equivalent results in term of convergence rate, are preferred to the BiConjigate
Gradient Stabilized (BICGSTAB) method, since the conservative scheme is nearly always
well fullfiled even for marginaly well-conditionned matrices, like in presence of RF waves
whose intensity is large. All methods here considered are build-in MatLab functions whose
principle may be found in Refs. [?] or [?] for more detailed insights.

After numerous tests, it has been found that the drop tolerance parameter δlu has a
close link with the maximum number of iterations MAXIT allowed inside the function
that performs the iterative matrix inversion, in order to avoid cumulative numerical errors
that lead usually to violation of the conservative nature of the code. Even if this problem
may be cured by forcing the Maxwellian solution close to p = 0 and normalizing the
solution at each iteration, this approach has not been considered, because it may hinder
more serious problems regarding the overall numerical conservative scheme. So far, a very
robust and fully conservative scheme is achieved with the following rule of thumb

δlu = 10−5 : MAXIT < 2− 3
δlu = 10−4 : MAXIT < 4− 5
δlu = 10−3 : MAXIT < 9− 10
δlu = 10−2 : MAXIT < 19− 20

(6.31)

for all cases addressed by the code, including the in presence of RF waves. More detailed
studied are necessary to clarify this point.

At each iteration, Z(k+1) is evaluated from the knowledge of ∆
(k+1)
Z , and the electron

distribution function f
(0)
0,l+1/2,i+1/2,j+1/2 is reconstructed in order to evaluate the non-linear

term Ĉ
(
XM , Z

(k)
)

that arises from self-collisions. Though this procedure is quite time
consuming, its incidence on the overall time for converging is fairly marginal, since the
number of iterations never exceeds 10 in most cases.

According to Ref. [?], convergence towards Z(∞) is considered to be achieved and the
iteration is stopped when the following criterion is fullfiled√√√√√2π

∫∫ [
∂f

(0)
0 /∂t

]2
f

(0)
0 JpJξ0dpdξ0

2π
∫∫

f
(0)
0 JpJξ0dpdξ0

< RfC (6.32)
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for an arbitrarily small RfC , at all plasma locations ψ, where Jp and Jξ0 are the partial
Jacobians as introduced in Sec. 3.5.15.

Projected on the numerical grid, the criterion (6.32) becomes

i=np−1∑
i=0

j=nξ0−1∑
j=0

[
f

(0)(k+1)
0,l+1/2,i+1/2,j+1/2 − f

(0)(k)
0,l+1/2,i+1/2,j+1/2

]2

×f (0)(k)
0,l+1/2,i+1/2,j+1/2p

2
i+1/2∆pi+1/2∆ξ0,j+1/2

]1/2

×

∆t2
i=np−1∑
i=0

j=nξ0−12∑
j=0

f
(0)(k)
0,l+1/2,i+1/2,j+1/2p

2
i+1/2∆pi+1/2∆ξ0,j+1/2

−1/2

< RfC (6.33)

The criterion introduced in Ref. [?] has the main advantage to ensure that convergence
is achieved not for electrons whose energy is close to the thermal one, but also for the fastest
when a tail is driven by an external source. Usually, RfC ranges between 10−10 and 10−12,
and in the code the standard value is 10−11. The quantity (6.32) may be viewed as a norm,
and its definition is consequently independent of the level of current which results from

the the lack of symmetry of f
(0)
0 in momentum space. It may therefore be used for strong

deformations of the electron distribution function, even if the net current is close to zero.
In practice, the total number of iteration N f

C is a free choice. It is usually set to
50, so that inversion procedure stops when (6.32) is fullfiled in quite all cases. If the

number of iterations reaches N f
C , the program warns that convergence is not achieved and

that something is going wrong in the calculations. This may occur sometimes when too
large quasilinear RF diffusion coefficient are used, leading to inconsistent and non physical
solutions. This point is extensively discussed in Sec.7.3. Conversely, when time step is very
large, i.e. ∆t ≥ 1000, the convergence may be achieved for a given value RfC before the
current level is fully established. Such an event may arise because there is a too reduced
number of iterations which involves the 1st order Legendre non-linear correction term for
momentum conservation. Consequently, to avoid this problem, a minimum number of
iterations has been set to 6, which turns out to be enough for giving reliable results, owing
to the weakness of the non-linearity.

6.2.3 Up to first order term: the Drift Kinetic equation

The inversion procedure for solving the first order drift kinetic equation is exactly similar
to the one described in Sec. 6.2.2. Indeed, the linear system of equation to be solved may
be cast in a similar form. Usually, the convergence coefficient RgC is set to similar values
than for the Fokker-Planck problem, while the maximum number of iterations allowed
N g
C is slightly larger 6, since the convergence requires more iterations, around 20 − 30.

5The possibility to define a fully 3−D criterion has been foreseen. However, since collision rates may
change drasticaly from plasma center to the edge, this choice ensures that convergence is well achieved at
the right level at all plasma locations.

6Usually twice N f
C
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Since the function g
(0)
0 may be negative and that dt has no sense here, as the solution is

determined once the steady-state regime is achieved, the convergence criterion is modified
accordingly √√√√∣∣∣∣∣2π

∫∫
∆g

(0)2
0 g

(0)
0 JpJξ0dpdξ0

2π
∫∫

g
(0)
0 JpJξ0dpdξ0

∣∣∣∣∣ < RgC (6.34)

at all plasma locations ψ. Here again Jp and Jξ0 are the partial Jacobians introduced in
Sec. 3.5.17.

Projected on the numerical grid, the criterion (6.34) becomes

∣∣∣∣∣∣
i=np−1∑
i=0

j=nξ0−1∑
j=0

[
g

(0)(k+1)
0,l+1/2,i+1/2,j+1/2 − g

(0)(k)
0,l+1/2,i+1/2,j+1/2

]2

×g(0)(k)
0,l+1/2,i+1/2,j+1/2p

2
i+1/2∆pi+1/2∆ξ0,j+1/2

∣∣∣1/2
×

∣∣∣∣∣∣
i=np−1∑
i=0

j=nξ0−12∑
j=0

g
(0)(k)
0,l+1/2,i+1/2,j+1/2p

2
i+1/2∆pi+1/2∆ξ0,j+1/2

∣∣∣∣∣∣
−1/2

< RgC (6.35)

where (k) is the iteration step number. Since all quantities are normalized, this definition
is fully acceptable. If the number of iterations reaches N g

C , the program warns that con-
vergence is not achieved and that something is going wrong in the calculations, as for the
Fokker-Planck part.

6.3 Normalization and definitions

6.3.1 Temperature, density and effective charge

In order to use parameters without dimensions in the calculations, all of them are nor-
malized to reference values. Here temperature and densities correspond to flux surface-
averaged values, though the usual bracket notation is not introduce, for sake on simplicity.

Normalized temperatures, are defined by the relations

T e (ψ) = Te (ψ) /T †e
T ss′ (ψ) = Tss′ (ψ) /T †e

(6.36)

where the subscripts e stands for electrons and ss′ for ion species s in the ionization state
s′, whose charge is Zss′qe. Here, both Te (ψ) and T †e have defined units, while T †e is the
reference value for the normalization. According to this rule, the normalized densities are
defined in the same way {

ne (ψ) = ne (ψ) /n†e
nss′ (ψ) = nss′ (ψ) /n†e

(6.37)

7The possibility to define a fully 3−D criterion has been foreseen. However, since collision rates may
change drasticaly from plasma center to the edge, this choice ensures that convergence is well achieved at
the right level at all plasma locations.
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and in order to ensure that all quantities are less than unity from the plasma center to
the edge, references values are given by the condition{

T †e = max (Te (ψ) , Tss′ (ψ))

n†e = max (ne (ψ) , nss′ (ψ))
(6.38)

for 0 ≤ ψ ≤ ψmax.
In principle, ion densities nss′ (ψ) are obtained from a particle transport code transport

code. However, when the plasma is made of two types of ions which are fully ionized (low Z
limit), a simple model may be used in order to determine densities ns (ψ) with s = {1, 2},
knowing electron density ne (ψ) and effective charge Zeff (ψ) profiles. Using the standard
definition of Zeff as defined in Ref. [?]8,

Zeff (ψ) =
∑
s

∑
s′

nss′ (ψ)Z2
ss′

nss′ (ψ)Zss′
(6.39)

=
1

ne (ψ)

∑
s

∑
s′

nss′ (ψ)Z2
ss′ (6.40)

taking into account of the local electro-neutrality, ne (ψ) =
∑

s

∑
s′ nss′ (ψ)Zss′ , one ob-

tains in this simple case a system of two equations with two unknowns,{
n1 (ψ)Z2

1 + n2 (ψ)Z2
2 = ne (ψ)Zeff (ψ)

n1 (ψ)Z1 + n2 (ψ)Z2 = ne (ψ)
(6.41)

Therefore,

n1 (ψ) = ne (ψ)
(Zeff (ψ)− Z2)

Z1 (Z1 − Z2)
(6.42)

8An alternative expression of Zeff is also found in the litterature, which arises from the definition of
the electron-ion collision time τss′ . Indeed, since

τess′ ∼
1

nss′Z2
ss′q

4
e ln Λess′

for each species in the plasma, where ln Λess′ is the Coulomb logarithm for species s in the ionization state
s′, the mean electron collision time τe is given by the relation

1

τe
=

∑
ss′

1

τess′
∝ q4

e

∑
s

∑
s′

nss′ (ψ)Z2
ss′ ln Λess′

which leads to introduce a pseudo-effective charge Zeff as

1

τe
∝ neq4

eZeff ln Λee

so that
Zeff =

∑
s

∑
s′

nss′Z
2
ss′ ln Λ†ess′/ (ne ln Λee)

which differs from the well known standard expression. However, it can be shown from Coulomb collision
theory that the Landau operator scales like O (1/Zeff), as indicated in Ref.[?]. It is therefore reasonable
to neglect differences between ln Λess′ ' ln Λee and consequently both definitions of the effective charge
merges within this assumption.
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n2 (ψ) = ne (ψ)
(Z1 − Zeff (ψ))

Z2 (Z1 − Z2)
(6.43)

and using the normalization rule,

n1 (ψ) = ne (ψ)
(Zeff (ψ)− Z2)

Z1 (Z1 − Z2)
(6.44)

n2 (ψ) = ne (ψ)
(Z1 − Zeff (ψ))

Z2 (Z1 − Z2)
(6.45)

since by definition Zeff (ψ) has no units.
In the calculations, one may also consider several isotopes, since ion inertia play a

significant role for the collision operator. Hence,

nss′ (ψ) =
∑
m

nmss′ (ψ) (6.46)

or
nss′ (ψ) =

∑
m

nmss′ (ψ) (6.47)

where the masses of isotope m of ion species ss′ are mm
ss′ . In the calculations

mm
ss′ = mm

ss′/me (6.48)

where me is the electron rest mass.

6.3.2 Coulomb Logarithm

The electron-electron Coulomb logarithm ln Λee is defined as the logarithm of the ratio
of the maximum to the minimum impact parameters of the Coulomb collision, Λee =
bmax/bmin. Due to screening effect at long distance, bmax = λD, where λD is the Debye
length, while bmin is of the order of the Landau scattering length, as discussed in Ref. [?].
Therefore

ln Λee (ψ) = 31.3− 0.5 log(ne (ψ)
[
m−3

]
) + log(Te (ψ) [eV ]) (6.49)

and

ln Λ†ee = 31.3− 0.5 log(n†e
[
m−3

]
) + log(T †e [eV ]) (6.50)

6.3.3 Time

Regarding time ordering which is considered in the derivation of the drift kinetic equation
and the dominant role played by collisions for the electron momentum distribution function
build-up, it is natural to scale time evolution to a reference electron-electron collision
frequency ν†e according to the relation

t = t/τ †c = tν†e (6.51)

There is arbitrariness in the choice of ν†e , since one can use different definition. The
relativistic electron-electron collision frequency is used in the code as given in Ref. [?],
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instead of the usual thermal one discussed in Ref.[?] and Ref.[?] , since its expression is
more simple9,

ν†e =
q4
en
†
e ln Λ†ee

4πε2
0m

2
ec

3β†3th
= 4π

cr2
e

β†3th
n†e ln Λ†ee (6.52)

Here ε0 = 8.854187818 × 10−12 (F/m) is the free space permeability, c = 299792458
(km/s) the speed of light, qe = −1.60217733×10−19 (C) the electric charge of the electron,

me = 9.1093897 × 10−31 (Kg) the electron rest mass, and ln Λ†ee is the usual reference

electron-electron thermal Coulomb logarithm [?] taken at T †e and n†e with

β†th =

√
T †e
mec2

=
√

Θ† (6.53)

where mec
2 = 510.99905 (keV )is the electron rest mass energy. In expression 6.52, the

classical electron radius re has been introduced, which is given by

re =
q2
e

4πε0mec2
(6.54)

6.3.4 Momentum, velocity, and kinetic energy

In the calculations, the momentum p in relativistic units (mec) is normalized to the thermal

reference value p†th = mev
†
th,

p = p/p†th (6.55)

and consequently
p†th/mec ≈ v†th/c = β†th (6.56)

since thermal electrons are only weakly relativistic. The well known relativistic Lorentz
correction factor γ is then simply given by the relation

γ =
√
p2 + 1 =

√
p2β†2th + 1 (6.57)

and in the non-relativistic limit, i.e. when p2β†2th � 1, γ ≈ 1.
Since in relativistic units, the total energy is linked to the relativistic momentum

according to the expression,
(Ec + 1)2 = γ (6.58)

it is straightforward to expression the kinetic energy Ec as a function of p in units of
electron rest mass energy mec

2

Ec = mec
2

(√
p2β†2th + 1− 1

)
(6.59)

9Another form of the electron-electron collision frequency is also found in the litterature. According to
Ref. [?] ,

ν†e =
16
√
π

3

cr2
e

β†3th
n†e ln Λ

the relative difference with the relativistic formulation being of the order of 4/ (3
√
π) ' 0.75.
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Finally, concerning the normalization of the electron velocity v, one has

v/c = p/ (γmec)

= pp†th/ (γmec)

= pβ†th/γ (6.60)

and using v = v/v†th, it comes

vv†th/c = pβ†th/γ (6.61)

or
v = p/γ (6.62)

with
v†th/c = β†th (6.63)

6.3.5 Maxwellian electron momentum distribution

The relativistic Maxwellian fM used in the calculations has the following dependence in p

fM (ψ, p) ∝ α exp

[
− p2

(1 + γ) Θ

]
= α exp

[
−γ − 1

Θ

]
(6.64)

where Θ = Te (ψ) /mec
2 and γ2 = p2 + 1. By definition, fM is normalized to the local

density ne (ψ), and the parameter α is then given by the integral

4πα

∫ ∞
0

p2 exp

[
−γ − 1

Θ

]
dp = ne (ψ) (6.65)

Recalling that γdγ = pdp,

α =
ne (ψ)

4π exp (Θ−1) Ξp (Θ−1)
(6.66)

where

Ξp
(
Θ−1

)
=

∫ ∞
1

γ
√
γ2 − 1 exp

[
−γΘ−1

]
dγ (6.67)

By integrating by parts,

Ξp
(
Θ−1

)
=

Θ−1

3

∫ ∞
1

(
γ2 − 1

)3/2
exp

[
−γΘ−1

]
dγ

=
4

3

(3/2)!√
π

K2

(
Θ−1

)
Θ−1

(6.68)

and using relations (n− 1/2)! =
√
π (2n− 1)!!/2n and n!! = 1.3.....n for positive odd n

values, one obtains readily

Ξp
(
Θ−1

)
=
K2

(
Θ−1

)
Θ−1

(6.69)
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and finally

fM (ψ, p) =
ne (ψ)

4πΘ exp (Θ−1)K2 (Θ−1)
exp

[
−γ − 1

Θ

]
=

ne (ψ)

4πΘK2 (Θ−1)
exp

[
− γ

Θ

]
(6.70)

For Θ� 1, using the large argument asymptotic development ofK2

(
Θ−1

)
≈
√
π/2
√

Θ exp(−Θ−1)+

O
(
Θ−3/2

)
, the usual expression

fM (ψ, p) ' ne (ψ)

[2πΘ]3/2
exp

[
−γ − 1

Θ

]
=

ne (ψ)

[2πΘ]3/2
exp

[
− p2

(1 + γ) Θ

]
(6.71)

is well recovered. This expression is only valid providing that γ − 1 � 1. Therefore, the
condition

p2β†2th � 1 (6.72)

must be fulfiled. Since p may be as large as 30 in calculations, in order to correctly describe
momentum dynamics of the fastest electrons, it results that

β†th = Θ†2 � 1/30 (6.73)

or
T †e � 511

√
1/30 ≈ 100keV (6.74)

Usually, this condition is well satisfied even in the core of tokamak plasmas, where T †e
never exceeds 20keV. In normalized units,

fM (ψ, p) =
ne (ψ)n†e

[2πΘ (ψ)]3/2
exp

[
−

p2β†2th

(1 + γ)T e (ψ)β†2th

]

=
ne (ψ)n†e[

2πT e (ψ)β†2th

]3/2
exp

[
− p2

(1 + γ)T e (ψ)

]
(6.75)

since β†th =

√
T †e /mec2. Then, it turns out that

fM (ψ, p) =
n†e

β†3th
fM (ψ, p) =

n†e

p†3th
fM (ψ, p) (6.76)

since p†th = β†th, with

fM (ψ, p) ≈ ne (ψ)[
2πT e (ψ)

]3/2 exp

[
− p2

(1 + γ)T e (ψ)

]
(6.77)
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which may be expressed in an alternative form, useful for calculating interpolation between
full and half-grids,

fM (ψ, p) ≈ ne (ψ)[
2πT e (ψ)

]3/2 exp

[
− γ − 1

T e (ψ)β†2th

]
(6.78)

One can then cross-check that

2π

∫ +1

−1
dξ0

∫ +∞

0
p2fM (ψ, p) dp = 2πp†3th

n†e

β†3th

∫ +1

−1
dξ0

∫ +∞

0
p2fM (ψ, p) dp = n†ene = ne

(6.79)
the local density is well recovered.

6.3.6 Poloidal flux coordinate

For the poloidal flux coordinate, the normalized value is

ψ = ψ/ψa (6.80)

where ψa is the value at the plasma edge, corresponding usually to the last closed magnetic
flux surface, as given by the equilibrium code. Usually, it is taken so that 0 ≤ ψ ≤ 1 from
the center to the plasma edge. For

6.3.7 Drift kinetic coefficient

The first order drift kinetic equation requires to calculate f̃ (0) defined as

f̃ (0) =
v‖0I0 (ψ)

Ωe0

∂f
(0)
0

∂ψ
(6.81)

where by definition BT0 (ψ) = |I0 (ψ)| /R0 and Ωe0 = − |e|B0

γme
is the electron Larmor fre-

quency, all quantities being determined at the poloidal location where the magnetic field
B is minimum, as discussed in Sec. 3.5.5. Since

vv†th/c = pβ†th/γ (6.82)

one obtains in normalized units

f̃
(0)

= vξ0
γme

qe
R0
BT0

B0

∂f
(0)
0

∂ψ

= vv†thξ0
γme

qe

BT0

B0

R0

ψa

∂f
(0)
0

∂ψ

= pξ0
cme

qe
β†th

BT0

B0

R0

ψa

∂f
(0)
0

∂ψ
(6.83)

Therefore,

f̃
(0)

= pξ0C̃0
∂f

(0)
0

∂ψ
(6.84)
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where

C̃0 =
cme

qe
β†th

BT0

B0

R0

ψa
(6.85)

For circular concentric flux surfaces, since ∂/∂ψ = (1/∇ψ) ∂/∂r and ∇ψ = RBP , it
turns out that

f̃ (0) = vξ
γme

qe

BT0

BP0

1

B0

∂f
(0)
0

∂r
(6.86)

and naturaly

C̃(0) ≈
cme

qe
β†th

q

apε

1

B0
(6.87)

where the safety factor q is approximated by its cylindrical expression q = rBT
RBP

, ap the
plasma minor radius, and ε = r/Rp the inverse aspect ratio.

6.3.8 Momentum convection and diffusion

From the conservative form of the Fokker-Planck equation in momentum space

∂f
(0)
0

∂t
∝ ∂

∂p

(
S

(0)
p

)
(6.88)

where

S
(0)
p ∝ −D(0)

p
∂f

(0)
0

∂p
+ F

(0)
p f

(0)
0 (6.89)

Introducing normalized coordinates, it turns out that

∂f
(0)
0

∂t
∝ 1

ν†ep
†
th

∂

∂p

(
−D(0)

p

p†th

∂f
(0)
0

∂p
+ F

(0)
p f

(0)
0

)

=
∂

∂p

(
− D(0)

p

ν†ep
†2
th

∂f
(0)
0

∂p
+

F
(0)
p

ν†ep
†
th

f
(0)
0

)

=
∂

∂p

(
−D(0)

p

∂f
(0)
0

∂p
+ F

(0)
p f

(0)
0

)
(6.90)

where normalized diffusive and convective coefficients are

D(0)
p = D(0)

p /D†p (6.91)

F
(0)
p = F

(0)
p /F

†
p (6.92)

with

D†p = ν†ep
†2
th (6.93)

F†p = ν†ep
†
th (6.94)
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For the case of the Ohmic electric field, this normalization leads to introduce naturaly
the Dreicer field

E† = ν†ep
†
th/qe (6.95)

the electric field being normalized according to the relation

E‖0 = E‖0/E
† (6.96)

6.3.9 Radial convection and diffusion

From the conservative form of the Fokker-Planck equation in configuration space

∂f
(0)
0

∂t
∝ ∂

∂ψ

(
|∇ψ|0 S

(0)
ψ

)
(6.97)

where

S
(0)
ψ ∝ −D

(0)
ψ |∇ψ|0

∂f
(0)
0

∂ψ
+ F

(0)
ψ f

(0)
0 (6.98)

Introducing normalized coordinates, it turns out that

∂f
(0)
0

∂t
∝ 1

ν†eψa

∂

∂ψ

(
|∇ψ|0 S

(0)
ψ

)
=

1

ν†eψa

∂

∂ψ

D(0)
ψ

ψa
|∇ψ|20

∂f
(0)
0

∂ψ
+ |∇ψ|0 F

(0)
ψ f

(0)
0


=

∂

∂ψ

 D(0)
ψ

ν†eψ2
a

|∇ψ|20
∂f

(0)
0

∂ψ
+ |∇ψ|0

F
(0)
ψ

ν†eψa
f

(0)
0

 (6.99)

with

D(0)
ψ = D(0)

ψ /D†ψ (6.100)

F
(0)
ψ = F

(0)
ψ /F†ψ (6.101)

with

D†ψ = ν†eψ
2
a (6.102)

F†ψ = ν†eψa (6.103)

However, since it is more convenient to handle diffusion and convection coefficients
that scale in m2/s and m/s respectively, one must introduce new reference values for the
diffusion and convection coefficients. Let

D†∗ψ = ν†ea
2
p (6.104)

F†∗ψ = ν†eap (6.105)
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the reference diffusion and convection, where ap is the plasma minor radius as defined in
Sec.2.1. The relation is

D(0)
ψ = αDD

(0)
ψ /D†∗ψ (6.106)

F
(0)
ψ = αFF

(0)
ψ /F†∗ψ (6.107)

where

αD = D†∗ψ /D
†
ψ = a2

p/ψ
2
a (6.108)

αF = F†∗ψ /F
†
ψ = ap/ψa (6.109)

6.3.10 Fluxes

In momentum space,

S
(0)
p ∝ −D(0)

p
∂f

(0)
0

∂p
+ F

(0)
p f

(0)
0

= −D(0)
p D†p

n†e

p†3th

∂f
(0)
0

p†th∂p
+ F

(0)
p F†p

n†e

p†3th
f

(0)
0

= −D(0)
p

(
ν†en
†
e

p†2th

)
∂f

(0)
0

∂p
+ F

(0)
p

(
ν†en
†
e

p†2th

)
f

(0)
0

=

(
ν†en
†
e

p†2th

)(
−D(0)

p

∂f
(0)
0

∂p
+ F

(0)
p f

(0)
0

)
(6.110)

and
S

(0)
p = S

(0)
p S†p (6.111)

where

S†p =
ν†en
†
e

p†2th
(6.112)

and with these definitions,

S
(0)
p ∝ −D

(0)
p

∂f
(0)
0

∂p
+ F

(0)
p f

(0)
0
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A similar procedure is applied for dynamics in configuration space,

S
(0)
ψ ∝ −D(0)

ψψ |∇ψ|0
∂f

(0)
0

∂ψ
+ F

(0)
ψ f

(0)
0

= −D(0)
ψψD

†
ψψ

n†e

p†3th
|∇ψ|0

∂f
(0)
0

ψa∂ψ
+ F

(0)
ψ F†ψ

n†e

p†3th
f

(0)
0

= −D(0)
ψψ

(
n†e

p†3th
ν†eψa

)
|∇ψ|0

∂f
(0)
0

∂ψ
+ F

(0)
ψ

(
n†e

p†3th
ν†eψa

)
f

(0)
0

=

(
n†e

p†3th
ν†eψa

)(
−D(0)

ψψ |∇ψ|0
∂f

(0)
0

∂ψ
+ F

(0)
ψ f

(0)
0

)
(6.113)

and
S

(0)
ψ = S

(0)
ψ S†ψ (6.114)

with

S†ψ =
n†e

p†3th
ν†eψa (6.115)

and with these definitions,

S
(0)
ψ ∝ −D

(0)
ψψ |∇ψ|0

∂f
(0)
0

∂ψ
+ F

(0)
ψ f

(0)
0 (6.116)

6.3.11 Current density

The local current density at the minimum B value on the flux surface is given by the
relation

J (0) ∝ 2πqe

∫
p2dp

∫ +1

−1
ξ0vf

(0)
0 dξ0

= 2πqe

∫
p3

γme
dp

∫ +1

−1
ξ0f

(0)
0 dξ0

= 2π
qe
me

p†4th
n†e

β†3th

∫
p3

γ
dp

∫ +1

−1
ξ0f

(0)
0 dξ0 (6.117)

Therefore,

J
(0)

= J (0)/J† (6.118)

where
J† =

qe
me

p†thn
†
e (6.119)

With this definition

J
(0) ∝ 2π

∫
p3

γ
dp

∫ +1

−1
ξ0f

(0)
0 dξ0 (6.120)
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6.3.12 Power density

The power density is deduced from the integral

P (0) ∝ 2π

∫ +1

−1
dξ0

∫ ∞
0

p3

γme
S

(0)
p dp

= 2π
p†4th
me

ν†en
†
e

p†2th

∫ +1

−1
dξ0

∫ ∞
0

p3

γ
S

(0)
p dp (6.121)

and defining

P
(0)

= P (0)/P † (6.122)

one has

P † =
ν†ep
†3
thn
†
e

me
(6.123)

With this definition

P
(0) ∝ 2π

∫ +1

−1
dξ0

∫ ∞
0

p3

γ
S

(0)
p dp (6.124)

6.3.13 Electron runaway rate

The electron runaway rate Γ
(0)
R is given by the relation

Γ
(0)
R ∝ 2πp2

∫ +1

−1
S

(0)
p dξ0

= 2πp2p†2th
ν†en
†
e

p†2th

∫ +1

−1
S

(0)
p dξ0 (6.125)

Therefore, normalized expression is

Γ
(0)
R = Γ

(0)
R /Γ†R (6.126)

with
Γ†R = ν†en

†
e (6.127)

so that

Γ
(0)
R ∝ 2πp2

∫ +1

−1
S

(0)
p dξ0 (6.128)

The consistency of the normalized units may be benchmarked by the approximate
relation between the total current and the bulk current, the difference coming from the
electron runaway tail. For small ΓR, the runaway distribution is independent of v‖, so

that it may be approximated by the simple expression f
(0)
0

(
v‖ � vth

)
≈ (γ/E) δ (p⊥) . By

integrating the current integral v‖f
(0)
0 out to pmax, one obtains

J (0) (vmax) ≈ J (0)
bulk +

1

2me

(
Γ

(0)
R

E‖0

)
p2

max (6.129)
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and in normalized units,

J
(0)

(vmax) J† ≈ J (0)
bulkJ

† +
1

2me

(
Γ

(0)
R Γ†R
E‖0E†

)
p†2thp

2
max (6.130)

so that

J
(0)

(vmax) ≈ J (0)
bulk +

1

2me

p†2thΓ†R
E†J†

(
Γ

(0)
R

E‖0

)
p2

max (6.131)

According to their respective expression,

p†2thΓ†R

meE†J
†
th

=
p†2thν

†
en
†
e

me
qe
me
p†thn

†
eν
†
ep
†
th/qe

= 1 (6.132)

which demonstrates the overall consistency of the normalization of the different quantities
calculated by the code.

The bounce-averaged avalanche source term S(0)
R given by relation 3.418, is simply

proportional to 〈nR〉V νe/ ln Λee. Therefore

S(0)
R ∝

〈nR〉V νe
ln Λee

n†eν
†
e

ln Λ†ee
(6.133)

where ln Λee = ln Λee/ ln Λ†ee, and the ratio is

n†eν
†
e

ln Λ†ee
=
n†2e cr2

e

β†3th
(6.134)

6.3.14 Electron magnetic ripple loss rate

By definition, the electron magnetic ripple loss rate Γ
(0)
ST is given by a relation relation

similar to Γ
(0)
R , except that integrals of fluxes are calculated for different boundaries.

Therefore, the normalized expression is simply given by the relation

Γ
(0)
ST = Γ

(0)
ST /Γ

†
ST (6.135)

where
Γ†ST = Γ†R = ν†en

†
e (6.136)

6.3.15 Units

In the code, the following units are used

Quantity Units
Temperature keV
Density m−3

Time s
Frequency s−1
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Chapter 7

Examples

This chapter is dedicated to the code performances. Since numerous combinations are
possible, it is not the purpose to give an exhaustive list of results, but to select different
problems that have been addressed by existing codes in simplified magnetic configura-
tion, a condition that allows interesting benchmarks. Moreover, in some cases, analytical
expressions are available, and consequently accurate comparisons may be performed.

It is well known that all codes contain numerous hidden bugs, that are difficult to
track, even if a careful attention as been paid to avoid as much as possible such problems.
The only way to reduce them is to run extensively the code for different purposes. It is
the reason why both the documentation and the code have been made as transparent as
possible, so that its robustness may be continuously improved. When some difficulties have
been encountered, they are reported in the different sections dedicated to benchmarking.
However, none of them have made the code so far unable to determine the correct solution,
providing input parameters corresponds to assumptions used to derive the equations and
their numerical counterpart. It is well known that such kind of codes are often missused,
using input parameters well beyond the acceptable range. In some cases, warnings are
indicated by the code, but it is the duty of users to take care of this problem before
considering that the code gives a wrong answer.

The kernel of the kinetic calculations is contained by the MatLab routine “dke 1 4yp.m”,
whish contains both the 3 − D zero-order Fokker-Planck solver, and the first-order neo-
classical corrections. Only this routine and all related subroutines must be used in a
chain of codes like in CRONOS simulation package ([?]). In order to help how to make
this link, and to benchmark the code, a test routine “testdke 1yp.m” has been written.
Main global input parameters can be modified in the subroutine “psim dke 1yp.m” that
is called by “testdke 1yp.m”, while parameter that are specific to a machine (Tore Supra,
JET, ITER, C-MOD,. . . ) are gathered in the subroutine “ptok dke 1yp.m”. The ma-
chine may be virtual, for benchmarking purposes. The input parameters for the RF wave
physics problem have be put in separate files, sinces they are quite independent of the
global input parameters. The corresponding file names for simplified RF wave physics
are called “psim idealhcd jd.m” or “psim coldlhcd jd.m” for the Lower Hybrid wave, or
“psim ideaeccd jd.m” or “psim coldeccd jd.m” for the Electron Cyclotron wave. Other
types of waves are also available as well as input parameter files for more realistic ray-
tracing calculations.
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Once input parameters have been set, one runs the code by executing the MatLab script
“script dke 1yp.m”. This structure allows to run several cases in a single run, for system-
atic studies of the influence of one given parameter on the final result. For example, the
role played by the Ohmic electric field may be investigated for a single value “epsi0= 0.01
and epsia= 0.01”, or multiple ones “epsi0= [0.01:0.01:0.05] and epsia= [0.01:0.01:0.05]”.
In that case, all the results are saved in different .mat binary MatLab files, in the directory
that contains “dke 1 4yp.m”, under the generic name “RESULTS X SY.mat” where X is
the machine name, and Y the index number of the simulation. The magnetic equilibrium
calculated by HELENA is stored in an separate file named “EQUIL X.mat”, so that it
may be used independently by another program for calculating various moments of the
electron distribution function like the non-thermal bremsstrahlung emission.

All the results may be displayed using the MatLab routine “display dke 1yp.m”, with
or without graphical outputs. A special interface has been also written for an easy transfer
of selected binary data to IGOR scientific display program for final reports.

The full list of routines is given in Appendix G. Except for arbitrary equilibrium cases
that require the use of the FORTRAN F77 mexfiles “helmex77.f” and “separatrix.f” which
both must be compiled1, all files are standard MatLab scripts. No external functions are
used, and once MatLab path is correctly set-up to load text files in the “Project DKE”
directory, the code can be run immediatly on any computer without additional needs.

All benchmark results discussed in the text are gathered in the file “Benchmark.txt”,
with the corresponding input parameters.

7.1 Ohmic conductivity

The determination of the Ohmic electrical conductivity

σ =
J

E
(7.1)

is a fundamental test for such kinetic codes. Extensive analysis have been performed to
investigate code capabilities. To avoid the runaway problem, E = 0.01, and pmax = 15.
Machine parameters are corresponding to non-relativistic limit T †e = 0.1keV, and a rather
low density n†e = 10+19m−3 at the plasma center. Here, T †i = n†i = 0. Except if it is
specified, all profiles are flat. The dominant ion species is usually hydrogen, though some
simulations have been done for deuterium. No impurities are considered, except for investi-
gating the role of the effective charge. In order to investigate the effect of trapped particle,
a simplified tokamak geometry is considered, with circular plasma cross-sections and ne-
glecting any Shafranov shift. Except if it is mentionned, bounce integrals are performed
analytically, according to the expressions given throughout the text. The minor radius is
set to ap = 2.3899m and the major one is Rp = 2.39m so that the normalized radius ρ

1The code may use a simplified magnetic equilibrium with circular plasma cross-sections, that is valid
in the large aspect ration limit ε � 1. More realistic equilibria are determined numericaly. First, the
external shape of the plasma equilibrium is evaluated by specifying positions of X-points and derivatives
at this point. Then the full magnetic equilibrium is calculated using pressure and current density profiles,
in agreemnt with the shape required at the plasma boundary. This procedure avoids numerical instabilities
that may arise from coarse estimate of the plasma shape.
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Collision operator σ [DKE code] σ [Karney]

Maxwellian 3.7655 3.773

High velocity 3.0158 2.837

Exact 7.4406 7.429

Table 7.1: Ohmic conductivity as function of the e-e collision model

Zeff σ [DKE code] σ [Karney]

1 7.4353 7.429

2 4.3697 4.377

5 2.0619 2.078

10 1.1147 1.133

Table 7.2: Ohmic conductivity as function of the effective charge using the linearized e-e
collision model

is very close to ε value from 0 to 1. In the tokamak parameter M-file “ptok dke 1yp.m”,
the corresponding section for these simulations is named “CQL3D OHM”, since it corre-
sponds to conditions that have been used for code comparison with the well know CQL3D
program [?]. For all cases, except when notified, the drop tolerance level is set to 2×10−3.
It has been also verified that the results are independent of this parameter, providing the
convergence is achieved.

First local analysis have been performed, without considering bounce averaging. The
role played by the collision operator is crucial on the driven current as shown in Table 7.1

An excellent agreement is found with Karney’s results [?], even with a coarse numerical
grid corresponding to np = 88 and nξ0 = 120. Some slight differences may arise from the
different form of the collision operators, and the number of grid points. In that case, the
code is running in a fully conservative mode, namely without normalization of the density
at each time step

(
∆t = 10000

)
, nor by forcing the Maxwellian solution at i = 1/2 for the

momentum grid. When a more refined grid is used, slight evolutions are observed, and the
conductivity decreases from σ = 7.4406 down to σ = 7.4343, less than 0.1% for the exact
collision operator when np = 165, while nξ0 is kept constant. The role of the mass is also
fairly weak, since for the deuterium case, σ = 7.4471 for np = 88. Finally, by increasing
the integration domain up to pmax = 20, σ = 7.4387. The very small variation confirms
that no particle are leaving the domain of integration. which confirms that 7.4387.

As far as Zeff is increased, the Lorentz limit is progressively reached, since the pitch-
angle predominates. This is clearly shown in Table 7.2

and in the limit Zeff � 1, the result is well independent of the electron-electron
collision model [?]. Its value is roughly given by expression

σ ' 16

√
2

π

1

Zeff
' 12.766

Zeff
(7.2)

and the analytical limit is recovered by the code with Zeff ' 20.
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Figure 7.1: Normalized Ohmic resistivity as function of the inverse aspect ratio ε

A full 3 − D calculation has been performed with flat profiles at normalized radial
positions on the spatial flux grid [0.2, 0.4, 0.6, 0.8] , giving the following radial positions
ρ = [0.14142, 0.31623, 0.5099, 0.70711, 0.90554]. In that case, the code calculates itself the
pitch-angle grid and the number of step is nξ0 = 168, while np = 125.The conductivity
is found to be independent of the method of calculations, and the value σ = 7.4353 is
well recovered. It is found that the code remains fully conservative without forcing the
Maxwellian solution at i = 1/2 and without normalizing the density at each iteration.

Bounce averaged calculations have be performed first locally. As shown in Fig. 7.1,
an excellent agreement is found with CQL code from Ref. [?] over a broad range for the
inverse aspect ratio, and also its more recent version CQL3D [?]. At the limit ε� 1, the
approximate Sigmar-Coppi expression

σ/σSpitzer = 1− 1.95
√
ε+ 0.95ε (7.3)

is well recovered. When ε ' 1, the value found by the code is very close to the asymptoytic
limit given by the expression of Connor, as discussed in Ref. [?].

As shown in Fig. 7.1, in 3−D mode, the agreement with theory and CQL(3D) codes
remains fully very good, whatever the normalization reference of the electric field, at the
plasma center, or at the local position. This result gives strong confidence to the code when
kinetic calculations are simultaneously performed at various radial positions. Moreover, it
has been cross-checked that the conductivity level is independent of the sign of the electric
field, but also of the method used for calculating the bounce integrals. This latter point
is crucial and demonstrates that numerical calculations of the bounce integrals is very
accurate, even for finite inverse aspect ratio. The drop tolerance has been lowered in that
case to 10−4 for ensuring a stable convergence, leading to a modest increase of the matrix
sizes. However the rate of convergence is not affected, and the final result is obtained
usually after 11− 13 iterations, even when several radial positions are considered.
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Zeff ΓR [DKE code] ΓR [Kulsrud et al.]

1 2.8487× 10−4 3.177× 10−4

2 1.5904× 10−4 1.735× 10−4

5 9.6565× 10−5 1.047× 10−4

10 8.1878× 10−6 9.0× 10−6

Table 7.3: Runaway rate as function of the effective charge using the Maxwellian e-e
collision model

7.2 Runaway losses

Primary generation The loss rate ΓR by primary runaway generation is also an impor-
tant physical quantity that can be determined by the code. It becomes significant when
the Ohmic electric field is large. For the benchmarking procedure, the Ohmic electric field
is then set to E = 0.08, which corresponds to a standard value for such studies. Usually,
runaway losses become significant above E = 0.03. All other parameters are kept constant
as compared to the benchmarking procedure done for the Ohmic conductivity in Sec. 7.1.
In the tokamak parameter M-file “ptok dke 1yp.m”, the corresponding section for these
simulations is named “CQL3D RUNAWAY”, since it corresponds to conditions that have
been used for code comparison with the well know CQL3D program ([?]). By definition,
the code is no more conservative since runaway electrons are leaving the domain of inte-
gration. Consequently, the particle losses must be compensated in order to keep constant
the total number of particle. Consequently, the same Maxwellian solution is enforced at
i = 1/2 while the density is normalized at each iteration. It has been cross-checked that
the compensation of losses has no influence on the final solution and therefore the runaway
rate. Indeed, results normalized to the final numerical electron density found by the code,
or normalized at each time step are similar.

In a first step, a local analysis is performed, without considering bounce averaging.
Here, only the Maxwellian electron-electron collision operator is considered, for allowing
comparisons with analytical solutions, as shown in 7.3

The agreement between numerical results obtained with the drift kinetic code and
the code written by Kulsrud and coauthors is reasonably good [?], a modest systematic
difference of −15% being observed for all Zeff values. For Zeff = 1, the agreement is
slightly better with the model of Kruskal-Bernstein [?], and the relative difference is now
positive and less than 7%. The role played by the numerical grid is marginal, less than
1%. when np is varying from 88 to 125 or 165 while nξ0 is kept constant at 120.

The collision operator plays an important role in the value of ΓR. As shown in 7.4,
using the Belaiev-Budker operator with first order Legendre correction leads to twice
more runaways than expected by the model of Kruskal-Bernstein. The difference is even
much larger with the model of Connor and Hastie [?]. It must be emphasized that the
expression of Møller for the collision operator underestimate ΓR by 10% as compared to
the high-velocity limit.

A full 3 − D calculation has been performed with flat profiles at normalized radial
positions on the spatial flux grid [0.2, 0.4, 0.6, 0.8] , giving the following radial positions
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Collision model ΓR[Zeff = 1, E/ED = 0.08]

Maxwellian (DKE) 2.27× 10−4

High-velocity limit (DKE) 2.10× 10−4

Belaiev-Budker (DKE) 3.94× 10−4

Møller ultrarelativistic (DKE) 1.99× 10−4

Kruskal-Bernstein 2.67× 10−4

Connor-Hastie 1.00× 10−4

Table 7.4: Runaway rate as function of the collision model. Calculations are performed
with bounce-averaging, which reduce ΓR by 21% as compared to data given in Table 7.3,
for similar plasma parameters.
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Figure 7.2: Contour plot of the electron distribution function at ε = 0.31623

ρ = [0.14142, 0.31623, 0.5099, 0.70711, 0.90554]. In that case, the code calculates itself the
pitch-angle grid and the number of step is now nξ0 = 168, while np = 125.The runaway
rate is found to be independent of the method of calculations, and the Kruskal-Bernstein
is well recovered when Zeff = 1 at all plasma radii. In Fig.7.2 , and example of a runaway
distribution at Bmin is given, for ρ = 0.31623. The trapped domain is large, and the region
where the electric field may accelerate fast electrons above the Dreicer limit is quite narrow
in pitch-angle. The stream lines given in Fig.7.3 along with electrons are moving in the
momentum space show the clear boundary between close loops for regular electrons that
remain in the integration domain because of collisions, and the open loops, for runaways
that continuously accelerated by the Ohmic electric field up to the integration domain.

In Fig. 7.4, the parallel component of the electron distribution function

F‖
(0)
0

(
ψ, p‖

)
= 2π

∫ ∞
0

f
(0)
0

(
ψ, p‖, p⊥

)
p⊥dp⊥ (7.4)
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Figure 7.3: Contour plot of the stream lines at ε = 0.31623

the normalized perpendicular temperature T⊥
(
ψ, p‖

)
= T⊥

(
ψ, p‖

)
/T †e where

T⊥
(
ψ, p‖

)
=

1

2

∫∞
0 f

(0)
0

(
p‖, p⊥

)
p3
⊥dp⊥∫∞

0 f
(0)
0

(
p‖, p⊥

)
p⊥dp⊥

(7.5)

and the parallel one T ‖ (ψ, p⊥) = T‖ (ψ, p⊥) /T †e defined as

T‖ (ψ, p⊥) =

∫∞
−∞ f

(0)
0

(
p‖, p⊥

)
p2
‖dp‖∫∞

−∞ f
(0)
0

(
p‖, p⊥

)
dp‖

(7.6)

are also given to illustrate the deformations of the electron distribution function with
respect to the Maxwellian shape.

Bounce averaged calculations have be performed first locally. As shown in Fig. 7.5,
it is observed ΓR decreases with the inverse aspect ratio ε. The influence of toroidicity
on Dreicer generation, which is not predicted by the theory of Gurevitch [?], is in good
agreement with never published calculations using the CQL3D code. The explanation
for such an effect is quite complex, since it arises from the combination of the poloidal
dependence of the electric field value and the fact that trapped electrons do not contribute
to the runaway generation process. As shown in Sec. 3.6, the electric field on the low
magnetic field side is lower than the flux surface value, while it is larger on the high
field side, by a ratio R0/R for circular concentric magnetic flux surfaces. So we could
expect that these electrons are more efficiently accelerated along bthe magnetic field line.
But since they are close to trapped/passing boundary, their probability to be trapped
before reaching the Dreicer limit is fairly high, and therefore, the density close to the
Dreicer boundary is likely significantly lowered. Consequently, the relative reduction of
the runaway rate

∆ΓR =
ΓR (ε)− ΓR (ε = 0)

ΓR (ε = 0)
(7.7)
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Figure 7.4: Parallel projection, parallel and perpendicular temperatures of the electron
distribution function at ε = 0.31623

must be roughly given by a factor proportional to the effective fraction of trapped electron
Feff.t , since not only trapped but also barely trapped electron dynamics are concerned. A
fit of the numerical results confirms this coarse analysis, since

∆ΓR ' −1.2

√
2ε

1 + ε
(7.8)

for ε . 0.53 and limε→0∆ΓR (ε) ' 1.7
√
ε ' −1.16Feff.t

2. This result is important, since
it indicates that runaway generation is nearly cancelled when the inverse aspect ratio is
larger than ε ' 0.5. The trapped particles have therefore a beneficial effect by preventing
runaways, that may cause severe damages to machine walls in case of disruptions.

Similar results are obtained in 3 − D mode, whatever the normalization reference of
the electric field, at the plasma center, or at the local position. As expected, the runaway
rate ΓR is nearly independent of the sign of the electric field, and moreover, but also of
the method (analytical or numerical) for calculating the bounce integrals. The relative
accuracy which is less than 1% close to the plasma center, tends to decrease down to 50%
at the plasma edge, but since ΓR is very small the error has only a weak influence3.

Once more, this demonstrates that numerical calculations of the bounce integrals is
very accurate, even for finite inverse aspect ratio. The drop tolerance has been lowered
in that case to 10−4 for ensuring a stable convergence, leading to a modest increase of
the matrix sizes. However the rate of convergence is not affected, and the final result is
obtained usually after 11−13 iterations, even when several radial positions are considered.

Secondary generation The problem of secondary runaway generation is*****

2The reduction factor of the runaway losses as predicted by the drift kinetic code is much larger than
calculations done using Monte-Carlo technique, as shown in Ref. [?], since the reduction factor that scales
like ∆ΓR ' −0.5

√
2ε. This discrepancy has not been resolved so far.

3It is important to note that the order of magnitude is always correct.
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cmcm

Figure 7.5: Normalized Ohmic runaway rate as function of the inverse aspect ratio ε

7.3 Lower Hybrid Current drive

The Lower Hybrid current drive problem is one the more important addressed by Fokker-
Planck calculations in the field of fusion by magnetic confinement. It is also certainly one
of the most demanding case regarding the numerical constraints that must be satisfied
simultaneously such as possible discontinuities and large values of the quasilinear diffusion
coefficient, presence of cross-derivatives Dpξ = Dξp 6= 0. In that conditions, the matrix
conditionning may be significantly reduced, leading to possible onset of numerical instabil-
ities, lack of convergence or possible convergence towards a solution that has no physical
sense. In these conditions, the demonstration that the code remains fully conservative and
gives a physical solution for a domain of parameters that is relevant for magnetic fusion
simulations is a stringent test for the validity of the projection technique of the kinetic
equations on the numerical grids as well as the correct description of both the internal
and external boundary conditions.

For the test procedure, a simplified expression of the quasilinear diffusion operator is
considered, as described in Appendix D.2.8, using the familiar boxcar shape in momentum

space D
LH
0,new = 1 for v1 ≤ v‖ ≤ v2, and D

LH
0,new = 0 otherwise, neglecting the factor v†th/v‖,

as done usually in the litterature which only acceptable in principle when D
LH
0,new � 1 (see

Refs. [?],[?],[?],[?]). For comparison with existing results, simulations are performed for
the couples of values (v1 = 3.5, v2 = 6) and (v1 = 4, v2 = 7) . Except it is specified, the de-
fault upper bound of the integration domain is taken at pmax = 20. Plasma parameters are
similar to those used in Sec.7.1 dedicated to the the Ohmic conductivity problem, except
that the reference electron temperature may take two different values T †e = 5.11×10−4keV
and T †e = 5.11keV corresponding to non-relativistic to relativistic limits respectively. The
choice of these electron temperatures allows comparaison with already published results
at β†th = 0.01 (≈ 0) and β†th = 0.1. All corresponding plasma parameters are gathered in
section “CQL3D LH” of the M-file “ptok dke 1yp.m”, since it corresponds to conditions
that have been used for code comparison with the well known CQL3D code [?].

Concerning the numerical parameters, the code is running by default in the fully im-

287



7.3. Lower Hybrid Current drive 7. Examples

plicit mode ∆t = 10000, with the linearized electron-electron Belaiev-Budker collision
operator that conserve momentum. The drop tolerance for incomplete LU matrix fac-
torization is 10−4, while no Maxwellian solution is imposed at i = 1/2. The momentum
and pitch-angle grids are taken uniform with np = nξ0 ' 200 except when simulations
with different numbers of grid points or non-uniform meshes are studied. Furthermore, no
bounce averaging is considered, expect if specified.

The first problem that is addressed is the numerical accuracy with the number of grid
points. For a pure hydrogen plasma (Zs = 1) , np = nξ0 are varying from 50 to 250. Here
a very simple case is considered, with (v1 = 3, v2 = 5) , using the relativistic Maxwellian

collision operator, but at β†th = 0.001 (non-relativistic limit). This allows easy comparison
with previously published results [?]. As shown in Fig.7.6, significant oscillations of the
absorbed RF 〈PLH〉 power density arises when (np, nξ0) ≤ 150 which correspond to the
relative position of the lower bound of the Lower Hybrid resonance domain with respect to
the nearest grid point. The exponential decrease makes the solution very sensitive to this
parameter. For this domain of parameter, the power density absorbed by collisions 〈Pcoll〉
is not exactly equivalent to 〈PLH〉 , though close to unity within 5%, leading to oscillations
of the ratio 〈Pcoll〉 / 〈PLH〉 . The current density is clearly less sensitive to the grid size,
since it is mainly driven by the upper part of the tail. Nevertheless, small oscillations are
observed for a coarse grid. Consequently, the current drive efficiency is varying significantly
when (np, nξ0) ≤ 150, as shown in Fig. 7.6, and a reltive accuracy lower than 0.5% is
only found when (np, nξ0) ≥ 150. From this systematic study, is turns out that accurate
calculations with uniform pitch-angle and momentum grids require discrete steps lower
than (∆p,∆ξ0) . 0.13. The asymptotic value of the current drive efficiency is found to
reach 14.26, very close to the value 14.35 given in Ref. [?], despite the fact that 〈PLH〉
and 〈jLH〉 found by the code are larger by more than 10%. The difference arises likely
from the collision operator that may exhibit some differences.

The effect of the grid size of memory storage requirements and the full elapsed time
for kinetic calculations. A shown in Fig.7.7 the memory used for data storage of L̂ and
Û grows quadratically as expected from a 2−D problem. The dashed line is a parabolic
fit that confirms this dependence. However, even if the scaling is quadratic, memory
requirement remains reasonable, because of the small coefficients pruning in the matric
factorization procedure. In the case here considered, the drop tolerance is fairly low, 10−4,
but large values may drastically reduce this size as discussed in Sec.6.2.1. Much in the
same way, the full elapsed time for kinetic calculations increases also quadratically, but
since time step is very large, is remains nevertheless lower than one minute. This confirms
the effectiveness of the code, which is fast, accurate and robust, therefore fully designed
for self-consistent realistic calculations that involve a chain of codes.

For a fixed number of grid points, the upper limit of the integration domain may have
a crucial role, especially when entering relativistic regimes at β†th = 0.1 and when the
resonance domain involves large values of v‖. As shown in Fig. 7.8 for a pure hydrogen
plasma (Zs = 1) , pmax must be larger than 25 for (v1 = 4, v2 = 7) so that ηLH becomes in-
dependent of pmax, while pmax ' 15 is acceptable for (v1 = 3.5, v2 = 6) . The ratio between
the power absorbed by the Lower Hybrid wave and by collisions is also a good estimate of
the robustness of the calculations regarding this parameter. In principle, this ratio must
be close to unity, but significant departures are observed when the upper limit of the inte-
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the simulation are given in the text
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Figure 7.7: Variations of the memory storage requirement and the time elapsed for ki-
netic calculations with the grid size. Here uniform pitch-angle and momentum grids are
considered. Detailed aspect of the simulation are given in the text

gration domain in momentum space is too low. Consequently, for robust estimate of the
current drive efficiency in realistic tokamak simulations, pmax = 30 must be considered as
a reference value for relativistic calculations, providing the lower bound of the resonance
domain is larger than n‖ ' 1.4. As shown in Sec. 5.7.1, values of n‖ lower than 1.4 becomes

rapidly highly questionable when T †e exceeds 1keV , because of the relativistic curvature
of the resonance domain that makes the code fondamentaly non conservative, like in a
runaway regime. Considering that in most plasma conditions encountered in tokamaks,
n‖ ≥ 1.4, the choice of pmax = 30 makes the code fairly insensitive to the characteristics
of the Lower Hybrid wave spectrum. This is an important aspect for the robustness of
self-consistent simulations. Since the upper value of the momentum domain of integration
is fairly large, the main consequence is that the number of mometum or pitch-angle grid
points must exceed 230.

The physical benchmark of the code is performed by investigating the role played by
increasingly large values of Zs. Though this corresponds to unrealistic situations, it allows
interesting comparisons with theoretical results. As shown in Fig. 7.9, the current drive
efficiency defined as the ratio

ηLH =
〈jLH〉
〈PLH〉

(7.9)

is decreasing as Zs rises as expected because of enhanced pitch-angle scattering, either
for (v1 = 3.5, v2 = 6) or (v1 = 4, v2 = 7) . Relativistic effects are almost negligible for the
case (v1 = 3.5, v2 = 6) but also for (v1 = 4, v2 = 7) when the upper limit of the momentum
integration domain is pmax = 30. For pmax = 20, the current drive efficiency is significantly
underestimated, as discussed above, when large values of v‖ are considered, and when

relativistic effects become significant, i.e. when β†th = 0.1 in the case here considered. The
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Figure 7.8: Variation of the current drive efficiency with the upper mometum limit of the
integration domain

current drive efficiency scales roughly with the 1−D non-relativistic model given in Ref.
[?]

η1−D
LH ' 0.7

4

5 + Zs

v2
2 − v2

1

ln (v2/v1)
(7.10)

where the dependence 4/ (5 + Zs) with Zs is deduced from Langevin analysis. It is found
that the coefficient 0.7 is independent of (v1, v2). This factor could arise from that fact that

the 1 − D expression is obtained in the saturated limit corresponding to D
LH
0,new = +∞,

while numerical calculations are obtained with D
LH
0,new = 1. This result confirms on one

side the role played by pitch-angle scattering that make the kinetic problem a 2 − D
one, and that on the other side, important aspects of the 1 − D description remains
still valid. The 1 − D aspect of the Lower Hybrid physics is supported by the ratio
ηLH [v1 = 3.5, v2 = 6] /ηLH [v1 = 4, v2 = 7] which is close to the expected theoretical value
0.75 when Zs is not too large. In this regime, electron-electron interactions deeply con-
tribute to the current drive process that is fundamentaly 1-D in momentum space, since
resonace acceleration takes place along the magnetic field line. When Zs � 1, the ratio of
current drive efficiencies drop much faster, since 2−D effects start to become important.
From these tests, it is clear that the code captures most of the features of the Lower
Hybrid current drive. The parametric dependence with Zs indicates that 1 − D physics
predominates over the 2 − D one provided Zs is not too large. The 2 − D effects are
just corrections that may be incorporated in a single reduction factor. It is important to
mention that this result is independent of the model for describing electron-ion collisions,
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Figure 7.9: Variation of the current drive efficiency with the main ion charge in the plasma

(v1, v2) ηLH [DKE code] ηLH [?] ηLH [?]

(3.5, 6) 21.4 22.3 −
(4, 7) 28.38 28.8 29.7

Table 7.5: Lower Hybrid current drive efficiencies ηLH in a pure hydrogen plasma from
various 2−D relativistic Fokker-Planck codes

considering an ion Maxwellian background, or the high-velocity limit.
Successful comparisons between different Fokker-Planck codes have been performed.

Results are given in Table 7.5 for a uniform grid,
considering the current efficiency in normalized units, but also an excellent agreement

is found in absolute units, as shown in Table 7.6 taking the same value for the Coulomb
logarithm, ln Λ ≈ 15.

An important question is the code reliability owing to the increase of D
LH
0,new. Indeed,

in weak absorption regime, as often encountered in Lower Hybrid current drive regime

in present day tokamaks, D
LH
0,new may exceed significantly unity. In principle, there is

no limitation on the value of D
LH
0,new, and numerous analytical results corresponds to the

asymptotic solution D
LH
0,new = +∞. However, limitations do exist in numerical simula-

tions, and it is important to qualify the robustness of the code regarding this problem.
A systematic study has been performed for (v1 = 3.5, v2 = 6) and (v1 = 4, v2 = 7) , with

β†th = 0.001 and β†th = 0.1. In these simulations, pmax = 30, and uniform momentum and
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(v1, v2) ηLH [DKE code] ηLH [?] [CQL3D code] [?]

(4, 7) 32 31.96 31.34

Table 7.6: Lower Hybrid current drive efficiencies (A ·m/W ) in a pure hydrogen plasma
from various 2−D relativistic Fokker-Planck codes
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Figure 7.10: Variation of the current drive efficiency with the amplitude of the quasilinear
diffusion coefficient for the Lower Hybrid current drive problem

pitch-angle grids are taken, with a size np = nξ0 ' 200 except when specified.

As shown in Fig.7.10, for all simulations with D
LH
0,new ranging from 1 to 10, the conserva-

tive scheme is preserved, which clearly indicates the robustness of the discrete projection of
the Fokker-Planck equation on the numerical grid. Furthermore, from the non-relativistic
regime to the relativistic one, the ratio 〈Pcoll〉 / 〈PLH〉 is close to 1, as expected when the

solution has a physical sense, i.e. when D
LH
0,new ≤ 2 only. It is interesting to observe that

the current drive efficiency does not vary significantly from D
LH
0,new = 1 to D

LH
0,new = 2,

which indicates that the saturated regime with a flat plateau is almost reached when

D
LH
0,new = 1.

When D
LH
0,new exceeds 5, numerous numerical problems occur. For β†th = 0.001, the

value of the driven current has no sense, and may have also the wrong direction, while
the ratio 〈Pcoll〉 / 〈PLH〉 is always far from unity. This situation can never be recovered
by increasing the grid size up to np = nξ0 ' 300. The difference between distribution
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Figure 7.11: Contour plot of the electron distribution function for DLH = 10
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Figure 7.12: Contour plot of the electron distribution function for DLH = 2

functions given by the code with D
LH
0,new = 2 and D

LH
0,new = 10 is clearly visible between

contour plots in Figs.7.11 and 7.12, for the case (v1 = 3.5, v2 = 6). Spurious shapes appear

for D
LH
0,new = 10 whose weight in the current drive efficiency calculation is dramatic.

Conversely, for D
LH
0,new = 2, the distribution function is well behaved, and the stream

countours given in Fig.7.13 clearly have the expected physical shape.

Attempt to reduce this problem by smoothing the momentum variation of D
LH
0,new,

in particular the sharp transition at the resonance domain boundaries, turns out to be
absolutely useless. With a 5 points smoothing, the onset of numerical instabilities remains
similar to the one with sharp variations.

For the relativistic regime β†th = 0.1, the effect of increasing D
LH
0,new above 5 is more sub-

tile since in that case the current drive efficiency increases significantly, while 〈Pcoll〉 / 〈PLH〉
remains close to 1 within 20%. It is therefore very difficult to identify unambiguously that
the solution has no physical sense. In order to cross-check that the solution is wrong, the
grid size has been increased up to np = nξ0 ' 300. In that case, the effect is spectacular,
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Figure 7.13: Contour plot of the electron stream function for DLH = 2

and the current drive efficient drops down to an acceptable level, while 〈Pcoll〉 / 〈PLH〉 is

very close to unity for D
LH
0,new = 10 as shown, in Fig. 7.10. Still visible, this effect is weaker

for D
LH
0,new = 5.

From this analysis, it is clear that a too coarse grid leads to strong limitations on

the upper value of D
LH
0,new that may be used for accurate estimate of the current drive

level with sharp variation of the Lower Hybrid quasilinear diffusion coefficient. It is clear
that this problem is enhanced in the non-relativistic regime, for an unknown reason yet.
Finally, a smooth transition from a solution that has a physical sense to a solution that has

no physical sense is clearly observed by increasing D
LH
0,new. There is no evidence that this

problem corresponds always to an increase of the current drive efficiency. This difficulty
is particularly difficult to handle, since no clear criterion may help to reject the solution.

Consequently, it is highly recommended to avoid the use of the code with D
LH
0,new larger

2 to be free from numerical problems for almost all situations. In any case, forcing the
Maxwellian solution close to p = 0 and normalizing the density at each iteration when
numerical problems occur is usualy useless, since the solution given by the code remain in
general fully non physical, though convergence can be ensured. In that case, the overall
absorption process fails, and the result has no meaning. A possible way to overcome this

problem is to perform calculations with the upper acceptable D
LH
0,new = 2 value, while using

an adhoc correcting factor, in order to recover the solution corresponding asymptotic limit

at D
LH
0,new = +∞.

From the physical point of view, it is not surprizing that the use of very large D
LH
0,new

values leads to numerical instabilities. Indeed, in that case, the characteristic quasilin-
ear time in the resonance domain is close to zero, with respect to the collision time.
Consequently, there is some degeneracy in the corresponding part of the matrix, since dif-
ferent regions of the momentum space are instantaneoulsy connected at the collision scale.
Therefore, parts of the matrix do not provide additionnal information, but the numerical
errors related to the projection of the differential equations on the numerical grids act like
a reservoir of numerical instabilities in that case. There are some similarities with the
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implicit description of the trapped electrons, when bounce-averaged Fokker-Planck equa-
tion must be solved. The only and consistent way to solve this problem is to remove the
domain where the time ordering fails, and establish correct internal boundary conditions
so that the density of electron at v1 is exactly equal to the one at v2 at all pich-angles ξ0

grid points. Obviously, this process adds new off-diagonal coefficients in the matrix, but

in that case, the conditionning of the matrix is preserved even for D
LH
0,new = +∞. With

the new general method of partial matrix factorization discussed in Sec.6.2.1, such an
approach may be in principle easily tractable, without prohibitive computational efforts.

The role played by a non-uniform pitch-angle grid is critical, since in realistic simula-
tions, bounce-averaging must be considered with trapped-passing boundaries that moves
in mometum space with the radial position. In that region, the pitch-angle gris step
must be lower, for more accurate results. Concerning the momentum grid, as discussed in
Sec.5.4.3 the domain where the grid is non-uniform, is by construction far from the region
where the quasilinear diffusion coefficient is different from zero, and consequently all the
results obtain for the uniform grid are valid. It is found that a non-uniform pitch-angle

grid has no effect for D
LH
0,new ≤ 2, np = nξ0 ' 200 and pmax = 30 on the solution found

by the code, within less than 1%, which is an important result for 3−D operation, even
when Zs increases, and 2 −D broadening by pitch-angle scattering plays progressively a
dominant role over the parallel direction along the magnetic field line direction.

Ultimate benchmarks have been performed to validate the implementation of the Lower
Hybrid current drive in the code in 3−D configuration and relativistic regime, in presence
of bounce-averaging. The same radial grid introduced for the electrical conductivity calcu-
lations in Sec. 7.1 is used, and flat profiles are considered, so that only the role of trapped

electrons comes into play. In Fig.7.14 , a typical case for D
LH
0,new = 1, np = nξ0 ' 200 and

pmax = 20 with (v1 = 4, v2 = 7) at ρ = 0.31623 is shown. This corresponds to a similar
inverse aspect ratio ε, since in this calculation ap ' Rp. Only a part of the quasilinear
domain at large p⊥ intercepts the trapped-passing boundary, leading therefore to a mod-
est reduction of the current drive efficiency, by 6% in this case. The contour plot of the
corresponding quasilinear domain is shown in Fig. 7.15, and in Fig.7.16 the 1 − D like

distribution function F
(0)
‖0
(
ψ, p‖

)
averaged over the direction perpendicular to the mag-

netic field line direction, as well as the parallel and perpendicular temperatures T‖ and
T⊥. defined in Sec. No anomalous numerical behaviour is observed. An important results
is that the current drive efficiency does not vary when the resonance domain is replaced
by (v1 = −7, v2 = −4) . Only the sign of the current is reversed. Moreover, when a com-
pound spectrum is launched, with (v1 = 4, v2 = 7) and (v1 = −7, v2 = −4) , the current
level given by the code is zero within the numerical accuracy, at least 3 orders of mag-
nitude lower than for the case (v1 = 4, v2 = 7) or (v1 = −7, v2 = −4) alone. This results
confirm the robustness of the numerical scheme, for complex and realistic modeling of the
Lower Hybrid current drive problem.

7.4 Electron Cyclotron Current drive

7.4.1 Introduction
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Figure 7.14: Contour plot of the electron distribution function at ε = 0.31623
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Figure 7.16: Electron distribution function averaged over the perpendicular momentum
direction at ε = 0.31623. The perpendicular and parallel temperatures are also shown

Fast and accurate kinetic calculations of electron cyclotron current drive (ECCD) are of
great importance given that ECCD provides the most controllable and adjustable known
source of CD in tokamaks, and is used in a wide range of advanced tokamak experiments,
including to achieve fully non-inductive steady state operation and stabilize neoclassical
tearing modes . The calculation of ECCD requires to use all the features and power of
the the DKE code, including the fast implicit treatment of trapped particles and momen-
tum space fluxes at the trapped/passing boundary. Indeed, wave-induced trapping and
momentum exchange with trapped particles are a dominant aspect of off-axis ECCD as
they explain the Ohkawa effect.

We illustrate ECCD calculations using an idealized DIII-D scenario with Rp = 1.67 m,
ap = 0.67 m, Bt = 2 T, Zeff = 2, Te0 = 4 keV and ne0 = 3×1019 m−3. The temperature and
density profiles are either parabolic or constant, as specified for each following simulation.
The poloidal magnetic field is assumed to be negligible. For simplicity, the plasma is
assumed to be circular without Shafranov shift. The primary ECCD parameters are X-
mode polarization, N‖ = 0.3, fEC = 110 MHz P0EC = 1.0 MW and Gaussian spectrum
width ∆N‖ = 0.02. For these parameters, an ideal EC beam propagating from the low
field side on the outboard midplane (θb = 0) would be absorbed at second harmonic
near the plasma center, and the peak in the power deposition profile would be located at a
normalized radius ρ = 0.1. At this location, the frequency ratio y2 = 2ωce/ω, which defines
the position of the resonance curve in momentum space (along with N‖), is y2 = 0.98.
The normalized diffusion coefficient is Dnew

0EC = 0.15. In the following sets of calculation,
the relaxation is let to evolve completely freely: no normalization between time steps and
no forced Maxwellian at p = 0.

7.4.2 Grid size effects
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Figure 7.17: ECCD in DIII-D (ρ = 0.1, DEC = 0.15, N‖ = 0.3, Y = 0.98). Output density
(a), normalized current density (b), normalized absorbed power density (c), normalized
current drive efficiency (d), ratio of power absorbed to power lost on collisions (e), as a
function of grid size (np = nξ).
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In the first set of calculations, we consider the primary ECCD case (ρ = 0.1, θb = 0,
N‖ = 0.3, ∆N‖ = 0.02, y2 = 0.98, Dnew

0EC = 0.15) and vary the size of the momentum
grid (np, nξ), which is taken to be uniform (Fig 7.17). The maximum momentum grid
point is set at pmax = 10. The computed electron density increases slightly then stabilizes
during the relaxation and reaches an output value neout with ((neout − ne) /ne ≤ 6%). This
difference is quite small given that a EC diffusion coefficient of Dnew

0EC = 0.15 is rather large.
The output density does not rapidly converge to 1 when the grid size in increased (graph
a) which indicates that the primary reason for the density increase is not the precision of
the discretization scheme. The the flux-surface averaged driven current densiry (graph b)
converges towards a normalized asymptotic value jEC

∞ = 2.4 × 10−2 (enevTe). However,
there are oscillations in the evolution of jEC with (np, nξ) which account for most of
the disparity with j∞. These oscillations can be attributed to the sharp Gaussian-like
evolution of the diffusion coefficient in momentum space, with a characteristic variation
size that is smaller than a grid step. The gaussian shape of the spectrum being somewhat
smoother than the LH square spectrum, the variations in jEC are less important than for
the previous LH case. The calculation of the the flux-surface averaged density of power
absorbed (graph c) is however quite robust and does not depend much on the grid size.
It rapidly converges to a value pEC

∞ = 1.8 × 10−2 (nemeνev
2
Te). The evolution of the

normalized figure of merit ηEC ≡ jEC/pEC mostly follows the variations of jEC (graph d).
It converges to a value of ηEC

∞ = 1.3 (e/meνevTe). For a 100 × 100 grid, the mean error
on jEC and ηEC is about 10%. It reduces to less than 5% for a 200× 200 grid. The ratio
of the power absorbed from ECW to the power lost on collisions expectedly tends to 1
as the grid size increases (graph e), until the grid size reaches about 150 × 150, where it
undergoes an unexplained jump to about 1.1.

The requirements of ECCD calculations on the maximum momentum pmax are far more
easily satisfied than for LHCD. To illustrate this, we consider the same case (ρ = 0.1,
θb = 0, N‖ = 0.3, ∆N‖ = 0.02, y2 = 0.98, Dnew

0EC = 0.15) and fix nξ = 100. The
maximum momentum pmax and the momentum grid size np are varied proportionally so
that the momentum step size remains unchanged and the discretization effects are therefore
removed. The results are shown on Fig. 7.18. None of the relevant integral quantities
(neout, j

EC, pEC, pEC/pcol., ηEC) varies significantly for pmax/pTe ≥ 7. For comparison,
the maximum value of p⊥ on the resonance curve is pres

⊥,max = 2.7pTe and the maximum
value of p is pres

max = 6.4pTe.

7.4.3 Electron trapping effects

In the next set of calculation (Fig. 7.19), we keep the same ECCD parameters (θb = 0,
N‖ = 0.3, ∆N‖ = 0.02, y2 = 0.98, Dnew

0EC = 0.15) but vary the radial location of ECCD. The
density and temperature profiles are kept constant such that the only effect to consider
is the increasing number of trapped particles as ε = r/Rp increases. The output density
increases slightly with ε (graph a) but remains acceptable. The density of driven current
steadily decreases and reverses signs for ε ≥ 0.16 (graph b). This evolution indicates that
the Ohkawa effect, which is due to ECW-induced trapping and drives a counter-current,
eventually compensates and even dominates the Fisch-Boozer effect. In fact, the Ohkawa
current density peaks at ε ' 0.25 and then

∣∣jEC
∣∣ goes back to 0 as ε further increases.

300



7.4. Electron Cyclotron Current drive 7. Examples

(a)
5 10 15 20 25 30
1

1.02

1.04

1.06

p
max

/p
Te

<
n
e>

o
u
t

(b)
5 10 15 20 25 30

0

0.5

1

1.5

2

2.5

p
max

/p
Te

<j
RF

>

× 10
−2

 

(c)
5 10 15 20 25 30

0

0.5

1

1.5

2

p
max

/p
Te

<p
RF

>

× 10
−2

 

(d)
5 10 15 20 25 30
0

0.5

1

1.5

p
max

/p
Te

<j
RF
>/
<p

RF
>

(e)
5 10 15 20 25 30

1

1.05

p
max

/p
Te

<p
RF
>/
<p

co
l>

Figure 7.18: ECCD in DIII-D (ρ = 0.1, DEC = 0.15, N‖ = 0.3, Y = 0.98). Output density
(a), normalized current density (b), normalized absorbed power density (c), normalized
current drive efficiency (d), ratio of power absorbed to power lost on collisions (e), as a
function of momentum grid limit pmax (np = 10pmax, nξ = 100).
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The ohkawa effect is maximum where the EC resonance curve in momentum space is
tangent to the trapped passing boundary, so that wave-induced trapping is maximum.
For larger ε - or wider trapping region - most of the EC power is transferred directly to
trapped electrons, which do not drive current. This explains why

∣∣jEC
∣∣ → 0 as ε ≥ 0.25

increases. The density of power absorbed slowly increases with ε (graph c). The increases
is faster for ε ≥ 0.25, which can be expected since at these location, increasing coupling
with trapped particles occur. Indeed, because of the fast bounce motion, this coupling
is effectively distributed between trapped electrons travelling in both directions. This
distribution divides the effective magnitude of the diffusion coefficient by two but also
doubles the amount of resonant particles in the trapped region. As a result, quasilinear
effects on ECCD with trapped particles are reduced, which explains the larger density of
power absorbed. The evolution of the normalized figure of merit is similar as that of

∣∣jEC
∣∣

(graph d) and the ratio of he power absorbed from ECW to the power lost on collisions is
quite stable, and very close to 1.

7.4.4 Momentum-space dynamics

In order to illustrate the momentum-space dynamics of ECCD, the 2D distribution func-
tion is plotted in the

(
p‖, p⊥

)
space (Fig. 7.20). The case considered here is again our

primary example (ρ = 0.1, θb = 0, N‖ = 0.3, ∆N‖ = 0.02, y2 = 0.98, Dnew
0EC = 0.15).

On graph a, the initial Maxwellian (thin blue contours) and the steady-state ECCD dis-
tribution (thick red contours) are displayed, as well as contour of the magnitude of the
EC diffusion coefficient (green dashed contours). The distortion of the distribution from
a Maxwellian in the vicinity of the resonant region is clearly visible. Collisions are try-
ing to restore the Maxwellian and induce momentum-space fluxes that affect the entire
momentum space. By integrating over p⊥, we obtain the parallel distribution

F‖
(
p‖
)

= 2π

∫ ∞
0

p⊥dp⊥ f
(
p‖, p⊥

)
(7.11)

shown on graph b. In the non-relativistic limit, the integration of
(
ep‖/me

)
F‖
(
p‖
)

over p‖
gives the driven current density. The Fisch-Boozer effect, resulting in an accumulation of
particles with large, positive p‖, appears clearly. This effect - understood as an asymmetric
resistivity due to EC heating - is also illustrated on graph c, where the perpendicular
temperature is plotted as a function of p‖; the difference in temperature, due to asymmetric
EC heating, induces the asymmetric resistivity and driven current. Note that EC induced
diffusion in momentum space is mostly in the perpendicular direction, and therefore does
not directly drive any current. It is always the collisional response to this diffusion which
drives a current.

7.4.5 Coupling to propagation models

The code can be coupled to ray-tracing calculations. Iterations on the 3D ECCD calcu-
lations ensure that the power absorbed from the EC wave is consistent with the power
travelling in the EC beam. Such calculations are very fast, thanks to the fully-implicit
3D algorithm. To illustrate this, we consider a simplified ECCD scenario with X-mode
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Figure 7.19: ECCD in DIII-D (DEC = 0.15, N‖ = 0.3, Y = 0.98). Output density (a),
normalized current density (b), normalized absorbed power density (c), normalized current
drive efficiency (d), ratio of power absorbed to power lost on collisions (e), as a function
of the inverse aspect ratio ε = r/Rp; temperatures, densities and Zeff are kept constant
across the plasma.
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Figure 7.20: ECCD in DIII-D (ρ = 0.1, DEC = 0.15, N‖ = 0.3, Y = 0.98). 2D electron
distribution function (a), parallel distribution function (b) and perpendicular temperature
(c); blue thin lines represent finit, red thick lines represent f0, and green dashed contours
represent DEC.
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Figure 7.21: ECCD in DIII-D (θb = 0, PEC = 1 MW, N‖ = 0.3, fEC = 110 MHz).
Current and power densities deposition profiles. 3D calculation with np = nξ = 100, nψ =
26.

polarization, N‖ = 0.3, fEC = 110 MHz, P0EC = 1.0 MW and Gaussian spectrum width
∆N‖ = 0.02. The EC beam propagates from the low field side on the outboard mid-
plane (θb = 0). The evolution of N‖ due to toroidicity is neglected, and the cold plasma
model is used to solve the dispersion relation. The DKE calculations are performed on
a nψ × np × nξ = 26 × 100 × 100 grid, and consistency between travelling and absorbed
power is reached after 4 iterations. The resultant current density and absorbed power
density profiles are shown on Fig. 7.21. The current profile appears to be shifted slightly
to the right compared to te power profile. This shift results from the fact that at ρ ≥ 0.1,
resonant electrons are further in the tail of the distribution - meaning that they are less
collisional - than at ρ ≤ 0.1, and therefore the local efficiency is higher for ρ ≥ 0.1. The
location ρ = 0.1 corresponds to the peak in the absorbed power profile, which justifies
taking this value for the previous simulations.

7.4.6 Conclusion

To sum up, we have shown that the DKE code accurately describes and calculates ECCD.
It runs robustly in the free conservative mode. Grid parametric requirements are some-
what less restrictive than for LHCD, because the EC diffusion coefficient variations are
somewhat smoother. It accounts correctly for trapped electron effects, such as the Ohkawa
current. It can be used to simulate actual ECCD scenarios, including coupling and con-
sistency with ray-tracing calculations.
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Figure 7.22: Radial grid for 3-D JET current drive simulation. Circles correspond to the
normalized poloidal flux coordinate ψ, while crosses correspond to normalized radius ρ

7.5 Fast electron radial transport

This simulation is here presented to illustrate code capabilities for a realistic magnetic
configuration and a hot deuterium plasma. It corresponds to a typical JET Lower Hybrid
current drive discharge, where both bounce-averaging and fast electron particle transport
are considered. Global parameters of the discharge are gathered in section “JET” of the
tokamak parameter M-file “ptok dke 1yp.m”.

As shown in Fig.7.22 , the spatial ψ half-grid, on which the electron distribution
function is calculated, is non-uniform, though grid steps ∆ρ for the normalized radius

defined in Sec. 2.1 are constant for this example. The spatial mesh size for f
(0)
0 has

nψ − 1 = 14 points, which is the typical number of spatial grid points considered in
most of the current drive simulations. The corresponding pitch-angle grid is strongly non
uniform, as indicated in Fig.7.23, since trapped/passing boundaries corresponding to all
radial positions are exactly placed on the flux grid in momentum space. The total number

of pitch-angle points for f
(0)
0 is nξ0 −1 = 206. Finally the momentum grid is also taken no

uniform with np−1 = 210 points. As shown in Fig.7.24 the momentum grid is first nearly
uniform in the vicinity of p = 0 for the first twenty points, with a small step ∆p ' 0.07 ,
as indicated in Fig. 7.25. For p & 1.5, the grid is also uniform, but with larger momentum
step ∆p ' 0.15. The smooth transition between the two grids involves 7 grid points.

Temperature and density profiles used as input for the magnetic equilibrium calcu-
lations done by HELENA code are presented in Fig. 7.26. As usual in current drive
regime at low density, the electron temperature profile is peaked, and its value is much
larger than ion temperature. The dominant ion (deuterium) profile is determined selfcon-
sistently from the electron density and effective charge profiles, the latter being taken flat
at a level of Zeff = 1.5. In the calculations which are based on electroneutrality, only
one fully stripped impurity is considered, i.e. carbon Zs = 6, in order to avoid the use of
an impurity transport code. The resulting 2 − D contour plot of the magnetic poloidal
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Figure 7.23: Pitch-angle grid for 3-D JET current drive simulation.

cmcm
20 40 60 80 100 120 140 160 180 200

0

5

10

15

20

25

Index

p
n

Momentum mesh

Figure 7.24: Momentum grid for 3-D JET current drive simulation.
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Figure 7.25: Momentum grid step for 3-D JET current drive simulation. Circles correspond
to the flux grid, while stars to the distribution function half-grid

flux surfaces is given in Fig. 7.27, for a configuration with a bottom X-point close to the
divertor. Here, calculations are performed for a monotonic safety factor profile.

In the calculations, fully relativistic corrections are considered. In Fig.7.28, the devi-
ation from the relation v = p clearly indicates that relativistic corrections come into play
when p & 44. Consequently, since a simplified expression for the Lower Hybrid quasilinear
diffusion operator is considered, as described in Appendix D.2.8 and used in Sec. 7.3,
boundary values of the resonance domain which correspond to (v1 = 3.5, v2 = 6) exhibit
strong curvature as a function of p, as shown in Fig. 7.29. In order to simulate a spa-
tialy localized off-axis absorption of the RF power, the quasilinear diffusion coefficient

D
LH
0,new (ψ, p)is defined as

D
LH
0,new (ψ, p) = D

LH
0,new (0, p)

2
√

ln 2√
π

exp

−
(
ρ− ρpeakLH

)2

(
∆ρLH
2
√

ln 2

)2

 (7.12)

where D
LH
0,new (0, p) = 1 in the interval v1 ≤ v‖ ≤ v2, and ρpeakLH = 0.5 is the radial position

at which absorption is maximum, and ∆ρLH = 0.2 the half-width. For ρ ≤ 0.2 and
ρ ≥ 0.65, power absorption is null.

Fast electron radial transport that could result from magnetic turbulence is expressed
in the usual form

D
(0)
ψ (ψ, p) = D

(0)
ψ (0, p)H

(∣∣v‖∣∣− v‖c) (∣∣v‖∣∣− v‖c) /v‖c (7.13)

where D
(0)
ψ is the radial diffusion coefficient as defined in Sec.6.3. Here, D

(0)
ψ scales like

∣∣v‖∣∣
as expected from theory [?], with a velocity threshold which is set to 3.5. The simulation is

4Here v and p are normalized respectively to pth/me and pth, where me is the electron rest mass and pth
the thermal momentum.All reference values in the calculations are taken at the plasma center, including
pth as discussed in Sec.6.3.
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Figure 7.26: Ion and electron temperature and density profiles, and effective charge profile
used for calculating the JET magnetic equilibrium with HELENA. Here hydrogen and
tritium densities are zero (pure deuterium plasma) . The poloidal flux coordinate ψ as
function of the normalized radius ρ in the equatorial mid-plane corresponds to the magnetic
equilibrium code output
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Figure 7.27: 2 − D contour plot of the poloidal magnetic flux surfaces as calculated for
JET tokamak by the code HELENA
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diffusion cofficient at ρ ' 0.36. The relativistic curvature of the lower bound of the
resonance domain avoid intersection with the region of trapped electrons. The two full
straight lines correspond to trapped/passing boundaries at that radial position

performed with D
(0)
ψ = 5m2/s, its value and the threshold level being uniform throughout

the plasma, while any convection is neglected. The 2−D contour plot of the D
(0)
ψ is shown

in Fig. 7.30
The 3 −D simulation is performed in the fully implicit mode with usual parameters,

i.e. ∆t = 10000, using the linearized electron-electron Belaiev-Budker collision operator
for momentum conservation. While the time taken to calculate all matrix coefficients as-
sociated to momentum dynamics is extremely fast, of the order of 120s5, since calculations
may be performed in a vectorial form that is very convenient for MatLab, coefficients for
radial transport needs a much longer computer time is this version of the code, typically
an order of magnitude more. This limitation results from the fact that loops have been
used in MatLab as a consequence of the complexity of the coefficients arrangement in the
matrix related to the change of the trapped/passing boundary with radial position. In
that case, a specific MEX-file written in C or FORTRAN should considerably reduce time
consumption, at a level comparable to the one needed for calculating the coefficients which
result from momentum dynamics.

In the case of full 3 − D calculation, the Maxwellian solution is imposed at i = 1/2.
Though this condition is not necessary in principle, it turns out to increase matrix con-
ditionning, and reduce significantly the memory required to store LU matrices. However,
no normalization of the density at each time step is performed. Consequently, the drop
tolerance for incomplete LU matrix factorization may be increased from 10−4 to 10−3 as
compared to the case without radial transport, a important advantage since it reduces con-
siderably computer time consumption for performing the incomplete factorization6. On a

5Absolute computer time values may depend significantly from the charge of the computers. A reduction
by 50% is likely for a workstation with few jobs.

6It is interesting to note that the presence of a radial transport contributes also to use larger drop
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Figure 7.30: On the left side, 2 −D contour plot of the radial diffusion rate at ρ ' 0.36.
The velocity threshold corresponds to a kinetic energy of 35 keV approximately in the

MKSA units. On the right side, the velocity dependence of D
(0)
ψ at ξ0 = 1

Compaq workstation, the characteristic time used for this calculation is around 1500s, and
the memory required to store LU matrices is 214MBytes in the example here studied.

Once LU matrices are calculated, the convergence is very fast. it is achieved after 6
iterations, corresponding to the minimum value required for a correct convergence with
the explicit momentum conservation term (first Legendre truncated term) as discussed in
Sec.6.2.2. As shown in Fig.7.31, the code is fully conservative, within less than 1%.

While the absorbed RF power density profile given in Fig.7.32 shows a localized peak
around ρ = 0.5, the current density profile is much broader, as indicated in Fig.7.33. In
the direction of the plasma center, the broadening effect is weak, since collisional slowing
down prevails over radial transport when density is high. Towards plasma edge, the effect
of radial transport is much more visible, and for ρ ≥ 0.6, all the fast electrons are driven
by this mechanism instead of direct kinetic resonance. The effect of plasma magnetic
equibrium on radial transport is fully considered in the calculations.

Comparison between distributions at radial positions where RF absorption peaks
(Figs.7.34 and 7.35) and in the region where radial transport predominates (Figs.7.36
and 7.37) clearly shows the difference of dynamics in momentum space. While a plateau
is clearly formed at ρ ' 0.36, the distribution exibits a bump at ρ ' 0.78. There are
nevertheless some reminiscence of the Lower Hybrid quasilinear resonance boundaries. In
all figures, the output of the code is clean from numerical instabilities, even far from the
resonance domain, which confirms the robustness of the numerical scheme here employed
for 3−D calculations.

Finally, it is important to mention that the power density absorbed by collisions is
much broader than the RF contribution, as shown in Fig. 7.32. Since radial fast electron
transport makes the current response non-local, in that case the current drive efficiency

tolerance parameter, by smoothing out the momentum dynamics. It acts like a regularization process
which increases the matrix conditionning.
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Figure 7.31: Relative particle conservation of the drift kinetic code for the 3 − D JET
Lower Hybrid current drive simulation
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electric field absorption for the 3−D JET Lower Hybrid current drive simulation.
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current drive simulation.
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Figure 7.34: 2−D contour plot of the electron distribution function at ρ ' 0.36 for JET
Lower Hybrid current drive
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Figure 7.35: Electron distribution function averaged over the perpendicular momentum
direction at ρ ' 0.36 for JET Lower Hybrid current drive. The perpendicular and parallel
temperatures are also shown
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Figure 7.36: 2−D contour plot of the electron distribution function at ρ ' 0.78 for JET
Lower Hybrid current drive
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Figure 7.37: Electron distribution function averaged over the perpendicular momentum
direction at ρ ' 0.78 for JET Lower Hybrid current drive. The perpendicular and parallel
temperatures are also shown
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may be only defined as the ratio of the total current driven by the wave and the total RF
absorbed power in the plasma.

7.6 Fast electron magnetic ripple losses

This simulation is here again presented to illustrate code capabilities for a realistic mag-
netic configuration and a hot plasma. The problem addressed corresponds to fast electron
losses in magnetic ripple, between two consecutive toroidal magnetic field coils. The case
studied correponds only for the Tore Supra tokamak, which exhibits a very large magnetic
ripple on the outer plasma edge, of the order of 7% [?]. Though the description of the
physical process is not fully consistent with the basic assumptions of the code, and the
bounce-averaged theory especially, calculations are expected to give valuable informations
of the loss rate profile.

Simulations parameters are exactly those used in Sec.7.5 for fast electron transport
studies, except that the magnetic configuration corresponds to the tokamak Tore Supra
which has a circular plasma cross-section, and that fast electron radial transport is here
neglected. Moreover, the magnetic ripple losses are modelized by a characteristic loss
(drift) time ν−1

dST
= 1000 inside the supertrapped domain bounded by |ξ0| ≤ ξ0ST and

p & pc as discussed in Sec.3.6.
Temperature and density profiles used as input for the magnetic equilibrium calcu-

lations done by HELENA code are presented in Fig. 7.38. As usual in current drive
regime at low density, the electron temperature profile is peaked, and its value is much
larger than ion temperature. The dominant ion (deuterium) profile is determined selfcon-
sistently from the electron density and effective charge profiles, the latter being taken flat
at a level of Zeff = 1.5. In the calculations which are based on electroneutrality, only one
fully stripped impurity is considered, i.e. carbon Zs = 6, in order to avoid the use of an
impurity transport code. The resulting 2 −D contour plot of the magnetic poloidal flux
surfaces is given in Fig. 7.39, where the Shafranov shift is clearly visible. Here, calcula-
tions are performed for a monotonic safety factor profile, like for the JET case discussed
in the previous section.

In order to be concerned by more energetic electrons in this simulation, the Lower
Hybrid quasilinear resonance domain is slightly at higher energy, i.e. (v1 = 4, v2 = 7),

with the same radial profile dependence of D
LH
0,new (ψ, p) as discussed in Sec. 7.5. The

RF power absorption takes place close to ρ ' 0.4 as shown in Fig.7.40. In this case, the
current density and RF power absorption profiles are aligned, since the physics is basically
local (slowing-down).

As shown in Fig. 7.41, the fact electron loss rate exhibits a clear peak at ρ ' 0.7, as
observed experimentaly. The 3−D calculations reproduce therefore correctly the profiles
given by previous studies with a 2 − D Fokker-Planck code [?]. In addition, the two
methods used to evaluate the magnetic ripple loss rate profile, as discussed in Sec.3.6
gives very similar quantitative results, that makes the code very reliable concerning this
problem.

The detailed dynamics in momentum space is given by the 2 − D contour plot. As
shown in Fig.7.42 at the radial position ρ ' 0.44, the supertrapped domain defined by
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Figure 7.38: Ion and electron temperature and density profiles, and effective charge profile
used for calculating the Tore Supra magnetic equilibrium with HELENA. Here hydrogen
and tritium densities are zero (pure deuterium plasma) . The poloidal flux coordinate
ψ as function of the normalized radius ρ in the equatorial mid-plane corresponds to the
magnetic equilibrium code output
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Figure 7.42: 2−D contour plot of the electron distribution function at ρ ' 0.44 for Tore
Supra Lower Hybrid current drive

|ξ0| ≤ ξ0ST in which electrons are considered as lost lies well inside the domain where
electrons are trapped |ξ0| ≤ ξ0T . The collisional detrapping threshold is approximately
pc = 5 at the local density here presented. The effect of the magnetic ripple losses may be

clearly seen on the distribution function f
(0)
0 which drops dramatically above pc provided

|ξ0| ≤ ξ0ST . It is important to show that outside from this domain, the electron distribution
function is nearly similar to the one without magnetic ripple losses. This is particularly
clear in Fig.7.43. This confirms that losses are very small, and this is the reason why the
code remains globally conservative at each radial location.

7.7 Maxwellian bootstrap current

The 3 − D relativistic and bounce-averaged electron drift kinetic solver allows kinetic
calculations of the bootstrap current for arbitrary tokamak magnetic configuration and
in principle any type of electron velocity distribution function. Consequently, it offers
for the first time the possibility to evaluate accurately potential synergistic effects due to
external perturbations like application of RF waves. Indeed, so far, in all current drive
simulations, the bootstrap current due to plasma pressure gradient is determined in the
Maxwellian limit, while plasma may be locally far from the thermal regime during non
inductive current drive. With this code, a self-consistent description of all current sources
may be performed.

At this stage, this section is only given to demonstrate code performances in simple
limits, like using the simplified Lorentz model, or for a Maxwellian plasma. Indeed, since
there is no possibility to perform any benchmark in presence of RF current drive, this
problem is not addressed here.
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Figure 7.43: Electron distribution function averaged over the perpendicular momentum
direction at ρ ' 0.44 for Tore Supra Lower Hybrid current drive. The perpendicular and
parallel temperatures are also shown

Lorentz model

As shown in Sec.5.6.2, the Lorentz model applied to thermal plasma represents a unique
opportunity for benchmarking the 3 − D drift kinetic code against simple analytical re-
sults. Here, comparisons are presented for a circular magnetic equilibrium, using numerical
bounce integrals7. As for the electrical conductivity problem addressed in Sec.7.1, the mi-
nor radius is set to ap = 2.3899m and the major one is Rp = 2.39m so that the normalized
radius ρ is very close to ε value from 0 to 1. Global parameters of the discharge are gath-
ered in section “TEST LORENTZ” of the tokamak parameter M-file “ptok dke 1yp.m”.
In order to simplify calculations, and identify clearly the pitch-angle dynamics that plays a
major role in the bootstrap current calculation, all temperatures profiles are taken flat, and
consequently the pressure profile arises only from density gradient. Its radial dependence
is

ne (ρ) = (ne0 − nea)
(
1− ρ2

)2
+ nea (7.14)

where the central electron density is ne0 = 2 × 10+19m−3, and nea/ne0 = 10−3. Electron
temperature is taken low enough to neglect relativistic corrections, while Ts/Te = 10−2,
to simulate that ion background is fully cold. The dominant ion charge is taken Zs = 30,
in agreement with basic assumptions of the Lorentz model.

In the simulation, the spatial ψ half-grid, on which the electron distribution function
is calculated, is highly non-uniform. Indeed, the effective spatial mesh size where boot-

strap current is determined has nψ − 1 = 14 points, but the distribution function f
(0)
0

must be evaluated on 14 × 3 = 42 values of ψ for spatial gradients calculation by the
parabolic interpolation technique discussed in Sec.5.5.1 which requires 2 additional neigh-
boring points. Their distances to an effective point never exceed ∆ψ ≤ 0.01. The fact

7It has been cross-checked that results are similar when analytical forms of the bounce integrals given
throughout the text are used.
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that calculations may be easily performed with so close radial points is a good indica-
tion of code capabilities for describing bootstrap current in presence of strong pressure
gradients. The pitch-angle grid is therefore also strongly non uniform, like in Fig.7.23
for the Lower current drive problem, since trapped/passing boundaries corresponding to
all radial positions are exactly placed on the flux grid in momentum space. Despite the

number of ψ values is three times larger, the total number of pitch-angle points for f
(0)
0

may be maintained to nξ0 −1 = 206, in order to avoid computer memory limitations. The
program that generates the pitch-angle grid may optimize automaticaly the shape of the
mesh, in order to achieve this goal. Finally, the electron distribution is Maxwellian for
this study and the momentum grid is also non-uniform. The number of points is reduced
as compared to the Lower Hybrid current drive problem down to np − 1 = 110 points, so
that memory storage requirements may be reduced.

As discussed in Sec.6.2.2, the drop tolerance parameter δlu for incomplete LU matrix
factorization plays a crucial role in the calculations. For very large matrix sizes8, its value
is a trade-off between the time to perform this factorization, the memory required to store
the matrices L̂ and Û, and finally the fact that the convergence towards a physical solution
may be effectively achieved. Indeed, if δlu is to large, L̂ and Û are badly conditionned
and no result may be obtained. It turns out that forcing the Maxwellian solution in the
vicinity of p = 0 strongly contributes to improve matrix conditionning, though it has
been tested with a reduced number of radial grid points that the code is naturaly fully
conservative and does not require this condition as a major prescription. Hence in the
case here discussed, the Maxwellian solution is enforced on the forced 5 first points of the
momentum grid from i = 1/2 to i = 11/2. Consequently, δlu may be lowered down to
10−4, while time step in maintained to ∆t = 10000.

It is important to note that these constraints are not applied to the matrix used for
determining the first order corrections. In that case, the matrix size is much lower (by a
factor 3), and consequently, no solution is enforced in the vicinity of p = 0.

A comparison between results given by the drift kinetic code and well known analytical
expressions that may be found in Refs. [?][?][?][?][?][?] is performe. For Maxwellian
plasmas circular magnetic flux surfaces, in the low aspect ratio limit ε → 0 and low
collisionality limit ν∗ → 0, flux surface-averaged parallel current may be expressed in the
general simple form

〈
J‖
〉
φ

(ρ) ∝ −pe (ρ)
BT (ρ)

BP (ρ)
(L31A1 + L32A2 + L34A4) (7.15)

where

A1 =
d ln pe
dρ

+
Ti (ρ)

ZiTe (ρ)

d ln pe
dρ

(7.16)

A2 =
d lnTe
dρ

(7.17)

A3 = αi
Ti (ρ)

ZiTe (ρ)

d lnTi
dρ

(7.18)

8For the case here discussed, the matrix size is of the order of (900000× 900000) .
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pe being the electron pressure. Neoclassical transport coefficients L31, L32 and L34 and
the parameter αi depends of the model. For the non-relativistic Lorentz model, with flat
temperature gradients, A2 = A3 = 0, and consequently only the coefficient L31 plays a
role. Therefore both models [?] and [?] are expected to give equivalent results. Moreover
since Zi � 1 and Ti/Te � 1,

A1 '
d ln pe
dρ

=
d lnne
dρ

(7.19)

In the low collisionality limit but for arbitrary inverse aspect ratio between 0 and 1,
the expression of L31 given by Hirshman [?] may be used

L31 = x
[
0.754 + 2.21Zi + Z2

i

+ x
(
0.348 + 1.243Zi + Z2

i

)]
/D (x) (7.20)

where

D (x) = 1.414Zi + Z2
i + x

(
0.754 + 2.657Zi + 2Z2

i

)
+x2

(
0.348 + 1.243Zi + Z2

i

)
(7.21)

and

x ' 1.46
√
ε+ 2.4ε

(1− ε)3/2
(7.22)

In the limit Zi � 1,

lim
Zi→+∞

L31 =
x

1 + x
(7.23)

L31 is independent of Zi. Therefore, the flux-surface averaged bootstrap current scales as

lim
Zi→+∞

〈
J‖,L

〉
φ

(ρ) ∝ − 1.46
√
ε+ 2.4ε

1.46
√
ε+ 2.4ε+ (1− ε)3/2

ne (ρ)Te
BT (ρ)

BP (ρ)

d lnne
dρ

(7.24)

with

ρ = ε
Rp
ap

(7.25)

and using the definition pe ≡ neTe. For the case here studied, Rp ≈ ap and consequently
ρ = ε. With the expression (7.24), the well known limit ε� 1

lim
Zi→+∞

〈
J‖,L

〉
φ

(ρ) ∝ −1.46
√
εne (ρ)Te

BT (ρ)

BP (ρ)

d lnne
dρ

(7.26)

is recovered, while

lim
Zi→+∞

〈
J‖,L

〉
φ

(ρ) ∝ −ne (ρ)Te
BT (ρ)

BP (ρ)

d lnne
dρ

(7.27)

when ε→ 1.9

9It is important toi note that replacing BT (ρ) /BP (ρ) by q/ε leads to strong errors in the bootstrap
current profile, especially when ε→ 1. In particular, the radial localtion where the bootstrap current peak
is significantly shifted outward.
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Figure 7.44: Bootstrap current profile given in the Lorentz model limit by the drift kinetic
code and different analytical formulaes
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Figure 7.45: Effective trapped fraction as given by the by the drift kinetic code in the
Lorentz limit and by coefficient L31 from analytical expression (see the text for more
details)

As shown in Fig.7.44, the agreement between the bootstrap current calculated by
the code and determined by the Hirshman or Sauter models is excellent for all ρ val-
ues 10. The model given in Ref. [?] strongly fails, since it corresponds only to the case
Zi = 1. A confirmation of the robustness of the code is the very good agreement be-
tween numerical caclualtions and analytical expressions of the effective trapped fraction
Feff.t (ρ) at all plasma radii, as shown in Fig. 7.45, despite the fact that the inte-

gral
∫ 1
−1 σH (|ξ0| − ξ0T ) ξ0IL (ψ, |ξ0|) dξ0 is fairly difficult to evaluate numerically, since

IL (ψ, |ξ0|) is itself an integral, as discussed in Sec. 5.6.2. A small departure is observed
for the largest ε value, since in that case

∫ 1
−1 σH (|ξ0| − ξ0T ) ξ0IL (ψ, |ξ0|) dξ0 ' 0, and its

numerical evaluation may have a large error on the chosen numerical grid.
The exact trapped fraction Ft calculated by the code is increasing smoothly from 0

to 1 with a radial dependence that is very different from Feff.t (ρ) which should scale

10Both models use the same parameter L31 in this limit.
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Figure 7.46: Exact trapped fraction as given by the by the drift kinetic code in the Lorentz
limit and by analytical expression (see the text for more details)
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Figure 7.47: Pitch-angle dependence of f̃ (0) and g(0) at ρ ' 0.4354 , as given by the drift
kinetic code and analytical expressions, for the Lorentz model limit

as L31 in the simulation here studied. At the lowest ε ≈ 0.034 value determined by
the code, the ratio Feff.t (ρ) /Ft ≈ 2 is larger than the expected value 1.46/0.9 ≈ 1.62,

which indicates that the well known limit value Feff.t (ρ) ' 1.46
√
ε is only only valid for

very small inverse aspect ratio ε. Indeed, Ft is very well reproduced by the asymptotic
expression Ft (ρ) ' 0.9

√
ε quite far from the limit ε� 1, as presented in Fig.7.46. There

is also very good confidence in the simulation results since Feff.t (ρ) ' L31 is well verified
numericaly, as expected from Hirshman theory.

At ρ ' ε ≤ 0.4354, and for p = 4.08, the agreement for f̃ (0) and g(0) is excellent for
all ξ0 values, as seen in Fig 7.47. The difference is so small between the code and the
analytical expressions given in Sec. 5.6.2, that it cannot be identify on the figure.

This excellent agreement is confirmed for first order distribution F‖
(1)
0 averaged over
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Figure 7.48: First order distribution F‖
(1)
0 averaged over the perpendicular momentum

direction p⊥ as fonction of p‖ at ρ ' 0.4354 , as given by the drift kinetic code and
analytical expressions, for the Lorentz model limit

the perpendicular momentum direction p⊥

F‖
(1)
0

(
p‖
)

= 2π

∫ ∞
0

(
f̃ (0) + g(0)

)
p⊥dp⊥ (7.28)

as shown in Fig. 7.48.
In Figs. 7.49 and 7.50, the 2-D contour plot of f̃ (0) and g(0) are represented. As

expected for a Maxwellian distribution function, g(0) = 0 in the trapped region while f̃ (0)

is clearly antisymmetric.
The overall results confirm that the drift kinetic solver gives the correct dependences

and level of the first order neoclaissicla corrections. The robustness of the code is remark-
able, since no specific boundary conditions have to be imposed at the limits of the domain
to ensure the determination of the correct solution.

Full simulation

The Maxwellian bootstrap current for a realistic tokamak magnetic configuration has been
calculated. Here the Tore Supra tokamak is studied, with numerical parameters that are
similar to the case of the discussed in the previous section, while physical parameters, in
particular pressure profiles, are those taken for magnetic ripple losses studies (see Sec. 7.6).
The full first order Legendre collision term for momentum conservation is now considered,
which is crucial to estimate the right current level.

As shown in Fig. 7.51, an excellent agreement with both Hirschman and Sauter models
given in Refs. [?] and [?] is found at plasma radii. In that case the maximum inverse
aspect ratio reaches approximately 0.3. The Hinton model fails also, since an effective
charge Zeff = 1.5 is considered, the major light impurity being fully strip carbon.

The exact Ft (ψ) and effective Feff.t (ψ) trapped fraction are given respectively in Figs.
7.52 and 7.53. In that case, the exact trapped fraction reaches Ft (ψ) ' 0.5 at the edge,
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Figure 7.49: Contour plot of f̃ (0) at ρ ' 0.4354 , as given by the drift kinetic code for the
Lorentz model limit
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Figure 7.50: Contour plot of g(0) at ρ ' 0.4354 , as given by the drift kinetic code for the
Lorentz model limit
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cmcm

Figure 7.51: Bootstrap current profile given by the drift kinetic code for the Tore Supra
magnetic configuration and different corresponding analytical formulas (see the text for
more details)
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Figure 7.52: Effective trapped fraction as given by the by the drift kinetic code and the
HELENA magnetic equilbrium code for the tokamak Tore Supra

while the effective one Feff.t (ψ) ' 0.7. This difference may be easily understood, since
in the calculation of the effective trapped fraction, the time spend on the banana orbit is
considered, while it is not for the exact trapped fraction.

For the exact trapped fraction, the level at the limit ε� 1 is very consistent with the
analytical expression given in Sec.3.6. A very good agreement is also found for Feff.t (ψ)
given by the HELENA equlibrium code using the analytical formula (see also Sec.3.6).

As for the case of the Lorentz model, the pitch-angle dependence at ρ = 0.435 and
for p = 4.08 of first order distribution functions f̃ (0) and g(0) is given as function of ξ0.
Similar dependences are observed in Fig 7.54 as well as for the first order distribution

F‖
(1)
0 averaged over the perpendicular momentum direction p⊥ shown in Fig. 7.55

In Figs. 7.56 and 7.57, the 2-D contour plot of f̃ (0) and g(0) are represented. As
expected for a Maxwellian distribution function, g(0) = 0 in the trapped region while f̃ (0)

is clearly antisymmetric.
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Figure 7.53: Exact trapped fraction as given by the by the drift kinetic code for the
tokamak Tore Supra
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Figure 7.54: Pitch-angle dependence of f̃ (0) and g(0) at ρ ' 0.4354 , as given by the drift
kinetic code for the tokamak Tore Supra
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Figure 7.55: First order distribution F‖
(1)
0 averaged over the perpendicular momentum

direction p⊥ as fonction of p‖ at ρ ' 0.4354 , as given by the drift kinetic code for the
tokamak Tore Supra

cmcm
−10 −8 −6 −4 −2 0 2 4 6 8 10

−5

0

5

10

ppar/pth−ref

p
p
e
rp

/p
th

−
re

f

2−D steady state electron distribution function ftp

Figure 7.56: Contour plot of f̃ (0) at ρ ' 0.4354 , as given by the drift kinetic code for the
tokamak Tore Supra
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Figure 7.57: Contour plot of g(0) at ρ ' 0.4354 , as given by the drift kinetic code for the
tokamak Tore Supra

These results illustrate that the drift kientic code is able to determine accurately the
boostrap current level. For the ion contribution, the expression given in the fluid limit as
given in Ref. [?] is taken. This is the same value taken in Ref. [?], only the coefficent L32

being different. However, for this case, results are very similar, though the drift kinetic
code results seem more closer to the one given by the Sauter formula [?][?].
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Conclusion

The determination of the current density profile is a crucial issue for next step tokamaks
like ITER, since it may directly modify plasma performances. Up to now, most of the tools
where designed for simplified magnetic configuration, or using crude physical assumptions
that consequently reduce considerably the confidence in the results. Accurate and realistic
kinetic calculations for the electron population in magnetized plasmas where therefore an
important step towards a consistent modeling of the current drive process.

For this purpose, a completely new numerical solver has been designed which contains
most of the salient features of the physics in hot plasmas, where the weak collision regime
holds: relativistic collision operator, bounce-averaging for trapped and passing particles,
arbitrary magnetic configuration, first order neoclassical corrections. A special attention
has been paid to derive in a rigorous and consistent manner all the equations, in particular
for the interplay between inductive, non-inductive and bootstrap currents. The conser-
vative nature of the equations has been the guideline in this work, especially to have a
clear derivation of radial transport equation for the fast electron population in arbitrary
magnetic configuration when bounce averaging is concerned.

The numerical part has been derived with the same spirit, keeping a systematic ap-
proach for all types of operators in the discretization technique. This point is especially
important for a consistent evaluation of the current drive efficiency, a key parameter in
order to evaluate performances of the method used for driving current. In particular,
the formalism is general so that arbitrary type of mechanismes may be incorporated for
possible synergistic effect. As for the analytical part, a detail analysis of the conservative
nature of the numerical code has been performed. A clear and comprehensive discussion
of all the aspects is presented, which is crucial for a reliable numerical tool. It is shown
that the both for the zero- and first-order equations, the numerical solver is naturally
conservative, in the sense that no need of arbitrary external source or normalization factor
is necessary in order to compensate possible hidden numerical particle leaks which are the
consequence of an incorrect discrete projection of the equations on the numerical grids.
This reference work is critical in order to make the code transparent for possible further
evolutions.

Advanced numerical matrix factorization techniques have shown that considerable sav-
ings may be expected, not only for storage purposes but also for the time duration needed
in determining the steady-state current drive solution on the collision and fast electron
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transport time scales. The pionneering work performed initially for the 2 − D problem
in velocity space in a fully implicit manner (reverse time scheme that is inconditionnaly
stable with respect to the integration time step)([?],[?] and [?]) has been fully extended
to the 3 − D case ([?]), including the complexity arising from the radial dependence of
the trapped-passing boundary for bounce-averaged equations. With the incomplete LU
technique ([?]), it has been possible to converge in few iterations towards the steady-state
current drive solution on standard computers, taking advantage of the high sparcity of
the Fokker-Planck and electron drift kinetic equation matrices. This tool is therefore fully
designed to be incorporated in a chain of codes, for realistic self-consistent calculations,
in which plasma magnetic equilibrium, wave propagation and absorption, energy and par-
ticle transport must be evaluating as a function of time and space ([?]). In is important
to notice that special attention has been paid to the delicate problem of coupling the
kinetic solver with ray-tracing. This amazing feat has been made easily possible with the
use of the compact MatLab numerical environment for solving the huge linear system of
equations ([?]).

Furthermore, numerous moments of the electron distribution function are evaluated
like the RF power, magnetic ripple and runaway losses, fast electron bremsstrahlung and
trapped fraction. Moreover, the code may also be used for specific physical studies which
imply time evolution, and a standard Crank-Nicholson time-scheme has been also incor-
porated. In the same spirit, simplified collision models may be used, like the Lorentz
operator, for which analytical expressions may be easily derived. This point is crucial for
an effective benchmarking, even in a complex magnetic topology, like for ITER.

At this stage, the code may be considered as mature for the initial goal that was
considered. Several additional benchmarking must be certainly done in order to enhance
the realibility on several quantities, but most of the resultats obtained by the code are
already robust. The domain of stabitility related to the drop tolerance parameter for the
approximate matrix factorization technique needs also refined estimates for optimizing the
numerical method.

Several enhancement of the code may be easily foreseen in a near future. In the frame-
work, one of the most important issue is to use a correct quasilinear diffusion operator for
the wave-particle interaction. Indeed, like for most kinetic solvers available today, the code
use the well known Kennel-Engelman-Lerche expression that is derived for plane waves in
homogenous plasmas. Regarding the assumptions, it is necessary to use a more precise
quasilinear diffusion operator that is decuded from the Hamiltonian theory in toroidal
configuration ([?]). This requires further analytical developments, using the appropriate
coordinate system, where the effective banana width of the particle is fully taken into ac-
count. In this framework, the description of the wave-induced particle transport becomes
natural, and the code in its present conservative form fully allows this kind of descrip-
tion that may play a fundamental role for the RF power absorption, but also for thermal
particle pinch in steady-state conditions ([?]). Furthermore, once the bounce-averaging is
replaced by trajectory-averaging, it is natural to extend the code for multiple ion dynam-
ics. In that case, parallel processing may be foreseen for each species, in order to optimize
calculations.

Finally, an ultimate though important evolution for the code may concern non-linear
problems. So far, the collision operator is linearized for a Maxwellian bulk, that is a
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reasonable assumption in most tokamak conditions today. However, some experimental
evidences that the bulk could be non-Maxwellian in presence of strong electron cyclotron
heating and current drive suggest that non-linear effects could take place. This may be
also the case in reactor conditions when α-particle population is damping on the electrons.
In that case, the neoclassical theory for non-Maxwellian distribution must be previously
revisited before any numerical implementation.

Besides the development of modern tools that is effectively described in this document
and will be useful for a detailed understanding of the current drive in tokamak, this work
has allowed to highlight the subtile interplay between physics and numerics. This is an
good example of what should be performed for advanced realistic simulations of complex
dynamical systems. It enables to draw in a very clear manner paths for refined studies,
based on robust formalisms that takes into account in a rigorous way the physics principles.
The method here presented has therefore broad potential applications for other challenging
physics domains, like for the numerical determination of the full-wave problem when very
short wavelengths must be considered as compared to the machine size and the gradient
lengths.
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Appendix A

Curvilinear Coordinate Systems

In the following, we note X = (x, y, z) the vector position in the space under consideration.
In general, vectors are written in bold characters, except unit vectors, noted with a hat.
We consider the following curvilinear coordinate systems

A.1 General Case (u1, u2, u3)

We consider the curvilinear coordinate system (u1, u2, u3).

A.1.1 Vector Algebra

Covariant (Tangent) Basis

The covariant, or tangent vector basis (e1, e2, e3)is defined as

ei =
∂X

∂ui
(A.1)

where the ei are tangent to the curvilinear lines. They can be normalized by

êi =
ei
hi

(A.2)

where we introduce the scale factors

hi =

∣∣∣∣∂X

∂ui

∣∣∣∣ (A.3)

Contravariant (reciprocal) Basis

The gradient ∇f of a function f being defined by the differential

df = ∇f · dX (A.4)

we apply to ui which gives
dui = ∇ui · dX (A.5)
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A.1. General Case (u1, u2, u3) A. Curvilinear Coordinate Systems

By chain rule, we have

dX =
∂X

∂uj
duj = ejdu

j (A.6)

so that
dui = ∇ui · ejduj (A.7)

which implies
∇ui · ej = δij (A.8)

thus defining two reciprocal basis
(
∇ui, ej

)
of vectors. The reciprocal basis vectors are

also called contravariant, and noted

ei ≡ ∇ui (A.9)

These vectors are perpendicular to the surfaces of constant ui.
From the properties of reciprocal basis, we can calculate a vector from the three vectors

of the reciprocal basis, such that

ei = ∇ui =
ej × ek

ei · ej × ek
(A.10)

ei =
∂X

∂ui
=

ej × ek

ei · ej × ek
(A.11)

Metric Coefficients

They are defined as

gij = ei · ej (A.12)

gij = ei · ej

With the differential vector given in (A.6), we show that the differential arc length
along a curve is

dl = |dX|=
√
dX·dX =

√
gijduiduj (A.13)

In addition, we have the relations

ei = gije
j (A.14)

ei = gijej

We also show that

[gij ] =
[
gij
]−1

(A.15)[
gij
]

= [gij ]
−1 (A.16)

so that, defining
g = det [gij ] (A.17)

we find
g−1 = det

[
gij
]

(A.18)
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Jacobian

We define the Jacobian

J ≡ ∂(x, y, z)

∂(u1, u2, u3)
= det

 ∂x/∂u1 ∂x/∂u2 ∂x/∂u3

∂y/∂u1 ∂y/∂u2 ∂y/∂u3

∂z/∂u1 ∂z/∂u2 ∂z/∂u3

 (A.19)

which gives

J =
∂X

∂u1
· ∂X

∂u2
× ∂X

∂u3
= e1 · e2 × e3 (A.20)

and the reciprocal Jacobian

J ≡ ∂(u1, u2, u3)

∂(x, y, z)
= det

 ∂u1/∂x ∂u1/∂y ∂u1/∂z
∂u2/∂x ∂u2/∂y ∂u2/∂z
∂u3/∂x ∂u3/∂y ∂u3/∂z

 (A.21)

which gives
J = ∇u1 · ∇u2 ×∇u3 = e1 · e2 × e3 (A.22)

We can show that
J = J−1 (A.23)

and the relations (A.10-A.11) become

ei =
1

J
(ej × ek) (A.24)

ei = J
(
ej × ek

)
(A.25)

Also,
g = J2 (A.26)

Vector Identities

With

A = (A · ei) ei = Aie
i (A.27)

A =
(
A · ei

)
ei = Aiei (A.28)

we find
A ·B = gijA

iBj = gijAiBj (A.29)

so that

A = |A| =
√
gijAiAj =

√
gijAiAj (A.30)

We also find
A×B = AiBjei × ej = AiBje

i × ej (A.31)

which gives

(A×B)k = εijkJA
iBj =

εijk

J
AiBj (A.32)
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Note that from (A.14),

Ai = gijA
j (A.33)

Ai = gijAj (A.34)

Differential elements

differential length along ui

dl (i) = |dX (i)| = hidu
i =
√
giidu

i (A.35)

Equivalently,

dl (i) = J
∣∣∣∇uj ×∇uk∣∣∣ dui (A.36)

differential area in surface of constant ui Using

dS (i) = |dX (j)× dX (k)| = |ej × ek| dujduk (A.37)

which becomes
dS (i) =

√
gjjgkk − g2

jkdu
jduk (A.38)

Equivalently
dS (i) = J

∣∣∇ui∣∣ dujduk (A.39)

so that
dS (i) = ±Jdujduk∇ui (A.40)

differential volume element

d3X =dX (1) · dX (2)× dX (3) = Jdu1du2du3 (A.41)

Vector Differentiation

dA =
∂A

∂uk
duk (A.42)

∂A

∂uk
=

(
∂A

∂uk

)j
ej ≡ Aj

kej (A.43)

=

(
∂A

∂uk

)
j

ej ≡ Aj,ke
j (A.44)

with

Aj
k =

∂Aj

∂uk
+Ai

{
∂ei
∂uk
· ej
}

(A.45)

Aj,k =
∂Aj
∂uk

+Ai

{
∂ei

∂uk
· ej
}

(A.46)
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Then,

δAj = (dA)j =
∂Aj

∂uk
duk +Ai

{
∂ei
∂uk
· ej
}
duk (A.47)

= dAj +

{
∂ei
∂uk
· ej
}
Aiduk (A.48)

It can be shown that the Christoffel Symbol of the second kind is{
∂ei
∂uk
· ej
}
≡
{

j
i k

}
=

1

2
gjn
[
∂gni
∂uk

+
∂gnk
∂ui

− ∂gik
∂un

]
(A.49)

so that

Aj
k =

∂Aj

∂uk
+

{
j
i k

}
Ai (A.50)

Aj,k =
∂Aj
∂uk

−
{

i
j k

}
Ai (A.51)

Note that since
∂ei
∂uk

=
∂ek
∂ui

(A.52)

we have {
j
i k

}
=

{
j
k i

}
(A.53)

Operator ∇

The operator ∇ can be decomposed in the curvilinear coordinates as

∇ = ∇ui ∂
∂ui

= ei
∂

∂ui
(A.54)

We then find the following differential operations:

Gradient It follows simply that

∇f = ∇ui ∂f
∂ui

=
∂f

∂ui
ei (A.55)

so that

(∇f)i = (∇f · ei) =
∂f

∂ui
(A.56)

Divergence It can be shown that the divergence is expressed as

∇ ·A =
1

J

∂

∂ui
(
JAi

)
(A.57)
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Curl It becomes, a compact notations,

∇×A =
εijk

J

∂Aj
∂ui

ek (A.58)

or is extended as

(∇×A)k =
1

J

(
∂Aj
∂ui
− ∂Ai
∂uj

)
(A.59)

A.1.2 Tensor Algebra

A.2 Configuration space

A.2.1 System (R,Z, φ)

Definition

The coordinates (R,Z, φ) are defined on the space

0 ≤ R <∞
−∞ ≤ Z <∞

0 ≤ φ < 2π (A.60)

and is related to (x, y, z) by

R =
√
x2 + y2 (A.61)

Z = −z
φ = arctan (y/x) + πH (−x) [2π]

which is inverted to

x = R cosφ (A.62)

y = R sinφ

z = −Z

Position Vector

The position vector then becomes

X = RR̂+ ZẐ (A.63)

where we define a local orthonormal basis
(
R̂, Ẑ, φ̂

)
as

R̂ = cosφ x̂+ sinφ ŷ (A.64)

Ẑ = −ẑ (A.65)

φ̂ = R̂× Ẑ = − sinφ x̂+ cosφ ŷ (A.66)
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Covariant Basis

The covariant vector basis is defined in (A.1), which becomes here

eR =
∂X

∂R
= R̂ (A.67)

eZ =
∂X

∂Z
= Ẑ (A.68)

eφ =
∂X

∂φ
= R

∂R̂

∂φ
= Rφ̂ (A.69)

so that we have the covariant basis

(eR, eZ , eφ) =
(
R̂, Ẑ, Rφ̂

)
(A.70)

the scaling factors
(hR, hZ , hφ) = (1, 1, R) (A.71)

and the normalized tangent basis

(êR, êZ , êφ) =
(
R̂, Ẑ, φ̂

)
(A.72)

Contravariant Basis

The Contravariant vector basis is defined in (A.9), which becomes here

eR = ∇R = R̂ (A.73)

eZ = ∇Z = Ẑ (A.74)

eφ = ∇φ =
φ̂

R
(A.75)

The relations (A.10-A.11) are here readily verified. The normalized reciprocal basis is(
êR, êZ , êφ

)
=
(
R̂, Ẑ, φ̂

)
(A.76)

which here coincides with the normalized tangent basis, since both bases are orthogonal.

Metric Coefficients

They are defined in (A.12) and become here

gij =

 1 0 0
0 1 0
0 0 R2

 (A.77)

gij =

 1 0 0
0 1 0
0 0 1/R2


As a result

g = R2 (A.78)

and the Jacobian is
J = R (A.79)
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Differential elements

dl (R) = dR (A.80)

dl (Z) = dZ (A.81)

dl (φ) = Rdφ (A.82)

dS (R) = RdZdφR̂ (A.83)

dS (Z) = RdRdφẐ (A.84)

dS (φ) = dRdZφ̂ (A.85)

d3X = RdRdZdφ (A.86)

Christoffel Symbols

They are defined in (A.49) and are all zero here except{
φ
φ R

}
=

{
φ
R φ

}
=

1

2
gφφ

∂gφφ
∂R

=
1

R{
R
φ φ

}
= −1

2
gRR

∂gφφ
∂R

= −R (A.87)

Differential Operations

Gradient

∇f =
∂f

∂R
R̂+

∂f

∂Z
Ẑ +

1

R

∂f

∂φ
φ̂ (A.88)

Divergence

∇ ·A =
1

R

∂

∂R

(
RA · R̂

)
+

∂

∂Z

(
A · Ẑ

)
+

1

R

∂

∂φ

(
A · φ̂

)
(A.89)

Curl

(∇×A) · R̂ =
∂

∂Z

(
A · φ̂

)
− 1

R

∂

∂φ

(
A · Ẑ

)
(A.90)

(∇×A) · Ẑ =
1

R

∂

∂φ

(
A · R̂

)
− 1

R

∂

∂R

(
RA · φ̂

)
(A.91)

(∇×A) · φ̂ =
∂

∂R

(
A · Ẑ

)
− ∂

∂Z

(
A · R̂

)
(A.92)

342



A.2. Configuration space A. Curvilinear Coordinate Systems

A.2.2 System (r, θ, φ)

Definition

The coordinates (r, θ, φ) are defined from the origin (Rp, Zp) on the space

0 ≤ r <∞ (A.93)

0 ≤ θ < 2π

and is related to (R,Z, φ) by

r =

√
(R−Rp)2 + (Z − Zp)2 (A.94)

θ = arctan ((Z − Zp) / (R−Rp)) + πH (Rp −R) [2π]

which is inverted to

R = Rp + r cos θ (A.95)

Z = Zp + r sin θ (A.96)

Position Vector

The position vector then becomes

X = RpR̂+ ZpẐ + rr̂ (A.97)

where we define a local orthonormal basis
(
r̂, θ̂, φ̂

)
as

r̂ = cos θ R̂+ sin θ Ẑ (A.98)

θ̂ = φ̂× r̂ = − sin θ R̂+ cos θ Ẑ (A.99)

since

φ̂× r̂ =
(
R̂× Ẑ

)
×
(

cos θ R̂+ sin θ Ẑ
)

(A.100)

=
[(

cos θ R̂+ sin θ Ẑ
)
· R̂
]
Ẑ −

[(
cos θ R̂+ sin θ Ẑ

)
· Ẑ
]
R̂ (A.101)

= cos θẐ − sin θ R̂ (A.102)

Covariant Basis

The covariant vector basis is defined in (A.1), which becomes here

er =
∂X

∂r
= r̂ (A.103)

eθ =
∂X

∂θ
= r

∂r̂

∂θ
= rθ̂ (A.104)

eφ =
∂X

∂φ
= Rp

∂R̂

∂φ
+ r

∂r̂

∂φ
= (Rp + r cos θ)

∂R̂

∂φ
= Rφ̂ (A.105)
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so that we have the covariant basis

(er, eθ, eφ) =
(
r̂, rθ̂, Rφ̂

)
(A.106)

the scaling factors
(hr, hθ, hφ) = (1, r, R) (A.107)

and the normalized tangent basis

(êr, êθ, êφ) =
(
r̂, θ̂, φ̂

)
(A.108)

Contravariant Basis

The Contravariant vector basis is defined in (A.9), which becomes here

er = ∇r = r̂ (A.109)

eθ = ∇θ =
1

r
θ̂ (A.110)

eφ = ∇φ =
φ̂

R
(A.111)

The relations (A.10-A.11) are here readily verified. The normalized reciprocal basis is(
êr, êθ, êφ

)
=
(
r̂, θ̂, φ̂

)
(A.112)

which here coincides with the normalized tangent basis, since both bases are orthogonal.

Metric Coefficients

They are defined in (A.12) and become here

gij =

 1 0 0
0 r2 0
0 0 R2

 (A.113)

gij =

 1 0 0
0 1/r2 0
0 0 1/R2


As a result

g = r2R2 (A.114)

and the Jacobian is
J = rR (A.115)
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Differential elements

dl (r) = dr (A.116)

dl (θ) = dθ (A.117)

dl (φ) = Rdφ (A.118)

dS (r) = rRdθdφr̂ (A.119)

dS (θ) = Rdrdφθ̂ (A.120)

dS (φ) = rdrdθφ̂ (A.121)

d3X = rRdrdθdφ (A.122)

Christoffel Symbols

They are defined in (A.49) and are all zero here except{
θ
θ r

}
=

{
θ
r θ

}
=

1

2
gθθ

∂gθθ
∂r

=
1

r
(A.123)

{
r
θ θ

}
= −1

2
grr

∂gθθ
∂r

= −r (A.124){
φ
φ r

}
=

{
φ
r φ

}
=

1

2
gφφ

∂gφφ
∂r

=
1

R
cos θ (A.125){

r
φ φ

}
= −1

2
grr

∂gφφ
∂r

= −R cos θ (A.126){
φ
φ θ

}
=

{
φ
θ φ

}
=

1

2
gφφ

∂gφφ
∂θ

= − r
R

sin θ (A.127){
θ
φ φ

}
= −1

2
gθθ

∂gφφ
∂θ

=
R

r
sin θ (A.128)

Differential Operations

Gradient

∇f =
∂f

∂r
r̂ +

1

r

∂f

∂θ
θ̂ +

1

R

∂f

∂φ
φ̂ (A.129)

Divergence

∇ ·A =
1

rR

∂

∂r
(rRA · r̂) +

1

rR

∂

∂θ

(
RA · θ̂

)
+

1

R

∂

∂φ

(
A · φ̂

)
(A.130)
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Curl

(∇×A) · r̂ =
1

rR

∂

∂θ

(
RA · φ̂

)
− 1

R

∂

∂φ

(
A · θ̂

)
(A.131)

(∇×A) · θ̂ =
1

R

∂

∂φ
(A · r̂)− 1

R

∂

∂r

(
RA · φ̂

)
(A.132)

(∇×A) · φ̂ =
1

r

∂

∂r

(
rA · θ̂

)
− 1

r

∂

∂θ
(A · r̂) (A.133)

A.2.3 System (ψ, s, φ)

Definition

The coordinates (ψ, s, φ), used to parametrize closed flux-surfaces, are defined from the
origin (Rp, Zp) on the (closed) space

min (ψ0, ψa) ≤ ψ ≤ max (ψ0, ψa) (A.134)

0 ≤ s ≤ smax (A.135)

and is related to (r, θ, φ) by

ψ = ψ (r, θ) (A.136)

s = s (r, θ)

which is inverted to

r = r (ψ, s)

θ = θ (ψ, s)

Note that ψ (r, θ) must be a monotonic function of r from ψ0 at the center (Rp, Zp) to
ψa at the edge. It is the case for nested flux-surfaces.

We define a local orthonormal basis
(
ψ̂, ŝ, φ̂

)
as

ψ̂ =
∇ψ
|∇ψ|

(A.137)

ŝ = φ̂× ψ̂

The transformation from
(
r̂, θ̂
)

to
(
ψ̂, ŝ

)
is a rotation of angle α such that(

ψ̂
ŝ

)
=

(
cosα − sinα
sinα cosα

)
·
(
r̂

θ̂

)
(A.138)

Position Vector

The position vector remains
X = RpR̂+ ZpẐ + rr̂ (A.139)

346



A.2. Configuration space A. Curvilinear Coordinate Systems

Covariant Basis

The covariant vector basis is defined in (A.1), which becomes here

eψ =
∂X

∂ψ
=

∂r

∂ψ

∣∣∣∣
s

r̂ + r
∂r̂

∂ψ

∣∣∣∣
s

=
∂r

∂ψ

∣∣∣∣
s

r̂ + r
∂θ

∂ψ

∣∣∣∣
s

θ̂ (A.140)

es =
∂X

∂s
=
∂r

∂s

∣∣∣∣
ψ

r̂ + r
∂r̂

∂s

∣∣∣∣
ψ

=
∂r

∂s

∣∣∣∣
ψ

r̂ + r
∂θ

∂s

∣∣∣∣
ψ

θ̂ (A.141)

eφ =
∂X

∂φ
= Rp

∂R̂

∂φ
+ r

∂r̂

∂φ
= (Rp + r cos θ)

∂R̂

∂φ
= Rφ̂ (A.142)

so that we have the covariant basis

(eψ, es, eφ) =

(
∂r

∂ψ

∣∣∣∣
s

r̂ + r
∂θ

∂ψ

∣∣∣∣
s

θ̂,
∂r

∂s

∣∣∣∣
ψ

r̂ + r
∂θ

∂s

∣∣∣∣
ψ

θ̂, Rφ̂

)
(A.143)

the scaling factors

(hψ, hs, hφ) =

√ ∂r

∂ψ

∣∣∣∣2
s

+ r2
∂θ

∂ψ

∣∣∣∣2
s

,

√
∂r

∂s

∣∣∣∣2
ψ

+ r2
∂θ

∂s

∣∣∣∣2
ψ

, R

 (A.144)

and the normalized tangent basis

(êψ, ês, êφ) =

(
1

hψ

[
∂r

∂ψ

∣∣∣∣
s

r̂ + r
∂θ

∂ψ

∣∣∣∣
s

θ̂

]
,

1

hs

[
∂r

∂s

∣∣∣∣
ψ

r̂ + r
∂θ

∂s

∣∣∣∣
ψ

θ̂

]
, φ̂

)
(A.145)

Contravariant Basis

The Contravariant vector basis is defined in (A.9), which becomes here

eψ = ∇ψ = |∇ψ| ψ̂ (A.146)

es = ∇s = ŝ (A.147)

eφ = ∇φ =
φ̂

R
(A.148)

The relations (A.11) then give

eψ =
es × eφ

eψ · es × eφ
=

ψ̂

|∇ψ|
(A.149)

es =
eφ × eψ

es · eφ × eψ
= ŝ

eφ =
eψ × es

eφ · eψ × es
= Rφ̂

so that we have the following tangent basis

(eψ, es, eφ) =

(
ψ̂

|∇ψ|
, ŝ, Rφ̂

)
(A.150)
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the scaling factors

(hψ, hs, hφ) =

(
1

|∇ψ|
, 1, R

)
(A.151)

the normalized tangent basis

(êψ, ês, êφ) =
(
ψ̂, ŝ, φ̂

)
(A.152)

the reciprocal basis (
eψ, es, eφ

)
=

(
|∇ψ| ψ̂, ŝ, φ̂

R

)
(A.153)

and the normalized reciprocal basis(
êψ, ês, êφ

)
=
(
ψ̂, ŝ, φ̂

)
(A.154)

which here coincides with the normalized tangent basis, since both bases are orthogonal.
By comparing (A.143) with (A.149), we also find that

∂r

∂ψ

∣∣∣∣
s

=
cosα

|∇ψ|
(A.155)

∂θ

∂ψ

∣∣∣∣
s

=
− sinα

r |∇ψ|
(A.156)

∂r

∂s

∣∣∣∣
ψ

= (ŝ · r̂) = sinα (A.157)

∂θ

∂s

∣∣∣∣
ψ

=

(
ŝ · θ̂

)
r

=
cosα

r
(A.158)

Metric Coefficients

They are defined in (A.12) and become here

gij =

 1/ |∇ψ|2 0 0
0 1 0
0 0 R2

 (A.159)

gij =

 |∇ψ|2 0 0
0 1 0
0 0 1/R2


As a result

g =
R2

|∇ψ|2
(A.160)

and the Jacobian is

J =
R

|∇ψ|
(A.161)
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Differential elements

dl (ψ) =
dψ

|∇ψ|
(A.162)

dl (s) = ds (A.163)

dl (φ) = Rdφ (A.164)

dS (ψ) = Rdsdφψ̂ (A.165)

dS (s) =
R

|∇ψ|
dψdφŝ (A.166)

dS (φ) =
1

|∇ψ|
dψdsφ̂ (A.167)

d3X =
R

|∇ψ|
dψdsdφ (A.168)

Christoffel Symbols

They are defined in (A.49) and are here

Differential Operations

Gradient

∇f = |∇ψ| ∂f
∂ψ

ψ̂ +
∂f

∂s
ŝ+

1

R

∂f

∂φ
φ̂ (A.169)

Divergence

∇ ·A =
|∇ψ|
R

∂

∂ψ

(
RA · ψ̂

)
+
|∇ψ|
R

∂

∂s

(
R

|∇ψ|
A · ŝ

)
+

1

R

∂

∂φ

(
A · φ̂

)
(A.170)

Curl

(∇×A) · ψ̂ =
1

R

∂

∂s

(
RA · φ̂

)
− 1

R

∂

∂φ
(A · ŝ) (A.171)

(∇×A) · ŝ =
1

R

∂

∂φ

(
A · ψ̂

)
− |∇ψ|

R

∂

∂ψ

(
RA · φ̂

)
(∇×A) · φ̂ = |∇ψ| ∂

∂ψ
(A · ŝ)− |∇ψ| ∂

∂s

(
A · ψ̂
|∇ψ|

)
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A.2.4 System (ψ, θ, φ)

Definition

The coordinates (ψ, θ, φ) are defined from the origin (Rp, Zp) on the space

min (ψ0, ψa) ≤ ψ < max (ψ0, ψa)

and is related to (r, θ, φ) by

ψ = ψ (r, θ)

which is inverted to
r = r (ψ, θ)

Note that ψ (r, θ) must be a monotonic function of r from ψ0 at the center (Rp, Zp) to
ψa at the edge. It is the case for nested flux-surfaces.

Position Vector

The position vector then becomes

X = RpR̂+ ZpẐ + r (ψ, θ) r̂ (A.172)

Covariant Basis

The covariant vector basis is defined in (A.1), which becomes here

eψ =
∂X

∂ψ
=

∂r

∂ψ

∣∣∣∣
θ

r̂ (A.173)

eθ =
∂X

∂θ
=
∂r

∂θ

∣∣∣∣
ψ

r̂ + r
∂r̂

∂θ
=
∂r

∂θ

∣∣∣∣
ψ

r̂ + rθ̂ (A.174)

eφ =
∂X

∂φ
= Rp

∂R̂

∂φ
+ r

∂r̂

∂φ
= (Rp + r cos θ)

∂R̂

∂φ
= Rφ̂ (A.175)

so that we have the covariant basis

(eψ, eθ, eφ) =

(
∂r

∂ψ

∣∣∣∣
θ

r̂,
∂r

∂θ

∣∣∣∣
ψ

r̂ + rθ̂, Rφ̂

)
(A.176)

the scaling factors

(hψ, hθ, hφ) =

(∣∣∣∣ ∂r∂ψ
∣∣∣∣
θ

∣∣∣∣ ,
√
∂r

∂θ

∣∣∣∣2
ψ

+ r2, R

)
(A.177)

and the normalized tangent basis

(êψ, êθ, êφ) =

(
r̂,

1

hθ

[
∂r

∂θ

∣∣∣∣
ψ

r̂ + rθ̂

]
, φ̂

)
(A.178)
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Contravariant Basis

The Contravariant vector basis is defined in (A.9), which becomes here

eψ = ∇ψ = |∇ψ| ψ̂ (A.179)

eθ = ∇θ =
θ̂

r
(A.180)

eφ = ∇φ =
φ̂

R
(A.181)

The relations (A.11) then give

eψ =
eθ × eφ

eψ · eθ × eφ
=

r̂

|∇ψ| cosα
(A.182)

eθ =
eφ × eψ

eθ · eφ × eψ
=

rθ̂(
θ̂ · ŝ

) =
rθ̂

cosα
(A.183)

eφ =
eψ × eθ

eφ · eψ × eθ
= Rφ̂ (A.184)

since ŝ = φ̂× ψ̂, so that we have the following tangent basis

(eψ, eθ, eφ) =

(
r̂

|∇ψ| cosα
,
rθ̂

cosα
,Rφ̂

)
(A.185)

the scaling factors

(hψ, hθ, hφ) =

(
1

|∇ψ| cosα
,

r

cosα
,R

)
(A.186)

the normalized tangent basis

(êψ, êθ, êφ) =
(
r̂, θ̂, φ̂

)
(A.187)

the reciprocal basis (
eψ, eθ, eφ

)
=

(
|∇ψ| ψ̂, θ̂

r
,
φ̂

R

)
(A.188)

and the normalized reciprocal basis(
êψ, êθ, êφ

)
=
(
ψ̂, θ̂, φ̂

)
(A.189)

which here does not coincide with the normalized tangent basis, since both bases are not
orthogonal.

By comparing (A.176) with (A.185), we also find that

∂r

∂ψ

∣∣∣∣
θ

=
1

|∇ψ| cosα
(A.190)

∂r

∂θ

∣∣∣∣
ψ

= r

√√√√ 1(
θ̂ · ŝ

)2 − 1 = r tanα (A.191)
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Metric Coefficients

They are defined in (A.12) and become here

gij =

 1/ [|∇ψ| cosα]2 r tanα/ [|∇ψ| cosα] 0
r tanα/ [|∇ψ| cosα] r2/ cos2 α 0
0 0 R2

 (A.192)

or equivalently

gij =

 ∂r/∂ψ|2θ ∂r/∂ψ|θ ∂r/∂θ|ψ 0

∂r/∂ψ|θ ∂r/∂θ|ψ ∂r/∂θ|2ψ + r2 0

0 0 R2


and

gij =

 |∇ψ|2 − |∇ψ| sinα/r 0
− |∇ψ| sinα/r 1/r2 0
0 0 1/R2

 (A.193)

As a result

g =
R2r2

|∇ψ|2 cos2 α
(A.194)

and the Jacobian is

J =
Rr

|∇ψ| cosα
(A.195)

Differential elements

dl (ψ) =
dψ

|∇ψ| cosα
(A.196)

dl (θ) =
r

cosα
dθ (A.197)

dl (φ) = Rdφ (A.198)

dS (ψ) =
Rr

cosα
dθdφψ̂ (A.199)

dS (θ) =
R

|∇ψ| cosα
dψdφθ̂ (A.200)

dS (φ) =
r

|∇ψ| cosα
dψdθφ̂ (A.201)

d3X =
Rr

|∇ψ| cosα
dψdθdφ (A.202)

Christoffel Symbols

They are defined in (A.49) and are here
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Differential Operations

Gradient

∇f = |∇ψ| ∂f
∂ψ

ψ̂ +
1

r

∂f

∂θ
θ̂ +

1

R

∂f

∂φ
φ̂ (A.203)

Divergence

∇ ·A =
|∇ψ| cosα

Rr

∂

∂ψ

(
Rr

cosα
A · ψ̂

)
+
|∇ψ| cosα

Rr

∂

∂θ

(
R

|∇ψ| cosα
A · θ̂

)
+

1

R

∂

∂φ

(
A · φ̂

)
(A.204)

Curl

(∇×A) · ψ̂ =
cosα

Rr

∂

∂θ

(
RA · φ̂

)
− 1

R

∂

∂φ

(
A · θ̂

)
(A.205)

(∇×A) · θ̂ =
1

R

∂

∂φ
(A · r̂)− |∇ψ| cosα

R

∂

∂ψ

(
RA · φ̂

)
(A.206)

(∇×A) · φ̂ =
|∇ψ| cosα

r

∂

∂ψ

(
rA · θ̂
cosα

)
− |∇ψ| cosα

r

∂

∂θ

(
A · r̂

|∇ψ| cosα

)
(A.207)

A.3 Momentum Space

We consider a cartesian momentum space in coordinates (px, py, pz) along axes (x̂, ŷ, ẑ).
The vector position is momentum space is written

P = pxx̂+ pyŷ + pz ẑ (A.208)

We consider the two following curvilinear systems:

A.3.1 System
(
p‖, p⊥, ϕ

)
Definition

The coordinates
(
p‖, p⊥, ϕ

)
are defined on the space

−∞ ≤ p‖ <∞ (A.209)

0 ≤ p⊥ <∞ (A.210)

0 ≤ ϕ < 2π (A.211)

and is related to (px, py, pz) by

p‖ = pz (A.212)

p⊥ =
√
p2
x + p2

y

ϕ = arctan (py/px) + πH (−px) [2π]
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which is inverted to

px = p⊥ cosϕ (A.213)

py = p⊥ sinϕ

pz = p‖

Position Vector

The position vector in momentum space then becomes

P = p⊥⊥̂+ p‖‖̂ (A.214)

where we define a local orthonormal basis
(
‖̂, ⊥̂, ϕ̂

)
as

‖̂ = ẑ (A.215)

⊥̂ = cosϕ x̂+ sinϕ ŷ (A.216)

ϕ̂ = p̂‖ × p̂⊥ = − sinϕ x̂+ cosϕ ŷ (A.217)

Covariant Basis

The covariant vector basis is defined in (A.1), which becomes here

e‖ =
∂P

∂p‖
= ‖̂ (A.218)

e⊥ =
∂P

∂p⊥
= ⊥̂ (A.219)

eϕ =
∂P

∂ϕ
= p⊥

∂⊥̂
∂ϕ

= p⊥ϕ̂ (A.220)

so that we have the covariant basis(
e‖, e⊥ , eϕ

)
=
(
‖̂, ⊥̂, p⊥ϕ̂

)
(A.221)

the scaling factors (
h‖, h⊥ , hϕ

)
= (1, 1, p⊥) (A.222)

and the normalized tangent basis(
ê‖, ê⊥ , êϕ

)
=
(
‖̂, ⊥̂, ϕ̂

)
(A.223)

Contravariant Basis

The Contravariant vector basis is defined in (A.9), which becomes here

e‖ = ∇p‖ = ‖̂ (A.224)

e⊥ = ∇p⊥ = ⊥̂ (A.225)

eϕ = ∇ϕ =
ϕ̂

p⊥
(A.226)
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The relations (A.10-A.11) are here readily verified. The normalized reciprocal basis is(
ê‖, ê⊥, êϕ

)
=
(
‖̂, ⊥̂, ϕ̂

)
(A.227)

which here coincides with the normalized tangent basis, since both bases are orthogonal.

Metric Coefficients

They are defined in (A.12) and become here

gij =

 1 0 0
0 1 0
0 0 p2

⊥

 (A.228)

gij =

 1 0 0
0 1 0
0 0 1/p2

⊥


As a result

g = p2
⊥ (A.229)

and the Jacobian is
J = p⊥ (A.230)

Differential elements

dl
(
p‖
)

= dp‖ (A.231)

dl (p⊥) = dp⊥ (A.232)

dl (ϕ) = p⊥dϕ (A.233)

dS
(
p‖
)

= p⊥dp⊥dϕ‖̂ (A.234)

dS (p⊥) = p⊥dp‖dϕ⊥̂ (A.235)

dS (ϕ) = dp‖dp⊥ϕ̂ (A.236)

d3X = p⊥dp‖dp⊥dϕ (A.237)

Christoffel Symbols

They are defined in (A.49) and are all zero here except{
ϕ
p⊥ R

}
=

{
ϕ
R p⊥

}
=

1

2
gϕϕ

∂gϕϕ
∂p⊥

=
1

p⊥{
p⊥
ϕ ϕ

}
= −1

2
gRR

∂gϕϕ
∂p⊥

= −p⊥ (A.238)
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Differential Operations

Gradient

∇pf =
∂f

∂p‖
‖̂+

∂f

∂p⊥
⊥̂+

1

p⊥

∂f

∂ϕ
ϕ̂ (A.239)

Divergence

∇p ·A =
∂

∂p‖

(
A · ‖̂

)
+

1

p⊥

∂

∂p⊥

(
p⊥A · ⊥̂

)
+

1

p⊥

∂

∂ϕ
(A · ϕ̂) (A.240)

Curl

(∇p ×A) · ‖̂ =
1

p⊥

∂

∂p⊥
(p⊥A · ϕ̂)− 1

p⊥

∂

∂ϕ

(
A · ⊥̂

)
(A.241)

(∇p ×A) · ⊥̂ =
1

p⊥

∂

∂ϕ

(
A · ‖̂

)
− ∂

∂p‖
(A · ϕ̂) (A.242)

(∇p ×A) · ϕ̂ =
∂

∂p‖

(
A · ⊥̂

)
− ∂

∂p⊥

(
A · ‖̂

)
(A.243)

A.3.2 System (p, ξ, ϕ)

Definition

The coordinates (p, ξ, ϕ) are defined on the space

0 ≤ p <∞ (A.244)

−1 ≤ ξ < 1 (A.245)

0 ≤ ϕ < 2π (A.246)

and is related to (px, py, pz) by

p =
√
p2
x + p2

y + p2
z (A.247)

ξ =
pz√

p2
x + p2

y + p2
z

(A.248)

ϕ = arctan (py/px) + πH (−px) [2π]

which is inverted to

px = p
√

1− ξ2 cosϕ (A.249)

py = p
√

1− ξ2 sinϕ

pz = pξ
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Note that we have the following transformation from
(
p‖, p⊥

)
to (p, ξ)

p =
√
p2
‖ + p2

⊥ (A.250)

ξ =
p‖√

p2
‖ + p2

⊥

which is inverted to

p‖ = pξ (A.251)

p⊥ = p
√

1− ξ2

Position Vector

The position vector in momentum space then becomes

P = pp̂ (A.252)

where we define a local orthonormal basis
(
p̂, ξ̂, ϕ̂

)
as

p̂ =
√

1− ξ2 (cosϕ x̂+ sinϕ ŷ) + ξ ẑ (A.253)

ξ̂ = ϕ̂× p̂ = ξ (cosϕ x̂+ sinϕ ŷ)−
√

1− ξ2 ẑ (A.254)

ϕ̂ = − sinϕ x̂+ cosϕ ŷ (A.255)

Covariant Basis

The covariant vector basis is defined in (A.1), which becomes here

ep =
∂P

∂p
= p̂ (A.256)

e
ξ

=
∂P

∂ξ
= p

∂p̂

∂ξ
= − p√

1− ξ2
ξ̂ (A.257)

eϕ =
∂P

∂ϕ
= p

∂p̂

∂ϕ
= p
√

1− ξ2ϕ̂ (A.258)

so that we have the covariant basis

(
ep, eξ , eϕ

)
=

(
p̂,− p√

1− ξ2
ξ̂, p
√

1− ξ2ϕ̂

)
(A.259)

the scaling factors (
hp, hξ , hϕ

)
=

(
1,− p√

1− ξ2
, p
√

1− ξ2

)
(A.260)

and the normalized tangent basis(
êp, êξ , êϕ

)
=
(
p̂, ξ̂, ϕ̂

)
(A.261)
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Contravariant Basis

The Contravariant vector basis is defined in (A.9), which becomes here

ep = ∇p =
∂p

∂P
= p̂ (A.262)

eξ = ∇ξ =
∂ξ

∂P
= −

√
1− ξ2

p
ξ̂ (A.263)

eϕ = ∇ϕ =
∂ϕ

∂P
=

1

p
√

1− ξ2
ϕ̂ (A.264)

The relations (A.10-A.11) are here readily verified. The reciprocal basis is

(
ep, eξ, eϕ

)
=

(
p̂,−

√
1− ξ2

p
ξ̂,

1

p
√

1− ξ2
ϕ̂

)
(A.265)

and the normalized reciprocal basis is(
êp, êξ, êϕ

)
=
(
p̂, ξ̂, ϕ̂

)
(A.266)

which here coincides with the normalized tangent basis, since both bases are orthogonal.

Metric Coefficients

They are defined in (A.12) and become here

gij =

 1 0 0
0 p2/

(
1− ξ2

)
0

0 0 p2
(
1− ξ2

)
 (A.267)

gij =

 1 0 0
0
(
1− ξ2

)
/p2 0

0 0 1/
[
p2
(
1− ξ2

)]


As a result
g = p4 (A.268)

and the Jacobian is
J = p2 (A.269)

Differential elements

dl (p) = dp (A.270)

dl (ξ) =
p√

1− ξ2
dξ (A.271)

dl (ϕ) = p
√

1− ξ2dϕ (A.272)
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dS (p) = p2dξdϕp̂ (A.273)

dS (ξ) = −p
√

1− ξ2dpdϕξ̂ (A.274)

dS (ϕ) =
p√

1− ξ2
dpdξϕ̂ (A.275)

d3X = p2dpdξdϕ (A.276)

Christoffel Symbols

They are defined in (A.49) and are all zero here except

Differential Operations

Gradient

∇pf =
∂f

∂p
p̂−

√
1− ξ2

p

∂f

∂ξ
ξ̂ +

1

p
√

1− ξ2

∂f

∂ϕ
ϕ̂ (A.277)

Divergence

∇p ·A =
1

p2

∂

∂p

(
p2A · p̂

)
− 1

p

∂

∂ξ

(√
1− ξ2A · ξ̂

)
+

1

p
√

1− ξ2

∂

∂ϕ
(A · ϕ̂) (A.278)

Curl

(∇×A) · p̂ =
1

p

∂

∂ξ

(√
1− ξ2A · ϕ̂

)
+

1

p
√

1− ξ2

∂

∂ϕ

(
A · ξ̂

)
(A.279)

(∇×A) · ξ̂ =
1

p

∂

∂p
(pA · ϕ̂)− 1

p
√

1− ξ2

∂

∂ϕ
(A · p̂)

(∇×A) · ϕ̂ = −1

p

∂

∂p

(
pA · ξ̂

)
−
√

1− ξ2

p

∂ (A · p̂)
∂ξ
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Calculation of Bounce Coefficients
for Circular Concentric FS
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Appendix C

Effective trapped fraction for
Circular Concentric FS

Evaluation of K (ε) if the small ε approximation

We can rewrite

I (ξ0) =
1

(1 + ε)

∫ ξ0

ξ0T

dξ′0
λ2,−1,0 (ξ′0)

(C.1)

with, for ξ′0 > ξ0T ,

λ2,−1,0

(
ξ′0
)

=

∫ 2π

0

dθ

2π

ξ′

Ψξ′0
(C.2)

where

ξ′ =
√

1−Ψ
(
1− ξ′20

)
(C.3)

In the limit ε� 1, we have

Ψ ≡ 1 + ε

1 + ε cos θ

= (1 + ε)
[
1− ε cos θ +O

(
ε2
)]

= 1 + ε (1− cos θ) +O
(
ε3
)

(C.4)

so that

ξ′ =
√

1− [1 + ε (1− cos θ) +O (ε2)]
(
1− ξ′20

)
= ξ′0

√
1− ε

(1− cos θ)
(
1− ξ′20

)
ξ′20

+O (ε2)

In fact, the series expansion of the square root must be kept to all orders for the term
in ε, because the ratio ε/ξ′20 → 1 for ξ′0 → ξ0T . This gives

ξ′ = ξ′0

{
1−

∞∑
n=1

(2n− 2)!

22n−1 (n− 1)!n!

[
ε (1− cos θ)

(
1− ξ′20

)
ξ′20

]n
+O

(
ε2
)}
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where we used

(1 + x)α = 1 +

∞∑
n=1

α (α− 1) · · · (α− n+ 1)

n!
xn (C.5)

(1 + x)1/2 = 1 +
∞∑
n=1

1

2

(
1

2
− 1

)
· · ·
(

1

2
− n+ 1

)
xn

n!
(C.6)

= 1 +
1

2
x+

∞∑
n=2

(−1)n−1

2n
(1) (3) · · · (2n− 3)

xn

n!
(C.7)

= 1 +
1

2
x+

∞∑
n=2

(−1)n−1 (2n− 3)!

22(n−1) (n− 2)!n!
xn (C.8)

= 1 +
∞∑
n=2

(−1)n−1 (2n− 2)!

22n−1 (n− 1)!n!
xn (C.9)

In addition,

1

Ψ
=

1

1 + ε (1− cos θ) +O (ε2)

= 1− ε (1− cos θ) +O
(
ε2
)

(C.10)

We get

λ2,−1,0

(
ξ′0
)

=

∫ 2π

0

dθ

2π

{
1− ε (1− cos θ)−

∞∑
n=1

(2n− 2)!

22n−1 (n− 1)!n!

[
ε (1− cos θ)

(
1− ξ′20

)
ξ′20

]n}
(C.11)

=

∫ 2π

0

dθ

2π

{
1− 1

2

ε (1− cos θ)
(
1 + ξ′20

)
ξ′20

−
∞∑
n=2

(2n− 2)!

22n−1 (n− 1)!n!

[
ε (1− cos θ)

(
1− ξ′20

)
ξ′20

]n}
(C.12)

= 1−
∞∑
n=1

λ
(n)
2,−1,0

(
ξ′0
)

+O
(
ε2
)

(C.13)

with

λ
(1)
2,−1,0

(
ξ′0
)

=

∫ 2π

0

dθ

2π

ε

2

(1− cos θ)
(
1 + ξ′20

)
ξ′20

(C.14)

=
ε

2ξ′20

(
1 + ξ′20

)
(C.15)
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and, for n ≥ 2,

λ
(n≥2)
2,−1,0

(
ξ′0
)

=

∫ 2π

0

dθ

2π

(2n− 2)!εn

22n−1 (n− 1)!n!

[
(1− cos θ)

(
1− ξ′20

)
ξ′20

]n
(C.16)

=
(2n− 2)!εn

22n−1 (n− 1)!n!

[(
1− ξ′20

)
ξ′20

]n ∫ 2π

0

dθ

2π
(1− cos θ)n (C.17)

=
(2n− 2)!εn

22n−1 (n− 1)!n!

[(
1− ξ′20

)
ξ′20

]n ∫ 2π

0

dθ

2π

[
2 sin2

(
θ

2

)]n
(C.18)

=
(2n− 2)!εn

2n−1 (n− 1)!n!

[(
1− ξ′20

)
ξ′20

]n ∫ π

0

dθ

π
sin2n θ (C.19)

We can transform, for n ≥ 2,

Y n =

∫ π

0

dθ

π
sin2n θ

=

∫ π

0

dθ

π
sin θ sin2n−1 θ

= (2n− 1)

∫ π

0

dθ

π
cos2 θ sin2(n−1) θ

= (2n− 1)

[∫ π

0

dθ

π
sin2(n−1) θ −

∫ π

0

dθ

π
sin2 θ

]
= (2n− 1)

[
Y n−1 − Y n

]
so that

Y n =
(2n− 1)

2n
Y n−1

with

Y 1 =
1

2
so that

Y n =
(2n− 1)

2n

(2 (n− 1)− 1)

2 (n− 1)
· · · (6− 1)

6

(4− 1)

4

1

2

=
(2n)!

[2n (2n− 2) · · · 2]2

=
(2n)!

22n (n!)2

and we find

λ
(n≥2)
2,−1,0

(
ξ′0
)

=
(2n)! (2n− 2)!εn

23n−1 (n− 1)! (n!)3

[(
1− ξ′20

)
ξ′20

]n
(C.20)

=
[(2n)!]2 εn

(2n− 1) 23n (n!)4

[(
1− ξ′20

)
ξ′20

]n
(C.21)
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We obtain

I (ξ0) =
1

(1 + ε)

∫ ξ0

ξ0T

dξ′0
λ2,−1,0 (ξ′0)

=
1

(1 + ε)

∫ ξ0

ξ0T

dξ′0

[
1 +

∞∑
m=1

[ ∞∑
n=1

λ
(n)
2,−1,0

(
ξ′0
)]m

+O
(
ε2
)]

=

∫ ξ0

ξ0T

dξ′0

[
1− ε+

∞∑
m=1

[ ∞∑
n=1

λ
(n)
2,−1,0

(
ξ′0
)]m

+O
(
ε2
)]

= ξ0 −
√

2ε1/2 +
∞∑
m=1

I(m) (ξ0) +O (ε)

with

I(m) (ξ0) =

∫ ξ0

ξ0T

dξ′0

[ ∞∑
n=1

λ
(n)
2,−1,0

(
ξ′0
)]m

where we used

1

1− x
= 1 +

∞∑
m=1

xm (C.22)

ξ0T =

√
2ε

1 + ε
=
√

2ε
[
1− ε

2
+O

(
ε2
)]

(C.23)

1

ξ0T
=

1√
2ε

[
1 +

ε

2
+O

(
ε2
)]

(C.24)

We have

I(m) (ξ0) =

∫ ξ0

ξ0T

dξ′0

[
ε

2ξ′20

(
1 + ξ′20

)
+
∞∑
n=2

[(2n)!]2 εn

(2n− 1) 23n (n!)4

[(
1− ξ′20

)
ξ′20

]n]m

Clearly, the only term of order ε−1/2 comes from the ξ′−2
0 contribution integrated and
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taken on ξ0T . We need to keep only

I(m) (ξ0) =

∫ ξ0

ξ0T

dξ′0

[ ∞∑
n=1

[(2n)!]2 εn

(2n− 1) 23n (n!)4

[
1

ξ′20

]n]m
+O (ε)

=

∫ ξ0

ξ0T

dξ′0

[ ∞∑
n=1

εnCn

[
1

ξ′20

]n]m
+O (ε)

=

∫ ξ0

ξ0T

dξ′0

∞∑
i1=1

∞∑
i2=1

· · ·
∞∑

im=1

Ci1Ci2 · · ·Cimεi1+i2+···+im
[

1

ξ′20

]i1+i2+···+im
+O (ε)

=

∞∑
i1=1

∞∑
i2=1

· · ·
∞∑

im=1

Ci1Ci2 · · ·Cimεi1+i2+···+im
∫ ξ0

ξ0T

dξ′0

[
1

ξ′20

]i1+i2+···+im
+O (ε)

=

∞∑
i1=1

∞∑
i2=1

· · ·
∞∑

im=1

Ci1Ci2 · · ·Cimεi1+i2+···+im

2 (i1 + i2 + · · ·+ im)− 1

[
−1

ξ
′2(i1+i2+···+im)−1
0

]ξ0
ξ0T

+O (ε)

=
√

2ε1/2
∞∑
i1=1

∞∑
i2=1

· · ·
∞∑

im=1

Ci1Ci2 · · ·Cim
2i1+i2+···+im [2 (i1 + i2 + · · ·+ im)− 1]

+O (ε)

with

Cn =
[(2n)!]2

(2n− 1) 23n (n!)4

and finally we get

I (ξ0) = ξ0−
√

2ε1/2

[
1−

∞∑
m=1

∞∑
i1=1

∞∑
i2=1

· · ·
∞∑

im=1

Ci1Ci2 · · ·Cim
2i1+i2+···+im [2 (i1 + i2 + · · ·+ im)− 1]

]
+O (ε)

∫ 1

−1
dξ0 σξ0H (|ξ0| − ξ0T ) I (|ξ0|)

= 2

∫ 1

ξ0T

dξ0 ξ
2
0 − ξ0ε

1/2
√

2

×

[
1−

∞∑
m=1

∞∑
i1=1

∞∑
i2=1

· · ·
∞∑

im=1

Ci1Ci2 · · ·Cim
2i1+i2+···+im [2 (i1 + i2 + · · ·+ im)− 1]

]
+O (ε)

=
2

3
− ε1/2

√
2

[
1−

∞∑
m=1

∞∑
i1=1

∞∑
i2=1

· · ·
∞∑

im=1

Ci1Ci2 · · ·Cim
2i1+i2+···+im [2 (i1 + i2 + · · ·+ im)− 1]

]
+O (ε)

and therefore

K (ε) =
3
√

2

2

[
1−

∞∑
m=1

∞∑
i1=1

∞∑
i2=1

· · ·
∞∑

im=1

Ci1Ci2 · · ·Cim
2i1+i2+···+im [2 (i1 + i2 + · · ·+ im)− 1]

]
+O

(
ε1/2

)
(C.25)
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with

Cn =
[(2n)!]2

(2n− 1) 23n (n!)4

For example, C1 = 1/2, C2 = 3/16, C3 = 5/32, · · ·

m i1 i2 correction
1 1 − 1/4
1 2 − 1/64
1 3 − 1/256
1 4 − 25/16384
1 5 − 17/22737
2 1 1 1/48
2 1 2 3/1280× 2
2 2 2 9/28672
2 1 3 5/7168× 2
2 2 3 5/49152× 2
2 3 3 6/173015

The sum of all these coefficient gives K = 1.486, which is already much better that
9
√

2/8 = 1.591

1 2 3 4 5 6
1

2

3

4

5

6

N

M

κ

1
.4
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1
.4

8

1
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1.55 1.46
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1.52

1.54
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Figure C.1: Bootstrap current coefficient κ as a function of the highest terms M and N
kept in the series.

We compute the coefficient K for several values of the highest terms M and N in
the series (C.25). The results are shown on Fig. C.1. We first see that K converges for
high M and N , towards a value that seems close to 1.46. The best combination seems to
be for M = N , as both high M and high N are needed for convergence. Therefore, we
take M = N and calculate K as a function of M . Results are shown on Fig. C.2. We
can see that K indeed converges, and that the asymptotic limit is about K = 1.46. For
M = N = 6, we find K = 1.467.
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0 2 4 6
1.45

1.5

1.55

1.6

M=N

κ

Figure C.2: Bootstrap current coefficient κ as a function of the highest terms M and N
kept in the series, for M = N
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Appendix D

Cold Plasma Model for RF Waves

D.1 Cold Plasma Model

In this section, we use the cold plasma model to calculate the wave properties. This
approximation is valid only if the following conditions are satisfied:

• The wave must exist in the cold plasma model, which is not the case of electrons
Bernstein waves (EBW). The description of EBW requires a hot plasma model.

• The wave remains far from resonances, where k⊥ → ∞. Near resonances, mode
conversion to electrostatic waves (IBW, EBW) occur, which are not described by
cold plasma wave theory. LHCD and ECCD usually take place far enough from the
LH and UH resonances, respectively, so that the cold plasma description is valid.

• Hot plasma effects, such as the energy flow carried by the coherent motion of particles
ΦbT , must be negligible.

• FLR effects must be small, that is, we must have

|z| =
∣∣∣∣k⊥v⊥Ω

∣∣∣∣� 1 (D.1)

This condition generally holds for LHW and ECW as long as the temperature is not
too high (T ≤ 10 keV) and the resonance harmonic is low (n = 0, 1, 2).

In the first subsection, we discuss the modeling of RF k‖ spectrum. In the second
subsection, we use the cold plasma model to calculate wave properties. In the third
and fourth subsections, we use further approximations to give analytical formulas for the
properties of LHW and ECW. This leads to a simplified description of LHCD and ECCD
and allows us to compare our models and results with other codes.

D.1.1 Wave Equation and Dispersion Tensor

We consider the two-fluids description of a non relativistic plasma in a constant mag-
netic field B0 = B0ẑ. In a continuous homogeneous linear medium, a Fourier component
Eb (kb, ωb) verifies the wave equation [?]
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Nb × (Nb ×Eb) + K ·Eb = 0 (D.2)

or equivalently
(Nb ·Eb)Nb −N2

b Eb + K ·Eb = 0 (D.3)

where Nb = ckb/ωb is the wave refractive index and K is the dielectric tensor. This
equation can be expressed in tensorial form as

D ·Eb = 0 (D.4)

where the dispersion tensor is
D =NbNb−N2

b I + K (D.5)

By evaluating the susceptibilities in the cold plasma limit, the following dielectric
tensor is obtained [?] in the frame (x, y, z):

K =

 K⊥ −iKxy 0
iKxy K⊥ 0

0 0 K‖

 (D.6)

whose elements in a plasma made of species s are given by

K⊥ = 1−
∑
s

ω2
ps

ω2 − ω2
cs

K‖ = 1−
∑
s

ω2
ps

ω2

Kxy = −
∑
s

ω2
psωcs

ω(ω2 − ω2
cs)

(D.7)

where

ωps =

√
nsq2

s

ε0ms
(D.8)

is the plasma frequency and

ωcs =
|qs|B0

ms
(D.9)

the cyclotron frequency for the species s.

D.1.2 Dispersion Relation

In order to have a non-trivial solution to the wave equation, the dispersion relation must
therefore be satisfied:

D (kb, ωb) = |D| = 0 (D.10)

The axis x̂ is chosen such that

Nb=Nb⊥x̂+Nb‖ẑ (D.11)
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Taking the parallel component Nb‖ as given, (D.10) lead to the following equation for
Nb⊥

AN4
b⊥ +BN2

b⊥ + C = 0 (D.12)

with

A = K⊥ (D.13)

B =
(
N2
b‖ −K⊥

) (
K⊥ +K‖

)
+K2

xy (D.14)

C = K‖

[(
N2
b‖ −K⊥

)2
−K2

xy

]
(D.15)

or equivalently

A = K⊥ (D.16)

B =
(
K⊥ +K‖

)
N2
b‖ −

(
KRKL +K⊥K‖

)
(D.17)

C = Kb‖

(
N2
b‖ −KR

)(
N2
b‖ −KL

)
(D.18)

with

KR = K⊥ +Kxy (D.19)

KL = K⊥ −Kxy (D.20)

We find the expression for Nb⊥ as a function of Nb‖ and ω:

N2
b⊥ =

−B ±
√
B2 − 4AC

2A
(D.21)

We see immediately that the resonances occur for A = 0, that is,

K⊥ = 0 (D.22)

and that cut-offs occur for C = 0, that is,

KR = N2
b‖ (D.23)

KL = N2
b‖ (D.24)

or
K‖ = 0 (D.25)

D.1.3 Polarization components

Once Nb⊥ has been evaluated, the components of the polarization of the electric field are
simply given as the eigenvector of the wave equation (D.4)

D ·Eb = 0 (D.26)
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D.1.4 Power flow

The relation between power flux and electric field was described using the vector Φb defined
in (4.284)

Φb = ΦbP + ΦbT (D.27)

with (4.287)
ΦbP = Re [Nb − (Nb · eb) e∗b ] (D.28)

and (4.286)

ΦbT = −1

2
e∗b ·

∂KH

∂Nb
· eb (D.29)

In the cold plasma model, the dielectric tensor K is independent of Nb and the contri-
bution ΦbT , from the coherent motion of particles, vanishes.

ΦbT = 0 (D.30)

It is usually a very good approximation to neglect this kinetic power flux, even for quasi-
electrostatic waves like Lower-Hybrid waves (See D.2.7).

D.1.5 Conclusion

The cold plasma model gives expressions (D.21), (D.26) and (D.28) for the calculation of
N⊥, eb and Φb respectively. These formulas can be generally used for the calculation of
the diffusion coefficient in LHCD and ECCD.

D.2 Lower Hybrid Current Drive

Analytic expression for the properties of LH waves can be obtained in the cold plasma
description if further approximations are made. Then, an analytical expression can be
obtained for the LH diffusion coefficient.

D.2.1 Electrostatic Dispersion Relation

We consider the wave equation (D.4)

(Nb ·Eb)Nb −N2
b Eb + K ·Eb = 0 (D.31)

The electric field can be separated into its longitudinal and transverse components
with respect to the normalized wave vector Nb:

Eb = EbL + EbT (D.32)

so that the wave equation (D.31) becomes

(N2
b −K)EbT −K ·EbL = 0 (D.33)

Electrostatic waves, and also electromagnetic waves approaching resonances, such as
LHW, can satisfy the condition

N2
b � |Kij | (D.34)
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and therefore (D.33) reduces to

N2
b EbT −K ·EbL ' 0 (D.35)

Dot-multiplying (D.35) by N̂b = Nb/Nb leads to the electrostatic dispersion relation

DL ≡ N̂b ·K · N̂b = 0 (D.36)

and the transverse electric field is given by

EbT =
1

N2
b

K ·EbL (D.37)

We note from (D.37) and (D.34) that |EbT | � |EbL|. The electric field is quasi longi-
tudinal, which justify the term electrostatic approximation given to the condition (D.34).

D.2.2 Cold Plasma Limit

Using (D.6), the electrostatic dispersion relation (D.36) in the cold plasma limit is then
given by

DL = N2
b⊥K⊥ +N2

b‖K‖ = 0 (D.38)

which gives an expression for Nb⊥ as a function of Nb‖ and ωb:

N2
b⊥ =

−K‖
K⊥

N2
b‖ (D.39)

D.2.3 Lower Hybrid Waves

We consider the lower-hybrid range of frequency in a electron-ion plasma, where the fol-
lowing ordering applies

ωci � ωb � ωce (D.40)

Assuming in addition that
ωb � ωpe (D.41)

leads to approximate expressions of the dielectric tensor components given by:

K⊥ ' 1 +
ω2
pe

ω2
ce

−
ω2
pi

ω2
b

K‖ ' −
ω2
pe

ω2
b

(D.42)

Kxy '
ω2
pe

ωbωce
(D.43)
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where K⊥ can be rewritten as

K⊥ =

(
1 +

ω2
pe

ω2
ce

)(
1−

ω2
pi/ω

2
b

1 + ω2
pe/ω

2
ce

)
(D.44)

=

(
1 +

ω2
pe

ω2
ce

)(
1−

ω2
LH

ω2
b

)
(D.45)

=
ω2
pi

ω2
b

(
ω2
b

ω2
LH

− 1

)
(D.46)

where

ω2
LH =

ω2
pi

1 + ω2
pe/ω

2
ce

(D.47)

is the lower hybrid frequency.
The perpendicular index of refraction becomes

N2
b⊥ =

ω2
pe/ω

2
pi(

ω2
b/ω

2
LH − 1

)N2
b‖ (D.48)

We recognize that Nb⊥ → ∞ as the the lower-hybrid frequency approaches the wave
frequency. However, in most LHCD scenarios, wave frequency are sensibly higher than
the lower-hybrid frequency in order to avoid conversion to IBW. Typically, in Alcator
C-Mod, we have

ωb
ωLH

∼ 2 or 3 (D.49)

In that case, and as shown in D.2.7, the contribution of ΦbT to the power flow can be
neglected. The cold plasma description therefore remains valid.

D.2.4 Polarization

The LH Waves of concern for LHCD are quasi-electrostatic, and therefore the electric field
is quasi-longitudinal (Eb ‖ Nb) and we have

eb,i =
Eb,i
|Eb|

'
kb,i
|kb|

(D.50)

for any component i, so that the polarization elements become

eb,+ ≡
Eb,x + iEb,y√

2 |Eb|
=

kb⊥√
2kb

(cosα+ i sinα) =
kb⊥√
2kb

e+iα (D.51)

eb,− ≡
Eb,x − iEb,y√

2 |Eb|
=

kb⊥√
2kb

(cosα− i sinα) =
kb⊥√
2kb

e−iα

eb,‖ ≡
Eb,z
|Eb|

=
kb‖

kb
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D.2.5 Determination of Θb,LH
k

Lower Hybrid Current Drive (LHCD) results from momentum exchange from the LH wave
to the plasma through Landau damping (harmonic n = 0). In this case, the coefficient
(4.308) becomes

Θb,0
k =

1√
2
eb,+e

−iαJ−1

(
kb⊥v⊥

Ω

)
+

1√
2
eb,−e

+iαJ1

(
kb⊥v⊥

Ω

)
+
p‖

p⊥
eb,‖J0

(
kb⊥v⊥

Ω

)
(D.52)

=
1√
2

(
eb,−e

+iα − eb,+e−iα
)
J1

(
kb⊥v⊥

Ω

)
+
p‖

p⊥
eb,‖J0

(
kb⊥v⊥

Ω

)
(D.53)

Using (D.51), we see that the perpendicular components cancel and we are left with

Θb,LH
k =

p‖

p⊥

kb‖

kb
J0

(
kb⊥v⊥

Ω

)
(D.54)

The argument of the Bessel function in (D.54) is

kb⊥v⊥
Ω

= Nb⊥
v⊥
c

ωb
Ω

(D.55)

where an expression for N⊥ is given by (D.48). The argument of the Bessel function
becomes

kb⊥v⊥
Ω

=
1√

ω2
b/ω

2
LH − 1

ωpe
ωpi

ωb
ωce

Nb‖
p⊥
pTe

βTe (D.56)

and we see that for ωpe ∼ ωce and ωb ∼ 2ωLH, we get∣∣∣∣kb⊥v⊥Ω

∣∣∣∣ ∼ βTeNb‖
p⊥
pTe

(D.57)

Given that most electrons concerned with LHCD have p⊥ ∼ pTe, and that for LHCD
we have typically Nb‖ ∼ 2, we see that it is reasonable to take the limit∣∣∣∣kb⊥v⊥Ω

∣∣∣∣� 1 (D.58)

as long as the plasma is not too relativistic (βTe � 1). This limit is consistent with
the validity condition of the cold plasma description. In this limit, valid for most LHCD
scenarios, we have

Θb,LH
k '

p‖

p⊥

kb‖

kb
(D.59)

D.2.6 Determination of ΦLH
bP

The vector ΦLH
b describes the relation between the energy flux and the electric field.

Although LHW are almost electrostatic, the dominant contribution to the power flux is
the wave Poynting flux ΦLH

bP , assuming that the wave frequency remains sensibly higher
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than the LH frequency. The contribution of the Kinetic power flux is calculated in D.2.7.
In most LHCD scenarios, this contribution is not more than a few percents of the total
flux and can therefore be neglected. We have (D.28).

ΦbP = Re
[
|ebT |2 Nb −NbebLe∗bT

]
(D.60)

LH waves are quasi-electrostatic, so that the longitudinal and transverse components
are given by (D.37)

ebL ' 1 (D.61)

ebT =
1

N2
b

K · ebL (D.62)

so that the first term in (D.60) can be neglected, and

ΦLH
bP ' Re

(
−ebL

1

Nb
K∗ · e∗bL

)
= Re

(
− 1

Nb
K∗ · N̂

)
(D.63)

Note from (D.63) and (D.36) that the Poynting flux is in the direction perpendicular
to the wave vector:

ΦLH
bP · N̂ = 0 (D.64)

We finally find, using (D.6),

ΦLH
bP = − 1

N2
b

(
K⊥Nb⊥ +K‖Nb‖ẑ

)
(D.65)

D.2.7 Determination of ΦLH
bT

In the analysis above the kinetic part of the power flux, due to the coherent motion of
charge carriers, has been neglected. This approximation must be justified by comparing
the Poynting and the kinetic fluxes.

The normalized expression for the kinetic power flux associated with an electromag-
netic wave in a kinetic plasma is given by (4.286)

ΦbT = −ωb
2c

e∗b ·
∂KH

∂k
· eb (D.66)

Electrostatic Waves

In the electrostatic approximation, the electric field is quasi-longitudinal (D.37)

|ebT | � ebL ' 1 (D.67)

and (D.66) becomes

ΦbT = −ωb
2c
k̂b ·

∂KH

∂k
· k̂b (D.68)
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In the frame of the wave vector k̂b, (D.68) can then be expressed as

ΦbT = −ωb
2c

∂KH
L

∂k
k̂b (D.69)

where
KL = k̂b ·K · k̂b (D.70)

is the longitudinal (electrostatic) component of the dielectric tensor.

Lower Hybrid Waves

An expression of the electrostatic dispersion relation for LH waves that includes the first-
order thermal corrections is given by [?]:

KLH
L (ω, kb) ' 1 +

k2
b⊥
k2
b

ω2
pe

ω2
ce

(
1− 3be

4

)
−
k2
b⊥
k2
b

ω2
pi

ω2
b

(
1 +

3biω
2
ci

ω2
b

)
−
k2
b‖

k2
b

ω2
pe

ω2
b

(D.71)

where the finite Larmor radius (FRL) effects are scaled by the parameters

be =
k2
b⊥v

2
Te

ω2
ce

, bi =
k2
b⊥v

2
T i

ω2
ci

(D.72)

with v2
T = T/m.

The k-dependence of the dispersion relation is found in the thermal correction terms
so that

∂KLH
L

∂k
= −3

4

k4
b⊥
k4
b

ω2
pe

ω2
ce

2kbv
2
Te

ω2
ce

−
k4
b⊥
k4
b

ω2
pi

ω2
b

3ω2
ci

ω2
b

2kbv
2
T i

ω2
ci

(D.73)

Inside the plasma, we have k2
b‖ � k2

b⊥ and therefore k2
b⊥/k

2
b ' 1. We finally get the

following expression for the kinetic flux associated with quasi-electrostatic LH waves:

ΦLH
bT =

1

Nb

(
1

4

ω2
pek

2
bv

2
Te

ω4
ce

+
ω2
pik

2
bv

2
T i

ω4
b

)
k̂b (D.74)

The kinetic flux is oriented in the direction of the wave vector, and the incident flux
on the flux surface ∣∣∣ΦLH

bT · ψ̂
∣∣∣ =

1

Nb

(
1

4

ω2
pek

2
bv

2
Te

ω4
ce

+
ω2
pik

2
bv

2
T i

ω4
b

)∣∣∣k̂b · ψ̂∣∣∣ (D.75)

This incident kinetic flux must be compared to the incident Poynting flux taken in the
cold plasma limit from (D.65)∣∣∣ΦLH

bP · ψ̂
∣∣∣ =

K⊥
N2
b

∣∣∣Nb⊥ · ψ̂
∣∣∣ ' K⊥

Nb

∣∣∣k̂b · ψ̂∣∣∣ (D.76)

The ratio of the incident kinetic power flux to the Poynting flux is given by∣∣∣ΦLH
bT · ψ̂

∣∣∣∣∣∣ΦLH
bP · ψ̂

∣∣∣ =
1

K⊥

(
3

4

ω2
pev

2
Tek

2
b

ω4
ce

+ 3
ω2
piv

2
T ik

2
b

ω4
b

)
(D.77)
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Using (D.39) we have

k2
b '

ω2
b

c2
N2
b⊥ '

ω2
b

c2

(
−K‖

)
K⊥

N2
b‖ '

1

K⊥

ω2
pe

c2
N2
b‖ (D.78)

so that
ΦLH
bT⊥

ΦLH
bP⊥

=
3β2

TeN
2
b‖

(1 + ω2
pe/ω

2
ce)(1− ω2

LH/ω
2
b )

(
1

4

ω4
pe

ω4
ce

+
ω4
pi

ω4
b

Ti
Te

)
(D.79)

where β2
Te = Te/mc

2.
It can be seen from (D.79) that the kinetic part of the power flux becomes significant

only as the wave approaches the lower-hybrid resonance very closely. In a typical LHCD
context (for instance Alcator C-Mod, [?]), we have

ωb ∼ 2ωLH, ωpe ∼ Ωe, ωpi ∼ ω, Te ∼ Ti and βTe ∼ 0.1 (D.80)

so that the kinetic part of the power flux is not more than a few percents.

D.2.8 LH Diffusion Coefficient

General expression in small FLR limit and ES approximation

The normalized bounce-averaged diffusion coefficient for the Fokker-Planck equation is
given by (4.331)

D
LH(0)
b (p, ξ0) =

γpTe
p |ξ0|

1

λq̃

rθb
Rp

Bθb

Bθb
P

ξ2
0

ξ2
θb

ΨθbD
LH,θb
b,0 ×

H (θb − θmin)H (θmax − θb)

[
1

2

∑
σ

]
T

δ
(
Nb‖ −N θbLH

‖res

) ∣∣∣Θb,LH
k,θb

∣∣∣2 (D.81)

with

D
LH,θb
b,0 =

1

rθbRθb

1

me ln Λ

1

ωbω2
pe

f
l+1/2
inc,b∣∣ΦLH
b

∣∣Pb,inc (D.82)

N θbLH
‖res =

1

βTe

γpTe
pξθb

(D.83)

Within the electrostatic approximation and in the small FLR limit, we have obtained
the following expressions for the LHW properties (D.59), (D.39), (D.65)

Θb,LH
k,θb

=
ξθb√

Ψθb

(
1− ξ2

0

)Nb‖

Nb
(D.84)

Nb⊥ =

√
−K‖
K⊥

Nb‖ (D.85)

ΦLH
b = − 1

N2
b

(
K⊥Nb⊥ +K‖Nb‖ẑ

)
(D.86)
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so that ∣∣ΦLH
b

∣∣ =
1

N2
b

√
K2
⊥N

2
b⊥ +K2

‖N
2
b‖ (D.87)

'
Nb‖

N2
b

∣∣K‖∣∣ (D.88)

=
K⊥
Nb‖

(D.89)

and where K⊥ and K‖ are given by (D.44) and (D.42) respectively

Simplified expression for LHCD

We consider the limit of a large aspect ratio tokamak with circular flux-surfaces (limit
of a cylindrical plasma). In that case, rθb/Rp → 0 and the effects of magnetic trapping
disppear. We can use the following asymptotic expressions

Ψθb → 1 (D.90)

λ (ψ, ξ0)→ 1 (D.91)

1

q̃

rθb
Rp

Bθb

Bθb
P

→ 1 (D.92)

ξθb
ξ0
→ 1 (D.93)

Because of cylindrical symmetry, the dependence θb on disappears.
The QL diffusion coefficient for LHCD (D.81) can therefore be written as

D
LH(0)
b (p, ξ0) =

γpTe
p |ξ0|

ξ2
0(

1− ξ2
0

) K⊥(
−K‖

)DLH
b,0

1

∆Nb‖
H
(
NLH
‖res −Nb‖min

)
H
(
Nb‖max −NLH

‖res

)
(D.94)

with

D
LH
b,0 =

1

rRp

1

me ln Λ

1

ωbω2
pe

Nb‖,0

K⊥
f
l+1/2
inc,b Pb,inc (D.95)

NLH
‖res =

1

βTe

γpTe
pξ0

(D.96)

and where we used Nb ' Nb⊥ and assume a square power spectrum as in (4.351).
In order to compare with LHCD operators found in the litterature, we redefine the LH

constant factor such that

D
LH(0)
b (p, ξ0) =

γpTe
p |ξ0|

ξ2
0(

1− ξ2
0

)DLH
b,0,newH

(
NLH
‖res −Nb‖min

)
H
(
Nb‖max −NLH

‖res

)
(D.97)

with

D
LH
b,0,new =

N2
b‖,0

N2
b⊥,0

1

∆Nb‖
D

LH
b,0 (D.98)

=
1

rRp

1

me ln Λ

ωb
ω4
pe

Nb‖,0

∆Nb‖
f
l+1/2
inc,b Pb,inc (D.99)

378



D.3. Electron Cyclotron Current Drive D. Cold Plasma Model for RF Waves

A familiar expression for the LH QL operator is obtained in cylindrical geometry. From
(4.239) and (4.242-4.245) we see that for LHCD, the QL operator can be rewritten as

QLH(f) =
∂

∂p‖
DRF
‖‖

∂f

∂p‖

=
∑
b

∂

∂p‖
D

LH
b,0,new

vTe∣∣v‖∣∣H
(
c

v‖
−Nb‖min

)
H

(
Nb‖max −

c

v‖

)
∂f

∂p‖
(D.100)

Although it is better to keep the exact formula (D.100), the factor vTe/
∣∣v‖∣∣ has often

been neglected in the litterature, which is an acceptable approximation when D
LH
b,0,new �

νep
2
Te and ∆Nb‖ � Nb‖min. In this case, considering only one ray b, the LH Operator

reduces to

QLH(f) '


∂

∂p‖
D

LH
0,new

∂f

∂p‖
for v1 <

v‖

vTe
< v2

0 otherwise
(D.101)

with

v1 =
1

βTeN‖max
(D.102)

v2 =
1

βTeN‖min
(D.103)

D
LH
0,new =

[
vTe∣∣v‖∣∣

]
D

LH
b,0,new (D.104)

=
1

rRp

1

|(v1 + v2) /2|
1

me ln Λ

ω

ω4
pe

N‖,0

∆N‖
f
l+1/2
inc Pinc (D.105)

where

[
vTe∣∣v‖∣∣

]
is an averaged value of

vTe∣∣v‖∣∣ which can be taken to be
1

βTeN‖,0
and then

D
LH
0,new =

1

rRp

1

βTe

1

me ln Λ

ω

ω4
pe

1

∆N‖
f
l+1/2
inc Pinc (D.106)

D.3 Electron Cyclotron Current Drive

The cold plasma description is usually a good approximation to determine the ECW prop-
erties, as long as we stay away from the upper-hybrid resonance, where mode-conversion
to EBW occurs. However, even in the cold plasma model, the polarizations are usually
mixed for oblique propagation, and no simple analytical formulation is possible. Still, it
is possible to find limit cases (small FLR effects, small N‖) for which a simple analytical
derivation is possible.

D.3.1 Polarization

In the case of mostly perpendicular propagation, where
∣∣N‖∣∣� 1, the two modes are the

quasi-X and quasi-O modes.
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The polarization is mostly right-hand circular for X and parallel linear for O. The only
exception is for the X mode near the first harmonic n = 1 where eX

b,− ' 0. For this reason,
the first-harmonic is almost transparent to the X-mode and this resonance is usually not
considered. Moreover, this harmonic can only be reached from the high field side, because
of the right-hand cut-off. From now, we consider only the X mode with n ≥ 2.

D.3.2 Determination of Θb,EC
k

Small FLR limit

Electron Cyclotron Current Drive (ECCD) results from momentum exchange from the EC
wave to the plasma through electron cyclotron damping at some harmonic n. For a ray b,
considering a given harmonic n, the coefficient (4.308) is

Θb,n
k =

1√
2
eb,+e

−iαJn−1 (zb) +
1√
2
eb,−e

+iαJn+1 (zb) +
p‖

p⊥
eb,‖Jn (zb) (D.107)

where zb = kb⊥v⊥/Ω.
Since the resonance condition is ωb − kb‖v‖ − nΩ = 0 and

Ω =
qeB

γme
= −ωce

γ
< 0 (D.108)

the only harmonics to be considered for electrons are for

n ≤ −1 (D.109)

Applying the substitution
n′ = −n ≥ 1 (D.110)

and renaming n′ → n ≥ 0, we get

Θb,ECn
k =

1√
2
eb,+e

−iαJ−n−1 (zb) +
1√
2
eb,−e

+iαJ−n+1 (zb) +
p‖

p⊥
eb,‖J−n (zb)

=
1√
2
eb,+e

−iα (−1)n+1 Jn+1 (zb) +
1√
2
eb,−e

+iα (−1)n−1 Jn−1 (zb)

+
p‖

p⊥
eb,‖ (−1)n Jn (zb) (D.111)

We have

zb =
kb⊥v⊥

Ω
= −Nb⊥

p⊥
mec

ωb
ωce

(D.112)

Using ωb ∼ nωce, we get an estimation for |zb|

|zb| ∼ nNb⊥
p⊥
pTe

βTe (D.113)

Typically, for ECCD in tokamaks, we have

Nb⊥ . 1, βTe . 0.1 (D.114)
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and most electrons of concern have
p⊥
pTe
≤ 3 (D.115)

so that for low harmonics, the condition |zb| � 1 is satisfied. In other words, the Larmor
radius remains small compared to the perpendicular wavelength. This condition is con-
sistent with the conditions of the cold plasma description of the EC waves. From now on,
we assume |zb| � 1, which is the : limit of small FLR effects.

In this case, for n ≥ 0, the following approximate expression can be used

Jn (z) ' 1

n!

(z
2

)n
(D.116)

and we have

Θb,ECn
k '

eb,+√
2
e−iα (−1)n+1 1

(n+ 1)!

(zb
2

)n+1
+
eb,−√

2
e+iα (−1)n−1 1

(n− 1)!

(zb
2

)n−1

+
p‖

p⊥
eb,‖

1

n!

(zb
2

)n
(D.117)

X-mode, n ≥ 2

Because eb,− is the dominant polarization component and |zb| � 1, the second term in the
sum in (D.117) is largely dominant. We obtain

Θb,EC-Xn
k ' e+iα eb,−√

2

1

(n− 1)!

(
1

2
Nb⊥

p⊥
mec

ωb
ωce

)n−1

(D.118)

O-mode, n ≥ 1

For the O-mode, things are more complicated. However, if
∣∣N‖∣∣ � 1, eb,‖ is much larger

than eb,−. The last term in (D.117) is dominant if∣∣∣∣eb,−eb,‖
∣∣∣∣� 1√

2

∣∣p‖∣∣
mec

(D.119)

which is satisfied for resonant electrons as long as the temperature is not too low. In that
case, we have

Θb,EC-On
k '

p‖

p⊥
eb,‖

1

n!

(
1

2
Nb⊥

p⊥
mec

ωb
ωce

)n
(D.120)

D.3.3 Determination of ΦEC
b in the low density limit.

The vector Φb describes the relation between the energy flux and the electric field. In the
cold plasma description, it is given by (4.287).

ΦbP = Re [Nb − (Nb · eb) e∗b ] (D.121)
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In general, both terms must be kept. However, where the density is low

ωpe � ωb (D.122)

the ECW is mostly electromagnetic and mostly keeps its free-space characteristics. In
that case,

Nb ' 1 (D.123)

Nb · eb
Nb

� 1 (D.124)

so that
ΦEC
b ' N̂b (D.125)

D.3.4 EC Diffusion Coefficient

General expression with small FLR,
∣∣N‖∣∣� 1 and ωpe � ωb - or EM - approxi-

mations

The normalized bounce-averaged diffusion coefficient for the Fokker-Planck equation is
given by (4.331)

D
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with
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N θb
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1
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(
γ − nΨθbωce,0

ωb

)
(D.128)

where we used the substitution n′ → n as in (D.111).
Within the small FLR,

∣∣N‖∣∣� 1 and ωpe � ωb - or electromagnetic - approximations,
we have obtained the following expressions for the ECW properties (D.118), ( D.120),
(D.125)
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ΦEC
b ' N̂b (D.131)
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so that ∣∣ΦEC
b

∣∣ ' 1

In addition, within these approximations, the polarizations take the following limit
expressions:

|eb,−| '
√

2

2
for the X mode (n ≥ 2) (D.132)∣∣eb,‖∣∣ ' 1 for the O mode (D.133)

Simplified expression for ECCD in the case of circular concentric flux-surfaces

We consider the limit of a tokamak with circular flux-surfaces. In that case, we have the
following identities ∣∣∣ψ̂ · r̂∣∣∣ = 1 (D.134)

q̃ =
r
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(D.135)

and the QL diffusion coefficients for ECCD (D.126) can therefore be written as
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with
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(D.139)
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and where we assume a gaussian power spectrum as in (4.355).
In order to compare with ECCD operators found in the litterature, we redefine the EC

constant factors such that
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with
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and
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with
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The two most common ECCD scenarios in experiments are the ones with the largest
diffusion coefficient: X2 and O1. For these case, we find
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with
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and
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Large pitch-angle collisions
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Appendix F

Alternative discrete
cross-derivatives coefficients

In Sec. 5.4.1, the discretization scheme is chosen so that cross-derivative terms
∂2f

(0)
0

∂p∂ξ0

∣∣∣∣
l+1/2,i+1/2,j+1/2

are all identical and defined at the center of each cell. Consequently, cross-derivatives are
determined in a completely symmetric way with respect to neighboring points, which has
be proven to be an efficient procedure for most simulation cases [?]. However, the down-
side of this approach is that internal boundary conditions are no longer satisfied for cross
terms, and must be enforced. This is not a satisfactory situation particularly when a large
quasilinear diffusion takes place close to these locations of the phase space, in particular
at ξ0 = ±1.

Alternative discretization schemes may be considered in order to avoid this problem
and keep the treatment of internal boundaries in a uniform way for all derivatives. In

this case, D
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therefore
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There are two methods for calculating derivatives of f
(0)
0 that appear in the terms

T [3], T [4], T [7] and T [8]. As shown in Fig.*** , it is possible to chose values of the distribution
function at all flux grid corners,
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∂f
(0)
0

∂ξ0

∣∣∣∣∣
(k+1)

l+1/2,i+1,j+1/2

=
f

(0)(k+1)
0,l+1/2,i+1,j+1 − f

(0)(k+1)
0,l+1/2,i+1,j

∆ξ0,j+1/2
(F.12)

∂f
(0)
0

∂ξ0

∣∣∣∣∣
(k+1)

l+1/2,i,j+1/2

=
f

(0)(k+1)
0,l+1/2,i,j+1 − f

(0)(k+1)
0,l+1/2,i,j

∆ξ0,j+1/2
(F.13)

or to do it in an intermediate way,
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involving flux grids only in the direction that is not considered by the derivative itself.
The advantage of this method is that the total number of interpolating coefficients δ is
reduced by a factor 2 as compared to the previous method, which represents a significant
numerical saving for the calculations. Nevertheless both methods are here detailed.

It is important to notice that this new discretization scheme needs to evaluate now D
(0)
ξp

andD
(0)
pξ at new grid points, i.e. (l + 1/2, i+ 1/2, j + 1), (l + 1/2, i+ 1/2, j) , (l + 1/2, i, j + 1/2)

and (l + 1/2, i+ 1, j + 1/2) , while in the scheme discussed in Sec. 5.4.1, these coefficients
were determined only at the center of the cells (l + 1/2, i+ 1/2, j + 1/2) .

Full flux grid interpolation Since the distribution function is defined on the half grid,
while fluxes on the full grid, it is necessary to interpolate, because in derivatives F.10-F.13,

values of f
(0)
0 are taken on the full grid. In a general way, whatever the detailed value of

the weighting factor δ(0) which will be discussed in the Sec. 5.4.3, one may write for the

terms proportional to D
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ξ as in Sec. 5.4.1

For terms involving D
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ξp ,two steps interpolation must be carried out,
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and
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which leads to the result
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By performing the appropriate index number transformations (i+ 1→ i) and (j + 1→ j)
other interpolations are
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(0)
ξ,l+1/2,i+1/2,jf

(0)(k+1)
0,l+1/2,i+1/2,j−1/2 (F.23)

f
(0)(k+1)
0,l+1/2,i,j =

(
1− δ(0)

p,l+1/2,i,j

)(
1− δ(0)

ξ,l+1/2,i+1/2,j

)
f

(0)(k+1)
0,l+1/2,i+1/2,j+1/2

+
(

1− δ(0)
p,l+1/2,i,j

)
δ

(0)
ξ,l+1/2,i+1/2,jf

(0)(k+1)
0,l+1/2,i+1/2,j−1/2

+δ
(0)
p,l+1/2,i,j

(
1− δ(0)

ξ,l+1/2,i−1/2,j

)
f

(0)(k+1)
0,l+1/2,i−1/2,j+1/2

+δ
(0)
p,l+1/2,i,jδ

(0)
ξ,l+1/2,i−1/2,jf

(0)(k+1)
0,l+1/2,i−1/2,j−1/2 (F.24)

Gathering all terms, corresponding matrix coefficients for the zero order Fokker-Planck
equation may be expressed as

q̃

B0
p2∇p · S(0)

p

∣∣∣∣(k+1)

l+1/2,i+1/2,j+1/2

=
q̃l+1/2

B0,l+1/2

i′=i+1∑
i′=i−1

j′=j+1∑
j′=j−1

M
(0)

p,l+1/2,i′+1/2,j′+1/2f
(0)(k+1)
0,l+1/2,i′+1/2,j′+1/2 (F.25)
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where

M
(0)

p,l+1/2,i′+1/2,j′+1/2 = M
(0)[1]

p,l+1/2,i′+1/2,j′+1/2 +M
(0)[2]

p,l+1/2,i′+1/2,j′+1/2

Terms proportional to D
(0)
ξξ , F

(0)
ξ and D

(0)
pp , F

(0)
p are all gathered in matrix M

(0)[1]

p and

may be easily obtained from M
(0)

p given in Sec. 5.4.1 by taking D
(0)
pξ = D

(0)
ξp = 0. The

other terms proportional to D
(0)
pξ and D

(0)
ξp are

M
(0)[2]

p,l+1/2,i+3/2,j+3/2 = +

√
1− ξ2

0,j+1/2

∆pi+1/2∆ξ0,j+1/2
pi+1D

(0)
pξ,l+1/2,i+1,j+1/2

×
(

1− δ(0)
p,l+1/2,i+1,j+1

)(
1− δ(0)

ξ,l+1/2,i+3/2,j+1

)
+

pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j+1

∆ξ0,j+1/2∆pi+1/2
λl+1/2,j+1D

(0)
ξp,l+1/2,i+1/2,j+1

×
(

1− δ(0)
p,l+1/2,i+1,j+1

)(
1− δ(0)

ξ,l+1/2,i+3/2,j+1

)
(F.26)

M
(0)[2]

p,l+1/2,i+1/2,j+3/2 = +

√
1− ξ2

0,j+1/2

∆pi+1/2∆ξ0,j+1/2
pi+1D

(0)
pξ,l+1/2,i+1,j+1/2

×δ(0)
p,l+1/2,i+1,j+1

(
1− δ(0)

ξ,l+1/2,i+1/2,j+1

)
−

√
1− ξ2

0,j+1/2

∆pi+1/2∆ξ0,j+1/2
piD

(0)
pξ,l+1/2,i,j+1/2

×
(

1− δ(0)
p,l+1/2,i,j+1

)(
1− δ(0)

ξ,l+1/2,i+1/2,j+1

)
+

pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j+1

∆ξ0,j+1/2∆pi+1/2
λl+1/2,j+1D

(0)
ξp,l+1/2,i+1/2,j+1

×δ(0)
p,l+1/2,i+1,j+1

(
1− δ(0)

ξ,l+1/2,i+1/2,j+1

)
−

pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j+1

∆ξ0,j+1/2∆pi+1/2
λl+1/2,j+1D

(0)
ξp,l+1/2,i+1/2,j+1

×
(

1− δ(0)
p,l+1/2,i,j+1

)(
1− δ(0)

ξ,l+1/2,i+1/2,j+1

)
(F.27)

391



F. Alternative discrete cross-derivatives coefficients

M
(0)[2]

p,l+1/2,i−1/2,j+3/2 = −

√
1− ξ2

0,j+1/2

∆pi+1/2∆ξ0,j+1/2
piD

(0)
pξ,l+1/2,i,j+1/2

×δ(0)
p,l+1/2,i,j+1

(
1− δ(0)

ξ,l+1/2,i−1/2,j+1

)
−

pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j+1

∆ξ0,j+1/2∆pi+1/2
λl+1/2,j+1D

(0)
ξp,l+1/2,i+1/2,j+1

×δ(0)
p,l+1/2,i,j+1

(
1− δ(0)

ξ,l+1/2,i−1/2,j+1

)
(F.28)

M
(0)[2]

p,l+1/2,i+3/2,j+1/2 = +

√
1− ξ2

0,j+1/2

∆pi+1/2∆ξ0,j+1/2
pi+1D

(0)
pξ,l+1/2,i+1,j+1/2

×
(

1− δ(0)
p,l+1/2,i+1,j+1

)
δ

(0)
ξ,l+1/2,i+3/2,j+1

−

√
1− ξ2

0,j+1/2

∆pi+1/2∆ξ0,j+1/2
pi+1D

(0)
pξ,l+1/2,i+1,j+1/2

×
(

1− δ(0)
p,l+1/2,i+1,j

)(
1− δ(0)

ξ,l+1/2,i+3/2,j

)
+

pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j+1

∆ξ0,j+1/2∆pi+1/2
λl+1/2,j+1D

(0)
ξp,l+1/2,i+1/2,j+1

×
(

1− δ(0)
p,l+1/2,i+1,j+1

)
δ

(0)
ξ,l+1/2,i+3/2,j+1

−
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j

∆ξ0,j+1/2∆pi+1/2
λl+1/2,jD

(0)
ξp,l+1/2,i+1/2,j

×
(

1− δ(0)
p,l+1/2,i+1,j

)(
1− δ(0)

ξ,l+1/2,i+3/2,j

)
(F.29)
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M
(0)[2]

p,i+1/2,j+1/2 = +

√
1− ξ2

0,j+1/2

∆pi+1/2∆ξ0,j+1/2
pi+1D

(0)
pξ,l+1/2,i+1,j+1/2

×δ(0)
p,l+1/2,i+1,j+1δ

(0)
ξ,l+1/2,i+1/2,j+1

−

√
1− ξ2

0,j+1/2

∆pi+1/2∆ξ0,j+1/2
pi+1D

(0)
pξ,l+1/2,i+1,j+1/2

×δ(0)
p,l+1/2,i+1,j

(
1− δ(0)

ξ,l+1/2,i+1/2,j

)
−

√
1− ξ2

0,j+1/2

∆pi+1/2∆ξ0,j+1/2
piD

(0)
pξ,l+1/2,i,j+1/2

×
(

1− δ(0)
p,l+1/2,i,j+1

)
δ

(0)
ξ,l+1/2,i+1/2,j+1

+

√
1− ξ2

0,j+1/2

∆pi+1/2∆ξ0,j+1/2
piD

(0)
pξ,l+1/2,i,j+1/2

×
(

1− δ(0)
p,l+1/2,i,j

)(
1− δ(0)

ξ,l+1/2,i+1/2,j

)
+

pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j+1

∆ξ0,j+1/2∆pi+1/2
λl+1/2,j+1D

(0)
ξp,l+1/2,i+1/2,j+1

×δ(0)
p,l+1/2,i+1,j+1δ

(0)
ξ,l+1/2,i+1/2,j+1

−
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j+1

∆ξ0,j+1/2∆pi+1/2
λl+1/2,j+1D

(0)
ξp,l+1/2,i+1/2,j+1

×
(

1− δ(0)
p,l+1/2,i,j+1

)
δ

(0)
ξ,l+1/2,i+1/2,j+1

−
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j

∆ξ0,j+1/2∆pi+1/2
λl+1/2,jD

(0)
ξp,l+1/2,i+1/2,j

×δ(0)
p,l+1/2,i+1,j

(
1− δ(0)

ξ,l+1/2,i+1/2,j

)
+

pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j

∆ξ0,j+1/2∆pi+1/2
λl+1/2,jD

(0)
ξp,l+1/2,i+1/2,j

×
(

1− δ(0)
p,l+1/2,i,j

)(
1− δ(0)

ξ,l+1/2,i+1/2,j

)
(F.30)
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M
(0)[2]

p,l+1/2,i−1/2,j+1/2 = −

√
1− ξ2

0,j+1/2

∆pi+1/2∆ξ0,j+1/2
piD

(0)
pξ,l+1/2,i,j+1/2

×δ(0)
p,l+1/2,i,j+1δ

(0)
ξ,l+1/2,i−1/2,j+1

+

√
1− ξ2

0,j+1/2

∆pi+1/2∆ξ0,j+1/2
piD

(0)
pξ,l+1/2,i,j+1/2

×δ(0)
p,l+1/2,i,j

(
1− δ(0)

ξ,l+1/2,i−1/2,j

)
−

pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j+1

∆ξ0,j+1/2∆pi+1/2
λl+1/2,j+1D

(0)
ξp,l+1/2,i+1/2,j+1

×δ(0)
p,l+1/2,i,j+1δ

(0)
ξ,l+1/2,i−1/2,j+1

+
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j

∆ξ0,j+1/2∆pi+1/2
λl+1/2,jD

(0)
ξp,l+1/2,i+1/2,j

×δ(0)
p,l+1/2,i,j

(
1− δ(0)

ξ,l+1/2,i−1/2,j

)
(F.31)

M
(0)[2]

p,l+1/2,i+3/2,j−1/2 = −

√
1− ξ2

0,j+1/2

∆pi+1/2∆ξ0,j+1/2
pi+1D

(0)
pξ,l+1/2,i+1,j+1/2

×
(

1− δ(0)
p,l+1/2,i+1,j

)
δ

(0)
ξ,l+1/2,i+3/2,j

−
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j

∆ξ0,j+1/2∆pi+1/2
λl+1/2,jD

(0)
ξp,l+1/2,i+1/2,j

×
(

1− δ(0)
p,l+1/2,i+1,j

)
δ

(0)
ξ,l+1/2,i+3/2,j (F.32)
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M
(0)[2]

p,l+1/2,i+1/2,j−1/2 = −

√
1− ξ2

0,j+1/2

∆pi+1/2∆ξ0,j+1/2
pi+1D

(0)
pξ,l+1/2,i+1,j+1/2

×δ(0)
p,l+1/2,i+1,jδ

(0)
ξ,l+1/2,i+1/2,j

+

√
1− ξ2

0,j+1/2

∆pi+1/2∆ξ0,j+1/2
piD

(0)
pξ,l+1/2,i,j+1/2

×
(

1− δ(0)
p,l+1/2,i,j

)
δ

(0)
ξ,l+1/2,i+1/2,j

−
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j

∆ξ0,j+1/2∆pi+1/2
λl+1/2,jD

(0)
ξp,l+1/2,i+1/2,j

×δ(0)
p,l+1/2,i+1,jδ

(0)
ξ,l+1/2,i+1/2,j

+
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j

∆ξ0,j+1/2∆pi+1/2
λl+1/2,jD

(0)
ξp,l+1/2,i+1/2,j

×
(

1− δ(0)
p,l+1/2,i,j

)
δ

(0)
ξ,l+1/2,i+1/2,j (F.33)

M
(0)[2]

p,l+1/2,i−1/2,j−1/2 = +

√
1− ξ2

0,j+1/2

∆pi+1/2∆ξ0,j+1/2
piD

(0)
pξ,l+1/2,i,j+1/2

×δ(0)
p,l+1/2,i,jδ

(0)
ξ,l+1/2,i−1/2,j

+
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j

∆ξ0,j+1/2∆pi+1/2
λl+1/2,jD

(0)
ξp,l+1/2,i+1/2,j

×δ(0)
p,l+1/2,i,jδ

(0)
ξ,l+1/2,i−1/2,j (F.34)

Considerable simplifications occur for uniform momentum and pitch-angle grids. In

that case, δ
(0)
ξ = δ

(0)
p = 1/2, while ∆p and ∆ξ0 are constant,

M
(0)[2u]

p,l+1/2,i+3/2,j+3/2 = +

√
1− ξ2

0,j+1/2

4∆p∆ξ0
pi+1D

(0)
pξ,l+1/2,i+1,j+1/2

+
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j+1

4∆ξ0∆p
λl+1/2,j+1D

(0)
ξp,l+1/2,i+1/2,j+1(F.35)

M
(0)[2u]

p,l+1/2,i+1/2,j+3/2 = +

√
1− ξ2

0,j+1/2

4∆p∆ξ0
pi+1D

(0)
pξ,l+1/2,i+1,j+1/2

−

√
1− ξ2

0,j+1/2

4∆p∆ξ0
piD

(0)
pξ,l+1/2,i,j+1/2 (F.36)
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M
(0)[2u]

p,l+1/2,i−1/2,j+3/2 = −

√
1− ξ2

0,j+1/2

4∆p∆ξ0
piD

(0)
pξ,l+1/2,i,j+1/2

−
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λl+1/2,j+1/2

√
1− ξ2

0,j+1

4∆ξ0∆p
λl+1/2,j+1D

(0)
ξp,l+1/2,i+1/2,j+1(F.37)

M
(0)[2u]

p,l+1/2,i+3/2,j+1/2 = +
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j+1

4∆ξ0∆p
λl+1/2,j+1D

(0)
ξp,l+1/2,i+1/2,j+1

−
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j

4∆ξ0∆p
λl+1/2,jD

(0)
ξp,l+1/2,i+1/2,j (F.38)

M
(0)[2u]

p,i+1/2,j+1/2 = 0

M
(0)[2u]

p,l+1/2,i−1/2,j+1/2 = −
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j+1

4∆ξ0∆p
λl+1/2,j+1D

(0)
ξp,l+1/2,i+1/2,j+1

+
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j

4∆ξ0∆p
λl+1/2,jD

(0)
ξp,l+1/2,i+1/2,j (F.39)

M
(0)[2u]

p,l+1/2,i+3/2,j−1/2 = −

√
1− ξ2

0,j+1/2

4∆p∆ξ0
pi+1D

(0)
pξ,l+1/2,i+1,j+1/2

−
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j

4∆ξ0∆p
λl+1/2,jD

(0)
ξp,l+1/2,i+1/2,j (F.40)

M
(0)[2u]

p,l+1/2,i+1/2,j−1/2 = −

√
1− ξ2

0,j+1/2

4∆p∆ξ0
pi+1D

(0)
pξ,l+1/2,i+1,j+1/2

+

√
1− ξ2

0,j+1/2

4∆p∆ξ0
piD

(0)
pξ,l+1/2,i,j+1/2 (F.41)

M
(0)[2u]

p,l+1/2,i−1/2,j−1/2 = +

√
1− ξ2

0,j+1/2

4∆p∆ξ0
piD

(0)
pξ,l+1/2,i,j+1/2

+
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j

4∆ξ0∆p
λl+1/2,jD

(0)
ξp,l+1/2,i+1/2,j (F.42)

396



F. Alternative discrete cross-derivatives coefficients

Half flux grid interpolation In this case, a single interpolation step is necessary,

f
(0)(k+1)
0,l+1/2,i+3/2,j+1 =

(
1− δ(0)

ξ,l+1/2,i+3/2,j+1

)
f

(0)(k+1)
0,l+1/2,i+3/2,j+3/2

+δ
(0)
ξ,l+1/2,i+3/2,j+1f

(0)(k+1)
0,l+1/2,i+3/2,j+1/2 (F.43)

f
(0)(k+1)
0,l+1/2,i−1/2,j+1 =

(
1− δ(0)
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)
f
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+δ
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ξ,l+1/2,i−1/2,j+1f
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0,l+1/2,i−1/2,j+1/2 (F.44)

f
(0)(k+1)
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(
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)
f
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+δ
(0)
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(0)(k+1)
0,l+1/2,i+3/2,j−1/2 (F.45)

f
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(
1− δ(0)

ξ,l+1/2,i−1/2,j

)
f
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0,l+1/2,i−1/2,j−1/2 (F.46)

and

f
(0)(k+1)
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(
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)
f
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0,l+1/2,i+3/2,j+3/2

+δ
(0)
p,l+1/2,i+1,j+3/2f
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f
(0)(k+1)
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(
1− δ(0)

p,l+1/2,i+1,j−1/2
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f
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f
(0)(k+1)
0,l+1/2,i,j+3/2 =

(
1− δ(0)

p,l+1/2,i,j+3/2

)
f

(0)(k+1)
0,l+1/2,i+1/2,j+3/2

+δ
(0)
p,l+1/2,i,j+3/2f

(0)(k+1)
0,l+1/2,i−1/2,j+3/2 (F.49)

f
(0)(k+1)
0,l+1/2,i,j−1/2 =

(
1− δ(0)

p,l+1/2,i,j−1/2

)
f

(0)(k+1)
0,l+1/2,i+1/2,j−1/2

+δ
(0)
p,l+1/2,i,j−1/2f

(0)(k+1)
0,l+1/2,i−1/2,j−1/2 (F.50)

Matrix coefficients related to cross-derivatives are then

M
(0)[u]

p,l+1/2,i+3/2,j+3/2 = +

√
1− ξ2

0,j+1/2

∆pi+1/2 (∆ξ0,j+1 + ∆ξ0,j)
pi+1D

(0)
pξ,l+1/2,i+1,j+1/2

×
(

1− δ(0)
p,l+1/2,i+1,j+3/2

)
+

pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j+1

∆ξ0,j+1/2 (∆pi+1 + ∆pi)
λl+1/2,j+1D

(0)
ξp,l+1/2,i+1/2,j+1

×
(

1− δ(0)
ξ,l+1/2,i+3/2,j+1

)
(F.51)
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M
(0)[u]

p,l+1/2,i+1/2,j+3/2 =

√
1− ξ2

0,j+1/2

∆pi+1/2 (∆ξ0,j+1 + ∆ξ0,j)
pi+1D

(0)
pξ,l+1/2,i+1,j+1/2

×δ(0)
p,l+1/2,i+1,j+3/2

−

√
1− ξ2

0,j+1/2

∆pi+1/2 (∆ξ0,j+1 + ∆ξ0,j)
piD

(0)
pξ,l+1/2,i,j+1/2

×
(

1− δ(0)
p,l+1/2,i,j+3/2

)
(F.52)

M
(0)[u]

p,l+1/2,i−1/2,j+3/2 = −

√
1− ξ2

0,j+1/2

∆pi+1/2 (∆ξ0,j+1 + ∆ξ0,j)
piD

(0)
pξ,l+1/2,i,j+1/2

×δ(0)
p,l+1/2,i,j+3/2

−
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j+1

∆ξ0,j+1/2 (∆pi+1 + ∆pi)
λl+1/2,j+1D

(0)
ξp,l+1/2,i+1/2,j+1

×
(

1− δ(0)
ξ,l+1/2,i−1/2,j+1

)
(F.53)

M
(0)[u]

p,l+1/2,i+3/2,j+1/2 = −
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j

∆ξ0,j+1/2 (∆pi+1 + ∆pi)
λl+1/2,jD

(0)
ξp,l+1/2,i+1/2,j

×
(

1− δ(0)
ξ,l+1/2,i+3/2,j

)
+

pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j+1

∆ξ0,j+1/2 (∆pi+1 + ∆pi)
λl+1/2,j+1D

(0)
ξp,l+1/2,i+1/2,j+1

×δ(0)
ξ,l+1/2,i+3/2,j+1 (F.54)

M
(0)[u]

p,i+1/2,j+1/2 = 0 (F.55)

M
(0)[u]

p,l+1/2,i−1/2,j+1/2 =
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j

∆ξ0,j+1/2 (∆pi+1 + ∆pi)
λl+1/2,jD

(0)
ξp,l+1/2,i+1/2,j

×
(

1− δ(0)
ξ,l+1/2,i−1/2,j

)
−

pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j+1

∆ξ0,j+1/2 (∆pi+1 + ∆pi)
λl+1/2,j+1D

(0)
ξp,l+1/2,i+1/2,j+1

×δ(0)
ξ,l+1/2,i−1/2,j+1 (F.56)
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M
(0)[u]

p,l+1/2,i+3/2,j−1/2 = −
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j

∆ξ0,j+1/2 (∆pi+1 + ∆pi)
λl+1/2,jD

(0)
ξp,l+1/2,i+1/2,j

×δ(0)
ξ,l+1/2,i+3/2,j

−

√
1− ξ2

0,j+1/2

∆pi+1/2 (∆ξ0,j+1 + ∆ξ0,j)
pi+1D

(0)
pξ,l+1/2,i+1,j+1/2

×
(

1− δ(0)
p,l+1/2,i+1,j−1/2

)
(F.57)

M
(0)[u]

p,l+1/2,i+1/2,j−1/2 = −

√
1− ξ2

0,j+1/2

∆pi+1/2 (∆ξ0,j+1 + ∆ξ0,j)
pi+1D

(0)
pξ,l+1/2,i+1,j+1/2

×δ(0)
p,l+1/2,i+1,j−1/2

+

√
1− ξ2

0,j+1/2

∆pi+1/2 (∆ξ0,j+1 + ∆ξ0,j)
piD

(0)
pξ,l+1/2,i,j+1/2

×
(

1− δ(0)
p,l+1/2,i,j−1/2

)
(F.58)

M
(0)[u]

p,l+1/2,i−1/2,j−1/2 =
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j

∆ξ0,j+1/2 (∆pi+1 + ∆pi)
λl+1/2,jD

(0)
ξp,l+1/2,i+1/2,j

×δ(0)
ξ,l+1/2,i−1/2,j

+

√
1− ξ2

0,j+1/2

∆pi+1/2 (∆ξ0,j+1 + ∆ξ0,j)
piD

(0)
pξ,l+1/2,i,j+1/2

×δ(0)
p,l+1/2,i,j−1/2 (F.59)

and in the special case of uniform momentum and pitch-angle grids

M
(0)[2u]

p,l+1/2,i+3/2,j+3/2 = +

√
1− ξ2

0,j+1/2

4∆p∆ξ0
pi+1D

(0)
pξ,l+1/2,i+1,j+1/2

+
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j+1

4∆ξ0∆p
λl+1/2,j+1D

(0)
ξp,l+1/2,i+1/2,j+1(F.60)

M
(0)[2u]

p,l+1/2,i+1/2,j+3/2 =

√
1− ξ2

0,j+1/2

4∆p∆ξ0
pi+1D

(0)
pξ,l+1/2,i+1,j+1/2

−

√
1− ξ2

0,j+1/2

4∆p∆ξ0
piD

(0)
pξ,l+1/2,i,j+1/2 (F.61)
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M
(0)[2u]

p,l+1/2,i−1/2,j+3/2 = −

√
1− ξ2

0,j+1/2

4∆p∆ξ0
piD

(0)
pξ,l+1/2,i,j+1/2

−
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j+1

4∆ξ0∆p
λl+1/2,j+1D

(0)
ξp,l+1/2,i+1/2,j+1(F.62)

M
(0)[2u]

p,l+1/2,i+3/2,j+1/2 = −
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j

4∆ξ0∆p
λl+1/2,jD

(0)
ξp,l+1/2,i+1/2,j

+
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j+1

4∆ξ0∆p
λl+1/2,j+1D

(0)
ξp,l+1/2,i+1/2,j+1(F.63)

M
(0)[2u]

p,i+1/2,j+1/2 = 0 (F.64)

M
(0)[2u]

p,l+1/2,i−1/2,j+1/2 =
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j

4∆ξ0∆p
λl+1/2,jD

(0)
ξp,l+1/2,i+1/2,j

−
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j+1

4∆ξ0∆p
λl+1/2,j+1D

(0)
ξp,l+1/2,i+1/2,j+1(F.65)

M
(0)[2u]

p,l+1/2,i+3/2,j−1/2 = −
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j

4∆ξ0∆p
λl+1/2,jD

(0)
ξp,l+1/2,i+1/2,j

−

√
1− ξ2

0,j+1/2

4∆p∆ξ0
pi+1D

(0)
pξ,l+1/2,i+1,j+1/2 (F.66)

M
(0)[2u]

p,l+1/2,i+1/2,j−1/2 = −

√
1− ξ2

0,j+1/2

4∆p∆ξ0
pi+1D

(0)
pξ,l+1/2,i+1,j+1/2

+

√
1− ξ2

0,j+1/2

4∆p∆ξ0
piD

(0)
pξ,l+1/2,i,j+1/2 (F.67)

M
(0)[2u]

p,l+1/2,i−1/2,j−1/2 =
pi+1/2

λl+1/2,j+1/2

√
1− ξ2

0,j

4∆ξ0∆p
λl+1/2,jD

(0)
ξp,l+1/2,i+1/2,j

+

√
1− ξ2

0,j+1/2

4∆p∆ξ0
piD

(0)
pξ,l+1/2,i,j+1/2 (F.68)

As expected, both methods merge for uniform momentum and pitch-angle grids, and
matrix coefficients for cross-derivatives are similar.
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Appendix G

MatLab File List

File list in ../Project DKE/
Notice DKE (directory that contains the TeX documentation)

• Equilibrium files that are automaticaly generated by the test program (here given as
examples)

EQUIL CMOD.mat

EQUIL CQL3D LH.mat

EQUIL CQL3D OHM.mat

EQUIL NSTX.mat

EQUIL TEST LORENTZ.mat

EQUIL TS.mat

• Output files that contain results (here given as examples)

RESULTS CMOD S1.mat

RESULTS CMOD S2.mat

• Program files

banana dke jd.m

besselj dke jd.m

bhe dke yp.m

bounce dke jd.m

bounceparam dke yp.m

bremsstrahlung dke yp.m

colddisp OX jd.m

colddisp dke jd.m

coldeccd dke jd.m

coldlhcd dke jd.m
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comput dke yp.m

createwaveparam dke yp.m

deriv dke yp.m

disp ebw jd.m

disp jd.m

display dke 1yp.m

display time dke 1yp.m

dke 1 4yp.m

ebw dke jd.m

eh dke yp.c

equilibrium jd.m

execute jd.m

fact dke jd.m

firstordercollop dke yp.m

fluxes dke jd.m

fpengine dke yp.m

fppgridweights dke yp.m

ft llm dke yp.m

g dke yp.m

gauleg dke yp.m

gradient dke jd.m

graph1D jd.m

grid dke yp.m

haug dke yp.m

helena/ (directory that contains files for magnetic equilibrium calculations) he-
lena/helena12a.f

helena/helmex77

helena/helmex77.f

helena/helmex77.mexaxp

helena/ppplib.f

helena/runhel

helena/separatrice.f

helena/separatrice.mexaxp

helena/separatriceITER.m
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helenaequil f jd.m

hsneomodels dke jd.m

idealeccd dke jd.m

idealequil f jd.m

ideallhcd dke jd.m

info dke yp.m

input dke yp.m

integral dke jd.m

jseries dke jd.m

leg dke yp.m

makecircequil jd.m

makedisp simparam jd.m

makedisp tokparam jd.m

makedisp waveparam jd.m

makegrid dke jd.m

makeraytracing.m

mg interp jd.m

momentumgrid dke jd.m

pc dke yp.m

powerdiff dke jd.m

propagation jd.m

psi2rho jd.m

psim coldeccd jd.m

psim coldlhcd jd.m

psim dke 1yp.m

psim idealeccd jd.m

psim ideallhcd jd.m

psim straightray jd.m

ptok dke 1yp.m

qfactors dke yp.m

qtilde dke jd.m

radialgrid dke jd.m

raypath prop jd.m

resizejd.m
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rfdiff dke jd.m

rfprop dke jd.m

rfwave dke jd.m

rho2psi jd.m

rippleTS/ (directory that contains files for magnetic ripple losses. Specific to toka-
mak Tore Supra) rippleTS/bmaxcalcmj3.m

rippleTS/deltacalmj3.m

rippleTS/detrapmj3.m

rippleTS/fracmircalcmj3.m

rippleTS/rhocalcmj3.m

rippleTS/sigmacalcmj3.m

rippleTS/thetaconemj3.m

s2c dke yp.m

safetyf dke jd.m

script dke 1yp.m

smat2f jd.m

smooth dke yp.m

species dke yp.m

straightray jd.m

stream dke jd.m

test dke 1yp.m

test grid dke yp.m

testboot.m

testlambda.m

tilefigs dke yp.m

timescale dke 1yp.m

tokparamf jd.m

trapeze dke jd.m

trapt.m

trapz dke yp.m

warmeccd dke jd.m

weights dke jd.m
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